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PREFACE 

The present volume is the fourth In the series entitled 
Contributions to the Caleulus of Variations, sponsored by the 
Department of Mathematics of the University of Chicago* It 
contains the theses on topics in the calculus of variations 
accepted for the Ph* D. degree at the University of Chicago during 
the four years 1958 to 1941, and the bibliography described below. 
All of the theses here presented were written under the direction 
of one or another of the four editors whose names are signed to 
this preface* They are listed in the order in which they were 
approved* 

The preceding three volumes of the series contain theses, 
and a few other papers, submitted in 1950, in 1951-1952, and in 
1955-1937, respectively* In the preface of the third volume it 
was incorrectly stated that the period included in that volume 
ended with June 1957. The thesis of Smiley, which appears there, 
was added at the last moment and is dated August 1957. It was 
the last one In the domain of the calculus of variations presented 
In that year, so that the third volume contains all of the theses 
for the years 1955 to 1957, inclusive. 

For some years past the editors of this volume have 
cooperated with each other and with visitors from other univer¬ 
sities in giving advanced courses entitled "Topics in the 
Calculus of Variations. 11 One of the principal topics discussed 
has been the theory of the calculus of variations for multiple 
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integrals. In connection with the studies made in that field a 
bibliography has been accumulated which has been exceedingly 
useful. With the hope that it may be equally valuable to others 
this bibliography is presented here as the last section in this 
book. The titles of memoirs up to 1930 were mostly contributed 
by Dr. Max Coral, and those for succeeding years by Dr. Herman H. 
Goldstine. Others also have assisted, and we are indebted to 
Mr. J. Ernest Wilkins, Jr. for some recent titles. 

G. A. Bliss 

L. M. Graves 

M. R. Hestenes 
W. T. Reid 

THE UNIVERSITY OF CHICAGO 
November 1941 
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IN THE CALCULUS OP VARIATIONS 


Introduction . In the fourth’ chapter of his "Methodus 
lnveniendi lineas curvas maximi minimive proprletate gaudentes” 
Euler discusses a number of calculus of variations problems In 
which a function of several integrals is to be minimized or max¬ 
imized [I, chap. 4]. 1 For a general problem of that type [l, p. 
161] he shows that the differential equations necessarily satis¬ 
fied by a minimizing arc are the same as the equations that must 
be satisfied by an extremal arc for the isoperimetric problem of 
minimizing a single one of the integrals when the remaining inte¬ 
grals have prescribed values. Bolza [il] considered two of the 
special problems that Euler had discussed [i, pp. 148 and 153], 
and by means of the theories of associated isoperimetric problems 
he established the existence of arcs for which the functions of 
integrals considered took on strong relative extreme values. 

No doubt the method used by Bolza could be generalized so as to 
apply to the more general problem to be considered In this paper. 
The problems treated by Euler and Bolza may also be transformed 
into problems of Bolza in the calculus of variations. It is the 
purpose of this paper to apply the theory of the problem of Bolza 
to a general problem in which the functional to be minimized is 
a function of integrals. By so doing we develop a theory directly 
applicable to problems of the type discussed by Bolza and Euler. 

*The Roman numerals in square brackets refer to the bibli¬ 
ography at the end of this paper. 

(5) -1- 
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In Section 1 we formulate the problem to be considered In 
this paper, which we call problem A, and transform it into a prob¬ 
lem B which is a problem of Bolza but not of the most general 
type. The method of the following pages is to interpret for prob¬ 
lem A via the problem B the results already in the literature 
concerning the general problem of Bolza which is designated here 
as problem C. Section 2 below contains a discussion of the mul¬ 
tiplier rule and of the extremals. We then consider, in Section 
3, the conditions of Weierstrass and Clebsch. Preparatory to the 
formulation of two Mayer conditions in Section 5 we discuss the 
second variation and the accessory extremals in Section 4. An 
application of the sufficiency theorems for the problem of Bolza 
is made in Section 6. This procedure yields only a restricted 
strong relative minimum for problem A because the definitions of 
a strong relative minimum for problems A and B are not equivalent. 
A satisfactory theorem concerning strong relative minima for 
problem A can be deduced, however, by supplementing the results 
for problem B, as is done in Section 7, by methods similar to 
those used by Hestenes for isoperlmetric problems. Finally, in 
Sections 8 and 9 we apply the more general theory here developed 
to the two special problems considered by both Euler and Bolza. 

1. Formulation of the problem . As a generalization of 
the problems mentioned in the introduction and considered by Bolza 
we propose the following one. Consider a class W of so-called 
admissible arcs in the xy-plane defined by functions of the form 

(1:0) y(x) (*i ^ x % xg). 

Let us suppose that for each of these arcs the integrals 

rx 9 

(lil) y, y')dx, [fl * 1, .... n) 
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and the function g(I^, ..., I n ) have well defined values. Then 
the problem to be considered is that of finding in the sub-class 
of admissible arcs which join two fixed points in the xy-plane 
one which minimizes the function g. In the following pages this 
problem will be referred to as problem A. 

In order to provide an analytic basis for the study of 
this problem we consider an arc E belonging to the above mentioned 
sub-olass of TO in which a minimizing arc is to be sought. We 
suppose that E is continuous and consists of a finite number of 
sub-arcs on each of which it has a continuously turning tangent. 

We assume that the functions h^(x, y, y T ) ((3*1, ..., n) have 
continuous partial derivatives of at least the third order in a 
neighborhood R of the points (x, y, y 1 ) on E, that g has contin¬ 
uous partial derivatives of at least the second order in a neigh¬ 
borhood of the values (I 1# ..., I n ) belonging to E, and finally 
that at that point ( ly, ..., I n ) not all of the first derivatives 
of g vanish. An arc defined by functions of the form (1:0) will 
be said to be admissible if it is continuous and consists of a 
finite number of sub-arcs each of which has a continuously turn¬ 
ing tangent, and if furthermore its elements (x, y, y*) all lie 
interior to the region R. Such an arc will certainly give well 
defined values to the integrals and also to the Amotion g 
provided that the region R is sufficiently small. 

In the following pages we treat the foregoing problem A 
as a special case of the problem of Bolza in the oalculus of vari¬ 
ations. In order to do this we consider a class of arcs defined 
in an (n + 2)-dimensional space by functions of the form 

(1j 2) y^x) (x x £ x S xg{ 1 = 0, 1, .... n). 

Such an arc will be termed admissible if it is continuous and 
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consists of a finite number of sub-arcs having continuously turn¬ 
ing tangents, and if its xy 0 -projection, defined by the function 
yo(x), is adnissible for the problem A described above. We des¬ 
ignate the class of admissible arcs (1:2) by Tft*. The problem of 
Bolza corresponding to the problem formulated in the first para¬ 
graph is then that of finding in the sub-class of the class Tft 1 
satisfying the differential equations and end conditions 

(i*3) V*. y 0 > y 0 ') - y,' = o (p = 1 , n), 

(Is4) X s - a a = y 0 (x 8 ) - y 0a = - 0 (s =1, 2; p = 1, .... n) 

one which minimizes the function 
(i*5) gfy^Xjs), •••, y n ( x 2)3- 

In the following pages this problem will be designated as problem 
B . 

We note that the statements of problems A and B here 
given are entirely equivalent. This follows because there is a 
one-to-one correspondence between the arcs of the sub-class of TD 
through the two given points 1 and 2 and the arcs of the sub-class 
of Iflft 1 for which the conditions (1:3) and (1:4) are satisfied, 
and since furthermore on corresponding arcs the values of the 
function g are the same. We are justified therefore in applying 
to the more special problem A formulated above some of the well 
known results from the theory of the problem of Bolza. 

In order to facilitate the statement of the results from 
the theory of the problem of Bolza that we desire to use, we here 
state that problem as it appears in the literature [VIII, pp. 
9-11]. In the following pages it will be designated as problem C. 
The problem will be formulated in terms of the notation used in 
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the less general problem B just described. In stating problem B 
we were careful to make definitions and hypotheses that would 
ensure its appearance as an Instance of the general problem of 
Bolza. We do not, therefore, give the similar though more exten¬ 
sive sets of definitions and hypotheses neoessary to place the 
general theory on an analytic basis. With this understanding we 
then state the problem C of Bolza as that of finding in a class 
of admissible arcs defined in an (n + 2)-space of points (x, y Q , 
yi> ..., y n ) by functions of the form 

( 1 : 6 ) y^x) (xi $ x £ 1 s o, 1, n) 

and satisfying the differential equations and end conditions 
(1:7) (f> fi (x, y, y») = 0 (/3 = 1, ..., m < n + 1), 

(i: 8 ) yfr [x 1# y(x 1 ), Xg, y(xg)] =0 (p » 1, ..., p £ 2n + 4) 

one which minimizes a sum 

rxe 

(1(9) J = s[*i> y(x 1 ), x 2 , y(xg)] + / t[x, y(x), y'(x)]dx. 

J Xi. 

Here and elsewhere in the paper we use the notations y, y(x) to 
represent the sets (y Q , y 1 , .... y n ), [y 0 (x), y^x), .... y n (x)] 
respectively, with similar notations for sets of derivatives. 

The equations (1:7) and (1:8) correspond to the equations (1:3), 
(1:4), with m = n, p = n + 4 in the less general case. The func¬ 
tion g is a more general form of the corresponding function for 
problem B, and the integral containing f does not appear in prob¬ 
lem B. 


2. The multiplier rule . Among the conditions which must 
be satisfied along a minimizing arc for the general problem of 
Bolza the first to be studied is usually the multiplier rule. 
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That rule may be stated as follows [VIII, p. 26]: 

An admissible solution E of the equations ^ = 0, defined 
on an interval x^xg, is said to satisfy the multiplier rule if 
there exist constants e^ not all zero and a function 


( 2 : 1 ) 


p ■ V + A (x) 4, 


with multipliers ^(x) continuous on x^x 2 except possibly at 
values x defining corners of E where they have well-defined right 
and left limits, such that equations of the form 


( 2 : 2 ) 




Fy^dx + 0 A 


y i’ -x, 

are satisfied along E, and furthermore such that the equation 


(2s3) [(F - y 1 'Fy i ,)dx + F^.dyj]** + ^ 0 d 8 + = 0 

holds at the ends of E for every choice of the differentials dx^ 
dyjp dXg, dy i2 * For an arc E satisfying the multiplier rule the 
multipliers Iq, jf^(x) do not vanish simultaneously at any point 
of the interval x^x 2 . Every minimizing arc E for the problem of 
Bolza must satisfy the multiplier rule. 

In the above paragraph and hereafter it is understood that 
the ranges of the subscripts are i * 0, 1, .n; /3 ■ 1, ..., mj 
and * 1, ..., p, with m^n, p =* n + 4 for the problem B. 

Terms with repeated indioes will represent sums of such terms 
over a range of values associated with the given indices, as is 
customary in tensor analysis. The literal subscripts y v y^* 
attached to F, or to other functions later on, indicate partial 
derivatives. Use is also made of the notation y^ to designate 
yi(Xi) » and other similar notations. 

In applying the multiplier rule to problem B we may first 
notice that the function F for that problem takes the form 
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(2s 4) F(x, y Q , y',i) = J^U) [h,(x, y Q , y Q ') -y^']. 

On imposing the condition that the function P shall satisfy the 
last n of the equations (2:2) along a minimizing arc E one finds 
that the multipliers have the values J?^(x) = c^. We shall ac¬ 
cordingly hereafter designate the constant multipliers by X 
If we define a function h( x, y 0 , y 0 '* X) the equation 


(2:5) 


h = x, y 0 , y 0 '), 


then the first of the equations (2:2) may be written as 

»x 


( 2 : 6 ) 


V = / x > 


dx + Cq. 


The condition that the coefficients of the various differentials 
in (2:3) vanish is called the transversallty condition . For the 
problem B, in Which F is the function (2:4) and the conditions 
(1:4), it may be seen that the transversallty condition on a min¬ 
imizing arc E is equivalent essentially to the n equations 


(2:7) - + 4 g /t = °» 

in which the subscript /3 attached to g indicetes the partial 
derivative of g with respect to 1^. 

Due to the peculiar nature of the problem B we may show 
that if a minimizing arc E for th'*t problem satisfies the mul¬ 
tiplier rule then E is normal , that is, there is no non-null set 
of multipliers X Q , ip having i Q s 0 with which E satisfies the 
rule. This follows from the equation (2:7), since if Xq = 0 
then also X^ » 0, or all the multipliers i Q , Xp vanish. We 
summarize the last two paragraphs in the following theorem: 

THEOREM 2:1. Along a minimizing arc E for the problem A 
formulated in Section 1 there must ex 1st a function h( x, y^ y 0 ', X ) 
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of the form ( 2:5), with constant multipliers , such that the 
equation (2:6) Is satisfied identically along E. The multipliers 
must further satisfy with E the transversallty conditions 
(2:7) in which the arguments of g are y^g, or the values of the 
Integrals 1^ taken along the arc E. The arc E for which these 
conditions are satisfied is , moreover , normal , so that the mul ¬ 
tiplier J! q can always be taken to be unity . 

The multiplier rule has three important corollaries which 
will be found useful in the succeeding discussion* Due to the 
special properties of our particular problem B the results stated 
in these corollaries appear here in a scmewhat simpler form than 
they do in the theory of the more general problem C of Bolza 
[VIII, p. 27.1]. The first corollary contains the statement that 
at each point of an admissible arc E satisfying the equation 
(2:6) the function h^, has forward and backward derivatives, 
equal except possibly at corners, and such that the following 
Euler-Lagrange equation holds: 

( 2 : 8 ) IV /a* = \ ■ 

The second corollary provides us with the We ierstress-Erdmann 
corner condition, vtfiich states that at each corner of an admis¬ 
sible arc E satisfying the equation (2:6) the function hy f has 
well-defined right and left limits which are equal. The third 
corollary, whose result is known as the Hilbert differentiability 
condition, implies that the functions y^(x) defining an admis¬ 
sible arc E have continuous derivatives of at least the first 
order with respect to x on each sub-arc of E satisfying the equa¬ 
tions (2:6) and h^ - y A » =0 on which the functions y 1 (x) defining 
E have continuous first derivatives and the function hy Q i y Q i is 
different from zero. The first two corollaries are immediate 
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consequences of the equation (2:6). The proof of the third corol¬ 
lary involves an application of implicit function theory. 

We have seen that a minimizing arc for problem B not only 
satisfies the equations h^ - y A ’ =0 but also must have associated 
with it constant multipliers Jl fi with which it satisfies the equa¬ 
tion (2:8). Solutions of these equations play an Important role 
in the development of the theory. Bliss [VIII, pp. 33-39], and 
Bliss and Hestenes [V, pp. 309-311], have made studies of the 
solutions of the analogous sets of differential equations occur¬ 
ring in the more general theories of the problems of Bolza and 
Mayer, both of which apply to the problem B. However, there are 
same relations peculiar to problem B that make possible specialized 
results which we find it desirable to present. In order to study 
this phase of the problem we define an extremal to be an admis¬ 
sible arc y Q ( x), y^(x) and a set of constant multipliers , 
having continuous second derivatives and satisfying the equations 

h , - V = °' ‘"V 7 ** - \ = °* 

A non-singular extremal is one along which the function h^, ^ 
is different from zero. In order to discuss such extremals we 
introduce so-called canonical variables (x, y, z) related to the 
variables (x, y, y*,Jt ) by the equations 


(2:9) 


z o = V = V (x> y o» V"* >* 

*• - v ■ - v ° ■ h . - v 


whose determinant with respect to the variables (y» , Jf ) has, ex¬ 
cept for a non-vanishing constant factor, the value h_ , t . In 

jo j o 

a neighborhood of the elements (x, y, z) belonging to a non¬ 
singular extremal E the equations (2:9) have then a solution of 
the form 
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( 2 : 10 ) 


p(*» y 0 > z )> 


y 1 

y p 


3 f a (x ' y 0' P) ' 


- W' 


reducing to at each point [x, y(x), z(x)J belonging 

to E. The function P(x, y 0 , z) is found by solving the first 
equation in (2;9) for y Q ' and then substituting -z fi for In 
the solution. The differential equations satisfied by the func- 
tions y^(x), z ± (x) defining an extremal are 


y 0 ’ = P(x. y 0 , z), z 0 ' = hy (x, y Q , P, L), 

( 2 , 11 ) 0 0 

V = V** y o' p) * V =0 ' 

These equations follow directly from the equations (2:10), the 
definition of the z»s, and the Euler-Lagrange equation (2:8). 
The above equations have an interesting and useful homogeneity 
property. Since h is homogeneous of degree one in the Jl's and 
the solutions (2:10) of equations (2:9) are unique, it follows 
that for an arbitrary multiDlier k 


P(x, y, kz) = P(x, y, z) . 


Hence if the functions y^x), z i (x) are the solution of equations 
(2*11) uniquely determined by the initial values b^ at x = 
then the functions y^x), kz^x) will be the solutions correspond¬ 
ing to the initial values a^, kb^. 

In the theory of the general problem C the extremals are 
discussed with the help of the canonical variables (x, y, z) de¬ 
fined by the equations 

(2,12) = F y , . <t>fl = 0* 

These equations have solutions in a neighborhood of a non-singular 
extremal of the form 
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(2jl3) Jj' ■ P^x, y, z), Ap = L^(x, y, z). 

The differential equations satisfied by the functions x), 

x) defining an extremal are then found to be the equations 

(2* 14) y 1 ' * P t (x, y, z), Z 1 « * F y [x f y, P(x,y,z), L(x,y,z)]. 

By means of these equations it is proved in the general theory 
[VIII, pp* 56-37] that every non-singular extremal arc E for a 
fixed value of the multiplier Xq is imbedded for values 

(2:15) x 1 £ x £ x 2 , a 10 , b 10 (i =0, 1, ..n) 


in a (2n + 2)-parameter family of extremals defined by functions 
of the form 

(2:16) y 1 (x, a, b), z i (x, a, b) 


in which a, b are symbols for (n + 1)-dimensional sets (a Q , a^, 
9 ^), (b 0 , b 1# 1^). The functions y 1> y ix , z ± , z ±x have 

continuous partial derivatives of at least the second order in a 
neighborhood of the values (x, a, b) defining E, and the deter¬ 
minant 


(2:17) 


7 la k y i*k 
Zla k Zib k 


is different from zero along E. In terms of the variables 
(X, y, y* p Jt) the extremals (2:16) are defined by functions 

(2:18) y^x, a, b), a ' 

related to the functions (2:16) by the equations (2:12) and such 
that the functions y^, y Jx , X^ have continuous partial derivatives 
of at least the second order. 
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The analogous results for problem B are contained in the 
following theorem: 

THEOREM 2:2. For the problem B, which is equivalent to 
the problem A, the equations (2;9), (2:10) and (2:11) correspond 
respectively to the equations (2:12), (2:13) and (2:14) belonging 
to the general problem C. The functions (2:16) defining a 
(2n + 2)- parameter family of extremals in which a given non - 
singular extremal E i£ imbedded may be written for the problem B 
in the form 

(2,19) 7 ° U ’ *°' b °"' ) ' *0<*. *0, V*>. 

y*. «o. v« > * v 


in which the functions y Q , z Q are solutions of the first two 
equations in (2:11) with the variables z^ regarded as constant 
parameters , and in which 


y^U, rq, b 0 , Ji) 



y 0 * 


P)dx + a . 

P 


The functions y^ have the homogeneity property 


y A (x, a Q , kb Q , ki) = y^x, a Q , h Q ,j? ). 
The determinant (2:17) has the form 


( 2 : 20 ) 


(t,f5= 1, 


y Oa 0 

0 

y Ob 0 

y 0J! Y 

y (3Ro 


y /3bo 

X 

z Oa 0 

0 

z Ob 0 

z 0i Y 

0 

0 

0 



n; 0 IT IT / f3; 


fid 


= l). 


This determinant is different from zero along E. In terms of the 
variables (x, y, y» , X ) the imbedding family (2*: 19) is defined by 
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(2j21) y Q (x, b 0 ,i), y^(x, « 0 , b Q ,J() + 

On account of their homogeneity property the functions 
y A (x, a q, b 0 , j( ) depend only upon the parameter a Q and the n 
ratios of the parameters b^, . The functions appearing In 

(2:19) and (2:21) have continuity properties like those of the 
corresponding functions (2:16) and (2:18). 

3. The necessary conditions of Welerstrass and Clebsch. 
Two further conditions playing Important roles In the theory of 
the problem of Bolza are the necessary conditions of Welerstrass 
and Clebsch. These conditions may be stated for problem C as 
follows [vill, pp. 63 and 65]: 

An admissible arc E satisfying the equations <f>^ = 0 and 
the multiplier rule, with multipliers = 1, J^(x), is said to 
satisfy the necessary condition of Welerstrass with these multi¬ 
pliers if the condition 

(3»1) E(x, y, y'.Jt, Y«) £ 0, 

where 

E * F(x, y, Y \X) - F(*, 7, 7', 1 0 - (Yi» - y^ )P f (x, y, y% J? ), 

J i 

Is valid at every element (x, y, y ',%) of E for all admissible 
sets (x, y, Y» ) ^ (x, y, y» ) satisfying the equations = 0. 

The arc E is further said to satisfy the necessary condition of 
Clebsch with the multipliers = 1, J? (x) if the condition 

———— ' p 

(3*2) P yi »y k » (x ' Y> Y f > 1 )TT i lT k & 0 (i, k = 0, 1, n) 

is valid at every element (x, y, y' , X) of E for all sets 
(TTq, . TT n ) ^ (0, 0) satisfying the equations 


( 


<k __ , (x, y, y*, X )TTi * 0. 
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Every normal minimizing arc for the problem of Bolza must satisfy 
these two conditions. 

For the problem B the function E appearing in (3:1) takes 
the form 

^ ^ e( x, yq, Jo'» V * ^) = h( x > yQt Y 0 », i) - h(x, yq> Jq' »^) 

( y o ! ” yo ! yo * yo f '^ 

as one readily verifies by use of the equations (2:4) and (2:5). 
The function E is here free from the arguments y^, y^ ! , Y^’ . If 
it vanishes only for sets (x, y Q , Yq’) which are equal to 
( x, y Q , y 0 ’)> it will also vanish only for full sets (x, y, Y 1 ) 
which are equal to (x, y, y’ ). This follows from the fact that 
the equations (f>^ = 0 for the problem B are the equations h^ - y^ 1 
= 0, and hence the set (x, y, Y* ) is different from the set 
(x, y, y’) if and only if the set (x, y Q , Y 0 f ) is different from 
the set (x, Jq> Jo') 9 We see then that the Weierstrass condition 
for the problem B may be expressed in terms of the (xy Q )-projec¬ 
tion of the minimizing arc E. A similar remark holds also for 
the Clebsch condition since for problem B the equations (3:3) are 

(x, y Q f Yq ! > ^ ) "TT q - Tfjg = 0 (/3 = l,..,,n). 

Therefore the condition (TTq, .7T n ) ^ (0, . 0) implies 

TTq / 0, By the use of equations (2:4) and (2*5) one finds that 
for problem B the inequality (3:2) is 

ky o ’ Yo' 7 °’ V'* )^ 0 ~ ®’ 

S ince / 0, the Clebsch condition implies that along every 

minimizing arc for problem B thnt satisfies the multiplier rule 

the inequality lx. , , £ 0 must be satisfied. The word normal 

jo j o 

appearing in the statement of the Ytfeierstrnsq and Clebsch 
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conditions may be deleted In the case of problem B, since for 
that problem arcs satisfying the multiplier rule are all normal. 
The results of this section are summarized for the problem A in 
the following theorems 

THEOREM 3:1. Every minimizing arc E for the problem A, 
where E is an admissible arc satisfying the multiplier rule with 
multipliers Jl$ = 1, , must satisfy with these multipliers the 

inequality 

EU, y 0 , y 0 ' { Y 0 ' , i ) * 0 

at every element (x, y Q , y Q ' , & ) of E for all admissible seta 
(*» yo» V ) ^ ( x » ?0> y 0 '>* Ills, function E(x, y Q , y Q ' , Y Q ' ,X) 
is the function defined by the equation (3:4). Further , along 
the minimizing arc E the inequality 

(3:5) ^o' y 0 ' (X ' y °’ y 0 ’ * * ) ~ 0 

must be satisfied . 

4. The second variation and the accessory minimum problem . 
Another condition which must necessarily be satisfied by a mini¬ 
mizing arc for the problem of Bolza is the condition of Mayer, 
two forms of which will be described in the next section. The 
condition of Mayer appears in the literature as a criterion for 
ensuring the non-negativeness of the so-called second variation. 

In order to discuss the second variation, we first define a set 
of admissible variations as a set of functions YJ^x) which have 
derivatives and continuity properties like those of the functions 
y^( x) . For the problem C the second variation Jgd; ,Y) ) of J 
along E may then be defined to be 

( 4 1 1) J 2 = 2Y [C 1 ,Y|(x 1 ),? 2 ,'y)(x 2 )J + , t|')dx. 
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where $ g are constants. The term 2 t outside the Integral 

sign Is found by substituting 

<**8 = 5 8 , dy lB = (*,>*• +TJ 1 (x # ) (s » 1, 2) 

in the quadratic form 

2* » [(F - yi 'F yi )dx + 2Fy^dy 1 dx]^ + 2q + 2e^ 

in which the constants e^ are those of the multiplier rule and 
2q and 2q /u , are the quadratic forms in dx 8 , dy lfl whose coefficients 
are the second derivatives of g and respectively. The inte¬ 

grand function 2 03(x, >f, >J« ) is the quadratic form 

■ Vk’Ii’Ji * “V*'W * V T k 'W 

(i* 1c = Of 1 1 • n) • 

The equations 

^Kl* ”*|( x l) > %2> ^(*2^ I 

-t^xJs + fMy lB [y i ,(x s )5 s + ^l^s)3 =0 

# s is 

are called the equations of variation . Prom the theory of the 
problem C we now quote the following theorem [VIII, p. 72]: 

For every normal non-singular minimizing arc E without 
corners the second variation J 2 (i;,7| ) in equation (4:1) must be 
positive or zero for all admissible sets of variations IJ^x) and 
constants £ which satisfy the equations of variation 

$£= ■^ JL = o along E. 

For the problem B the equations of variation end the 
second variation take on a somewhat simpler appearance. If the 
functions h^ - y^» are substituted for the functions (j)^ in the 
equations (4:2), we find the equations 


(4:2) 

(4:3) 
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(4s4) Wo + h ay 0 ' A o' - \ ' • o </»« l, .... n>. 

By use of the quations (1*4) It may he seen that the quatlons 
(4i3) reduce for problem B to the n + 4 equations 

(4»5) 5 S = 1| 0 (x 8 ) 9 x ) =0 (s => 1, 2j (3 = 1, n). 

By making use of the specialized functions (1:5) and (2:5) and 

the linearity of the end conditions ^ In (1:4), plus the fact 

* t 1, 

that = %2 * one that the quadratic forms 2 Y and 

2 co are, for the problem B, 

(4s6) 2Y[rj(x2)] = S,, ^(* 2 ) ^(* 2 ) (*, |» = 1 , .... n), 

(4j7) 2 uj[x, 1J 0 , 7| 0 '] = hy oyo 1J 0 2 + 2hy 9 y # i^ 0 »f 0 ' + hy 0 'y e « 1 |o' 2 ' 

These remarks we extend in the following theorem: 

THEOREM 4:1. For every non-singular minimizing arc E 
without corners the second variation for the problem B or A is 

- s M y*2> y *2> 

*/>.yV + 2h yoy» ,1 f° ty>' + N.'y.io’ 2 ]** 

Yn (x) = X* (hfly » + V . 1 1 o’ )d * ifi • 1 . n > • 

This variation must be positive or zero for every admissible vari¬ 
ation 7Jq(x) satisfying the equations IJqIX}) « ^ 0 (xg) = °* 

This result is an easy consequence of the application to 
problem B of the corresponding theorem described above for prob¬ 
lem C • 

In the theory of the problem C the fact that the second 
variation must be positive or zero leads to an auxiliary minimum 
problem called the accessory minimum problem . This is the problem 


(4:8) 

where 
( 4*9) 
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of finding in the clas* of admissible sets of variations 

x) satisfying the equations of variation = 0, ‘fypT 0 along 
E, one which minimizes the second variation Jg(C,>J )• The dif¬ 
ferential equations associated with this problem are 

(4:10) dA^,/dx = 0, $* = 0, 

where fL is the homogeneous quadratic form in the variables 7)^, 
7| a » , defined by the equation 

(4:11) IUx, >),•>)', X) = Co 

These equations are analogous to the equations <f>^ * 0 and 

dF_ . /dx = F v , the latter set of equations being derived from 
y i y i 

the equations (2;2) by differentiation of both members in each 
equation. The equations (4j10) are called the accessory dif ¬ 
ferential equations . The transversality condition for the ac¬ 
cessory minimum problem, analogous to the condition (2:3), is 
known as the accessory transversality condition . 

By an accessory extremal is meant a solution ^(x), 

A (x) (x^ x ^ xg) of equations (4:10) having continuous 

derivatives A^ ' onx^Xg. A study of these extremals 

has been made by Bliss [VIII, pp, 73-76]. He introduces canonical 
variables (x, YJ±, £related to the variables (x, Yj^, Yj^ 1 , A^ ) 
by means of the equations 

(4:12) Si (x, 1J,lj',A), $ p (x, "»), T]') = 0. 

Bliss has shown that if E is a non-singular extremal then the 
equations (4:12) with A Q 3 1 oan be solved for the variables 
li* • * These equations are of the form 

(4:13) >|i' “ "ITi(x, Vj, 5), - A ft (x, T|, ?). 



(23) 


SECOND VARIATION 


19 


The equations (4slO) with Aq = 1 are then found to be equivalent 
to canonical accessory equations of the form 

(4s 14) = fl^(x,i),5 ), V = 1|,S), 

in which ) is the homogeneous quadratic function In the 

variables yj , ? defined by the formula 

(4;15) ,?) = CilR -Xl(x,T),ir, A ). 

A fundamental set of 2n + 2 linearly independent solutions of 

equations (4:14) is given by the elements of the columns of the 

determinant (2:17), with = y ia , = z la [VIII, p. 76]. 

k k 

For the problem B the function XL has the form 


(4*16) ^ X ' Vo’ T ’ ^ ^ - to(x, 1J 0 » ^q' ) 

* Vvio* VV • V 1, 

where U) is the function defined in (4:7). The multipliers 
occurring here are constants. This follows from the fact that 
XL does not contain so that the accessory equations (4:10) 

yield d(XL , )/dx = d( - A.)/dx = 0 for the problem B. If in the 

V * 

equations (2:3) we replace the function F by the function XL de¬ 
fined in (4:16), the function g by the quadratic form 2 V defined 
in (4:6), and the functions by the functions defined in 
(4:5), we find that the accessory transversality condition for 
the problem B is equivalent essentially to the n equations 


(4:17) C 0 + g^ y ^(Xg) 3 0 (fi,r =1, n), 

where the C* SS XL- , * - \ are constants along a given accessory 
1 W P 

extremal. According to Theorem 2:2 the determinant (2:20) is for 
problem B the determinant (2:17) of problem C, The elements of 
the columns of (2:20) therefore form a fundamental set of solutions 
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TJi # 5 i of the canonical accessory equations (4:14^ calculated 
for problem B. These equations will he useful in the next sec¬ 
tion, To develop them, we notice that for problem B the equations 
(4:12) are 


(4:18) 


?0 " ‘VoTo'’1° + No’ yo'V + ^Ny.’ ' 

V.lo + V.’V - y s0 ’ 



- \ 


fi 


so that in the solutions (4:13) the functions TT^, have the 
values 


T 0 (x, r| 0 , C) = C?o " h y 0 y 0 ,1 |o + N Nyo'^'^Vo’y®’' 

(4*1®) 

^0' ^) 55 Nyol 0 + h /syo’ ^"o* -A-<» = ' £(** 

The function "ff defined in (4:16) is then for problem B 


(4:20) IJq, % ) * ?o^O + ^py 0 1o * h /3y 0 ^ol " tt> ( x > ^0^0^ 

in which the function (jo has the definition (4:7). With this 
value for the function the equations (4:14) become, in detail. 


V ~^o (x » )* 5 0 ' a " N h wo * Noyo 1 ! 0 + Noyo'^ 0 * 

(4.21) 

V " * Ny 0 ’ T o, 5 / = 0 - 

One readily verifies that one solution of the equations (4:21) is 

(4.22) J/l a 0, 5 0 = hy a ,, Sp«-4» 

where the constants ^ are the multipliers belonging to E. We 
summarize the foregoing statements in the following theorem: 

THEOREM 4:2. The canonical accessory equations for the 
problem B, which is equivalent to problem A, are the equations 
(4:21). One may solve the first two of these equations for 1 J q, 
— functions of x and the parameters from which it follows 

that the solutions are of the form 
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(4,23) H,(X) V JS * * V 

where the are constants * The columns of the determinant (2i20) 
form a complete set of solutions of the equations (4:21); one 
solution in particular is given In (4:22). The accessory trans- 
versallty condltlons for the problem B, or A, are given by the 
equations (4:17), in which the functions and the constants 
= - X. are solutions of the equations (4:21). 

5. The condition of Mayer . In the literature there ap¬ 
pear four closely related forms of the so-called condition of 
Mayer for the problem of Bolza in the calculus of variations. 
These are all conditions necessary for the non-negativeness, and 
in a strengthened form sufficient for the positiveness, of the 
second variation, as stated for problem B in Theorem 4:1. Of 
these four forms we shall make use of but one, that one being 
due to Bliss. For the less general problem of Bolza in which 
one end point of the admissible arcs is fixed Hestenes has de¬ 
fined a focal point condition which is also a condition of Mayer. 
Since the criterion for a focal point is comparatively simple 
theoretically, and since the problem B is a problem of Bolza of 
the type for which a focal point condition is defined, we also 
discuss that condition in this section. 

First, we shall have need of a few definition. By the 
order q of abnormality of E on an interval x’x" is meant the num¬ 
ber q of linearly independent sets of multipliers of the form 
je 0 = 0, J?p(x) with which E satisfies the conditions (1:7) and 
(2:2) on x* x M . We next define a function Q(z) in terms of the 
second variation. After the usual integration by parts the 
second variation JqIZpVJ) along an accessory extremal is expres¬ 
sible as a quadratic form in € 5 2 and the end values of the 




22 


BRADY: MINIMUM OF A FUNCTION CF INTEGRALS 


(26) 


functions x), C^(x) defining the extremal. Let g 

1J iT# C ^ ( T = 1, t) be a maximum set of linearly independent 

constants and accessory extremals containing only sets £ 

1i* i wtlicl1 are linearly independent of the special ones for 
which = 0, - 0, ^i(x) s 0, and which satisfy the equa¬ 
tions 0. For the set 

(5jl) = § 1T * T » 5g = ^2T Z T' = ^ iT z T' = ^1T Z T 

the second variation may then he expressed as the quadratic form 


(5j 2) q(z) = J 2 ($ t z t> 1 ) t z t ) 

in the constants (z^, z^.). A value x 3 / x^ is said to de- 

fine a point 3 conjugate to 1 if there exists an accessory ex¬ 
tremal tj^, X> i satisfying the equations JJ^x^) - 0, having 
= °» and having the set (7|) ^ 0 on x^x^. It is known 
[VII, p. 804, Theorem 5:1] that points 3 conjugate to 1 are the 
points other than 1 at which the matrix 


(5:3) 




has rank less than 2n + 2 - q, where JJjj forms with C ^ (i * 0, 
1, .n; j = 1, 2n + 2) a complete set of solutions of the 

canonical accessory equations, and q is the number of linearly 
independent sets 1 1 > C i having li (x) * 0 on x^xj. This number 
q is also the order of abnormality of E on the interval x^x^. 

We now quote from the theory for problem C [VII, p. 802, Theorem 
4:3] the result that if the extremal E is non-singular and the 
second variation J 2 is non-negative along E, then the condition 
q( z) £ 0 must hold for all sets of constants z not all zero; 
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moreover, if the order of abnormality of E is the same on every 
sub-interval x^Xg of x^xg, then there can be no point 3 conjugate 
to 1 on E between its end points 1 and 2. This condition may be 
called the condition of Mayer as formulated by Bliss for the 
general problem C of Bolza. 

If for problem C stated in Section 1 the first (n + 1) of 
the equations ^ = 0 fix the coordinates of the Initial points 
of admisrible arcs at x^ and the remaining (p - n - 1 ) of the 
equations are pondl'tions only on the coordinates of the end 
points of the arcs at xg, then the problem is called a problem 
of Bolza with second end point variable. For this problem a 
value X 3 ^ Xg is said to define a focal point 3 of the manifold 
^ = 0 (q) = n + 2, p) on the extremal arc E if there exists 

an accessory extremal 7j 5^ satisfying with a constant 6 g the 
equations 

(5:4) ^ = ° (V = n + 2 , p) 

and the accessory transversality condition at Xg, having Tj^x^) 

= 0, and having the set (t|) ^ (0) on x^xg. From the theory of 
problem C [X, p. 545] we know that on a non-singular extremal arc 
E for which the second variation Jg is non-negative and for which 
the abnormality of E is the same on every sub-interval of x^xg, 
there can be no focal point 3 of the manifold =0 (V = n + 1 , 
p) between the end points 1 and 2 of E. This may be called 
the focal point condition for a problem of Bolza with second end 
point variable. 

In order to apply these results to problem R we first 
note that this problem is one with only the second end point 
variable. The equations (5:4) for Droblem B are simply 


(5:5) 


£2 = 0, 


Tj 0 (x2) = 0, 
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as we see from equations (4:5), To oaloulate Q(z) as defined in 
(5:2) we note that for an accessory extremal YJ ^satisfying 
the conditions (4:5), and with the function u> defined in (4:7), 
one finds 

Jx* 2U3Ax = a V* 2 ^ • 

Hence the value of Jg(lj), defined in (4:8), for the set (5:1) is 

( 5 : 6 ) q<Z) = liras' + C„r V ** 8 ’ 3 

(r,T = 1, tSn-1), 

The inequality t $ n - 1 follows from the fact, noted in Theorem 
4:2, that at least one of the (2n + 2) independent solutions of 
the canonical accessory equations has lj^(x) = 0. To determine 
the set (5:1) the n + 2 conditions on the end values of the func¬ 
tions )J^(x), given in (4:5), must be impressed upon the linear 
family, containing 2n + 1 or fewer parameters, including all the 
extremals which have the property that their functions ^(x) 
are not all identically zero. We now apply Theorem 4:2 and the 
results quoted in the preceding paragraphs to get the following 
theorem concerning the problems B and A. 

THEOREM 5:1. Let E lg be a non-singular extremal arc for 
the problem A along which the second variation in (4:8) is 

non-negatlve , and let the order of abnormality q of E be the same 
on every sub-Interval of x^xg. Then the two following conditions 
must ho] d : 

(1) There can be no point 3 conjugate to the initial 
point 1 between 1 and 2 on the arc E 12 , and the condition Q(z) 

- 0 m uat be satisfied for all values of the constants z not all 
zero , where 
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*< Z > = W«,t V^’W's 1 -V % t <*8>3 

( fj,V ■ 1, . n; r,r * 1 , t % n - 1). 


In this expression 


(5,e) V x) 

and the funoUons TJ^Cx) (<r = 1, .t) form with the constants 

X a maximal set of solutions of the equations 

- 

a “v /ax •“-».* V®.,.- /"> - v> ■ °- 

V*l } = 

for which the functions >J 0r (x) are linearly Independent . A con ¬ 
jugate point 3 to 1 on E 12 is a point , other than 1, at which the 
matrix 

x i^ 

(5:10) W*5> 

(|3 — 1, • • • 9 n f TT= t + 2) 

Is of rank less than t + 2, the set IJqjt ( IT * 1, t + 2) 

being a maximal set of solutions of the equation (5:9) for which 


the functions ^qu*( x ) &re linearly Independent , and the functions 

7) being defined by equations analogous to (5:8). 
i (3TT 

(2) There can be no focal point 3 of the manifold Xg - a g 
* ^*2^ 58 0 — e 12 between it8 end points 1 and 2. The focal 
points are defined by values x 5 for which the determinant 

V 0 f (x 3 ^ 

( 6 * 11 ) 

V f V ( V ' +X (»f 

(p,Y = 1, .. n} f = 1, .n + 2) 
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vanishes . Here the sets ^(x), ( f =* 1, ..., n + 2) are a 

maximal set of linearly Independent solutions of the equation 
(5:9), and the functions 7J^(x) are defined by equations analo ¬ 
gous to ( 5:8). 

According to Theorem 4:2 the columns of the determinant 
(2:20) form a complete set ±j (i = 0, 1, ..., ; j = 1, 

2n + 2) of solutions of the canonical accessory equations 
(4:21). By deleting from that set the members linearly dependent 
upon sets for which 7J^x) a 0, and by making use of the special 
nature of the set, one may readily relate the rank of the matrix 
(5:3) to that of the matrix (5:10) in such a way as to give the 
result stated in the theorem. To finish our discussion of the 
theorem we need to establish further only the fact that a focal 
point as defined in this section for problem B, or A, is a point 
at which the determinant (5:11) vanishes. To this end we desire 
to show that a value x = x^ for which the determinant 

(i — 0, .. *, n; J = 1, ••*, 2n + 2$ , Y = 1, • • •, n) 

vanishes determines a focal point 3 of the manifold Xg - a^ « 
y 0 (xg) = 0. In this determinant the functions are 

understood to form a complete set of solutions of the canonical 
accessory equations (4:21). First, let us suppose that the de¬ 
terminant (5:12) vanishes at a value x 3 ^ Xg. Then there exist 
constants aj not all zero such that 


(5:12) 
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( 5s 13) a j 1 JOj( x 2) a °* 

•jfv ^Yj^) + C/»j3 - 

It follows that s a j C± = a j Cij * a a set of functions 

satisfying the conditions 


(5*14) >Jq( Xg) = 0, + Cfi 3 0 (0»Y “ 1, •••, n), 

which, along with * 0, a**® the equations (5>4) and the acces¬ 
sory transversality condition. Further, ^ so defined are 

such that the functions 7 j ^ vanish at x 3 , but do not vanish iden¬ 
tically on *3*2. For if a 0 on x 3 xg we have * 0 also, 
since the set V satisfies the second of equations (5:14). 
One may verify by examining the canonical accessory equations 
(4:21) that then £q(x) 5 0 on x^Xg. Hence we would have 

s a j)Jij =0, ?i s a i^ij = 0 on x i^2* w hich contradicts the 
assumption that the functions >^j, S ^j form a complete set. 

By definition the point 3 is then a focal point to the given 
manifold. Conversely, a value X 3 for which a non-identically 
zero set 7J ± vanishes, where Tj^, £ ^ satisfy the equations (5:14), 
is a value for which the determinant (5:12) vanishes. This fol¬ 
lows from the fact that such a set is expressible as a linear 

combination 7j ^ = a j7iJ' ** i = a j^ij the c0m P lete set 7ij' 
j. For the constants aj, not all zero, thus determined the 
equations (5:13) hold and therefore the determinant (5:12) van¬ 
ishes. That the determinant (5:11) vanishes when and only when 
the determinant (5:12) vanishes may be seen by making use of the 
special properties of the complete set 1 ) ±j yielded by the 

determinant (2:20). For, if we let & ip. ( P ~ ^ ..., n+2) 

be a set linearly dependent on the set composed of the elements 
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of the first column and the last n + 1 columns of the determinant 
(2:20), we may write the determinant (5sl2) in the form 

0 ^0p^ x 3^ 

V 1 * 5 ’ 

0 1ofU 2 > 

8 »* s * ty Vflrp ^*2^ + Cfif 
(°^»/3 $ a 1# • ••, u* P ® 1, • ••, n + 2j 
U S ,Y= 0 if >• 

By substituting = - A^ and by suitably manipulating the 

rows of this determinant one derives the determinant (5:11). 

As is readily seen from the preceding discussion, we have 
the following corollary to Theorem 5:1s 

COROLLARY 5sl. The n *f 2 sets of functions 7j^ and the 
associated constants A^ appearing in the condition (2) of 
Theorem 5:1 may be taken to be the functions and constants 

liY* y i4 y » 1i,n+l = y la 0 ’ 11 , 11+2 = y lb 0 ' 

\n = - * V*»+l = °» n+2 = 0 

(i - 0, 1, ** «i n; p t y 58 1# • ••, *0 * 

in which the right members are the derivatives occurring in the 
columns of the determinant (2:20). Suitable linear combinations 
of these derivatives may be used for the sets 7J^ and A^ 

occurring in condition (1). 

6. Sufficiency theorems from the theory of the problem of 
Bolza . Sufficiency theorems for the problem A will be stated in 
terms of strengthened forms of the necessary conditions discussed 
in the preceding sections. We use the Roman numeral I to designate 
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the multiplier rule discussed in Section 2. Similarly, the sym¬ 
bol IIjj ! is used to designate the strengthened condition of 
Weierstrass, which is defined as follows: An arc E is said to 
satisfy the condition II N f if the inequality 

eu, y 0 > y 0 '» V* ^ > 0 

holds at every element (x, y 0 , y 0 ‘,i) in a neighborhood N of 
those belonging to E and for all admissible sets (x, y Q , Yq* ) / 

(x, 7q> 7 0 ' ) • For problem A the strengthened condition of Clebsch , 
denoted by III 1 , is the condition that the inequality 
hy^ y o , (x, j 0 , y 0 ’,J? ) > 0 shall hold along E. We define the 
condition IV 1 for problem A to be the condition (1) of Theorem 
5:1 strengthened by the assumption that the quadratic form Q(z) 
is not only positive but is positive definite. Likewise, the 
condition IV^’ is defined to be the condition (2) of Theorem 5:1 
strengthened by excluding the possibility of a focal point 3 
being at the point 1. We have here defined the strengthened con¬ 
ditions for problem A, or B. Where similar strengthened condi¬ 
tions are defined for problem C, we have the following results 
from the theory of the problem of Bolza [VII, p. 816, Theorem 9:4; 
X, p. 546, Theorems 1 and 3]: 

Let E be an admissible arc without corners satisfying the 
equations <f> ft = = 0 for a problem of Bolza, and satisfying 

further the conditions I, 1%’, HI', and either IV’ or IV f » with 
a set of multipliers £ Q * 1, -^(x), Then there exists a 

neighborhood V of E in xy-space and a neighborhood T of the space 
of points (x 1# y 11# Xg, y i2 ) such that J(C) > J(E) for every 
admissible arc C in V with ends in T satisfying the equations 
fp x x o and not identical with E. 
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When this result is applied to problem B and interpreted 
for problem A one obtains the following theorem: 

THEOREM 6:1. SUFFICIENT CONDITIONS FOR A RESTRICTED 
STRONG RELATIVE MINIMUM. Let E be an admissible aro for the 
problem A such that E jls without corners . joins two given fixed 
points in the xy- plane , and satisfies the conditions I, II N ’ , III*, 
and either IV* or IV^* with a set of multipliers J?q ** 1, . 

Then there exists a neighborhood V of E such that g(C) > g(E) for 
every admissible arc C in V not identical with E, joining the end 
points of E, and satisfying on x-jXg the condition that 

(651) \J X [h p [C) - h^EjJdxl < < , 

where C la a sufficiently small positive constant . 

In the theorem it is understood that the functions h^C), 
h^CE) are the functions h^(x, y, y» ) occurring in the equations 
(1:1), with arguments the functions y, y* defining C and E re¬ 
spectively. Similar notations are used in writing I (E), I A (C), 

fi 

g(E) and g(C) . 

It is desirable to weaken the restrictive condition (6:1). 
In the next section we show that with an additional normality 
assumption we may weaken the condition (6:1) to the extent that 
it be required to hold only at x - x 2 . Reflection on the pos¬ 
sible nature of the function g shows that one could not in gen¬ 
eral remove the condition entirely. 

The following sufficiency theorem for the accessory mini¬ 
mum problem, which was discussed in Section 4, will be found use¬ 
ful in the next section* 

THEOREM 6:2. Let E have the properties specified in 
Theorem 6:1 except possibly the property that it satisfies II N 1 . 
Then along E the inequality Jg(Tj) > 0 holds for every admissible 
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variation ?j 0 (x) satisfying the equations ^(x^ = 1/ 0 (x 2 ) = 0 
and not Identically zero on x^xg. 

For the proof of the theorem we shall refer to the liter¬ 
ature of the problem C of Bolza. Results for problem A are then 
immediate by the use of Theorem 4:1. For the case when E satis¬ 
fies IV ! we refer to two theorems by Hestenes [VII, p. 811, 
Theorem 8:3, and X, p. 546, Theorem 3]. When E satisfies IV f * 
we refer to three lemmas, again by Hestenes [X, pp. 549-550, 
Lemmas 8, 5, 6]. 

We note that the accessory minimum problem for problem A 
is a problem of the type A, since the functional to be minimized 
is a function of integrals. 

7. Extension of the sufficiency proof . We have seen that 
the theory for the problem of Bolza yields a restricted relative 
minimum for problem A, and we noted that a weakening of the re¬ 
strictive condition (6:1) on the admissible arcs is desirable. 

We may effect the desired weakening of that condition if E satis¬ 
fies an additional normality condition , namely, that the arc E 
satisfies the Euler-Lagrange equation dhy^i /dx - hy Q = 0 with 
only one set of multipliers when one keeps a non-zero multiplier 
fixed. Subarcs of E need not satisfy the normality condition. 

The theorem to be proved in this section may now be formulated as 
follow8: 

THEOREM 7:1. SUFFICIENT CONDITIONS FOR A STRONG RELATIVE 
MINIMUM. If the admissible arc E satisfies the hypotheses of 
Theorem 6:1 and in addition the normality condition defined above, 
then the conclusions of The orem 6:1 hoid with the restrictive 
condition (6:1) required to hold only at x = Xg. 
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The proof of the theorem will be based on a series of 
five lemmas, the last three of which are similar to lemmas used 
by Hestenes to prove an analogous result for the isoperimetric 
problem [XI]. In these lemmas it is understood that the arc E 
satisfies the hypotheses made in Theorem 7:1. As a preliminary 
to the first lemma we note that in Section 1 it was assumed that 
not all the first partial derivatives of g vanish on E. Without 
loss of generality we may assume that g 1 / 0 . In fact we may 
suppose that g-^ > 0 since we may replace 1 ^ by -I^ if necessary. 
We shall fix the multiplier X^ = g 1 (E). With these statements 
in mind we formulate the following lemma: 

LEMMA 7*1. With the fixed relation J? ]_ = g-^E) the nor ¬ 
mality condition is equivalent to the condition that the equation 

( 7 *1) [dhpy^i /<** - h py 0 J a p = 0 (p = 2, n) 

holds along E only in case the constants are all zero . 

For, if two distinct sets of multipliers X = g^(E), J? 

(p = 2, ..., n) and A^ = g^(E), A p satisfy the Euler-Lagrange 
equation with E so also does the non-null set X^ - A^ = 0, 

J£p - Ap. Then equation (7:1) holds with a p = Jlp - A p . Con¬ 
versely, if ap is a non-null set for which (7:1) holds on E, then 
the Euler-Lagrange equation is satisfied on E by the two distinct 
sets = g^E), 4 p and = g^E), jj p + ap, where 4 p 

are the multipliers belonging to E. 

LEMMA 7:2. If 7] 0 (x<) = 7[ 0 (x") = 0 then 

(7:8) Jl fi [ V*") * ^(XUJ - ° (x x S x’ S x" S x 2 ) 

holds for every admissible variation 7J ^(x). From this it follows 
that if 4i / o, ’/lUi) = ■’fpUi) = yj p(3tg) =0 (p = 2 , n), 

then Tj^Xg) = 0 also . 
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That the equation (7:2) holds under the conditions stated 
in the lemma is readily provable by multiplying the equations of 
variation 


V’lo + h /9y 0 ' 7o' - V = 0 •••* »> 

by the multipliers , adding, and applying the usual integratior 
by parts with the help of the equation dhy^f /dx - hy =0. 

In the next lemmas there appears an integral defined 


by the equation 


Jj =J h(x, y 0 , y 0 ',^ )djc. 


in which the integrand is the sum j^h^. A value x 3 / x^ is said 
to define a point 3 conjugate to 1 on E relative to if there 
exists a solution 7j (x) of the equation 


dco , /dx - = o, 

1 7 

having Tj(Xi) = ^(x 3 ) = 0 and yj £ 0 on x^x^, where the multi¬ 
pliers ^ appearing in and co are those belonging to E. The 
function co that occurs here is defined by equation (4:7). 

LEMMA 7:3. HAHN’S LEMMA. If E has on it no point 3 con ¬ 
jugate to 1 relative to , there exist neighborhoods Vj of E In 
xy- space , N of the end values of E in (x^^x^yg)-space and L of 
the multipliers belonging to E such that for ever y set 
(xiyiXgy^) in N and in L there is an extremal E^ in having 

(xiyiXgy 2 ) as its end values and as its multipliers . More ¬ 
over , for these values of the inequality (C) > (E^ ) holds 

for every admissible arc C In joinlng the ends of E^ and not 
identical wi th E^. 

This lemma is analogous to one given by Hahn and has been 
established by Birkhoff and Hestenes [IX, pp. 253-254] following 
a method given by Bliss [IV, pp. 267-270] in the proof of a 
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similar theorem for the problem of Bolza. The assumptions made 
in Theorem 7:1 do not exclude the possiblity of there being pairs 
of conjugate points on E relative to . However, the arc E can 
be subdivided into a finite number of subarcs on each of which 
there are no pairs of conjugate points relative to [cf. Ill, 
p. 739] . In this case we have the following extension of Lemma 
7:3: 

LEMMA 7:4, EXTENDED LEMMA OF HAHN. Let t Q = x x < ^ 

< ••• < t w+ i = Xg be a set of values such that there is no pair 
of conjugate points on E relative to on any of the Intervals 
t r .i 1>x=»t r (r = l, w + 1). Then there exist neighbor ¬ 

hoods of E in xy- space , M of the values (x, y) = (t 8 , b 8 ) 
(s=l, ..., w) belonging to E and L of the multipliers be ¬ 
longing to E such that for every set (t g , b g ) in M and Jt fl in L 
there is a broken extremal E^ in V 1 joining the points 1 and 2, 
passing through the points (t s , b g ), having no corners on the 
intervals tp..^ < x < tp, and having as its multipliers . 
Moreover , for these values of the inequality Jj (C) > Jj (E^) 

holds for every admissible arc C in V]_ joining the end points of 
E j( > passing through the points (t g , b 3 ) and not identical with E^. 

Lemma 7:4 follows as a result of applying Lemma 7:3 to 
the successive subarcs of E determined by the intervals t r ^^ £ x 
tp (r = 1 , . * *, ^ *** 1 ) • 

LEMMA 7:5. Let t 0 , t 1# ..., t w>fl be the set of values 
defined in Lemma 7:4. There exists a (w + n - 1)- parameter 
family of broken extremals 

y(x, b 1# ..., b w , eg, ..., c n ), 

(7:4) ^ = Sx( E ) * -^p(^i» •••# 9 • * • * ®n^ 

(p = 2 , ...» nj x x 5 X % xg) 
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containing E for b 8 = b s0 , c p = CpQ, passing through the points 
1, 2 and (x, y) = (t g , b g ), having no corners on the Intervals 
< x < tp, and satisfying the conditions 

r *s 

(7*5) J ^ hp(x, y, y')dx = c p . 

The functions y(x, b, c), y x ( x, b, c), J* p (b, c) have continuous 
first and second derivatives for values (x, b, c) near those be ¬ 
longing to E except possibly at the corner points . 

In order to establish this lemma, let 

(7}6) Y( x, > • • • t b^ , £ 2 9 (E), (x x s x s Xg) 

be a (w + n - 1)-parameter family of broken extremals containing 
E for values b 8 = b s0 , J? p = i p0 , passing through the points 1, 

2 and (x, y) = (t s , b s ), and having no corners on the intervals 
tr-1 < x < t r . Except at corner points the functions Y(x, b,J? ) 
Y x (x, b,JJ ) have continuous first and second derivatives for 
values (x, b,>f) near those belonging to E. The existence of a 
family of this type follows readily from the first part of Lemma 
7:4 and our earlier studies, in Section 2, of the properties of 
functions defining extremals. When the function Y(x, b, J( ) is 
substituted in the integrals (7:5) a set of functions I p (b,>( ) 
is obtained having continuous first and second derivatives for 
values (b,J? ) near those on E. The functional determinant 
|9l p /iJ(q| (p, q = 2, ..., n) is different from zero when (b,J£ ) 

* (t>0*^0 )’ aS w111 seen in the next P ara S ra P h * The equations 
I p (b,Jl ) = °p are satisfied by the values (b,Jt) = (b Q , >? 0 ), and 
hence have unique solutions J? p (b, c) with i p (b 0 , c 0 ) = X p o and 
having continuous second derivatives near (b, o) =(b Q , c Q ). When 
the functions J^ p (b, c) are substituted for p in the functions 
(7:6) a family (7:4) is obtained having the properties described 
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in the lemma. 

To complete the proof of Lemma 7:5 we have yet to show 
that the determinant |^Ip/iJ} q | is different from zero at (b,^) 

= ( b o' . First, we notice that no variation of the form 
T) = Y^ (x, b Q , ^ 0 ) a p with the set (°p) f (0) I 3 identically 
zero. For, if we substitute the functions (7:6) in the equation 
dhy^,/dx - hy^ = 0, differentiate with respect to multiply 

by a p , and sum, we find that along E the equation 

(7 S 7) dcO^./dx - lOy * [dh^, /dx - hp yo ]a p = 0 

holds, where to is the function (4:7) and its arguments are 
JJ = Y^ap, =Y ^’ a p* 7j=0, then equations (7:1) would 

hold with a set (a) ^ (0), which is impossible according to 
Lemma 7:1. Next we notice that if I^I p /^i!ql = then there 
exist constants -a q not all zero such that the equations 

(7,8) VHl J. 1 - V' I''" * ° 

hold, where TJ = Yjj a q . Multiplying the left member of (7:7) by 
this yj , integrating from x-j_ to xg and using (7:8), we find that 

(7:9) y ‘"(ijd^./dx = 0. 


With the usual Integration by parts this becomes 


w±l t r rxg 

(7:10) y io,11 I +/ 2<Odx = 0. 

1 ' t p _ 1 J Xj. 

By differentiating with respect to -J ^ the identities Y(t y) b,^) 
= h v (v = 0, 1, w + 1), in which b Q = y Q1 , b w+1 = y 02 , w e 

find that Y^(t y , b,J? ) = 0. Therefore >|(t y ) = Y^(t y , b 0» ^o) a 
= 0, and (7:10) reduces to 
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f 

(7:11) / 2 todx = 0. 

J x x 

In view of equations (7:8) the functions 

V xl *X‘V.1 *V.'V ,a * ••••"> 

satisfy the relations IJ^x-l) = = 7| p (xg) =0 (p = 2, 

n). Hence 7|^(xg) = ® also, by Lemma 7:2. It follows that 

the terms g^Tj^(xg) KJ^(xg) outside the integral sign in the 

expression (4:8) for Jg(T|) vanish so that Jg(7|) reduces to the 

left member of (7:11). But then the equality (7:11) contradicts 

Theorem 6:2. Therefore our assumption that | dl p /^j{ q | = 0 is 

contrary to fact, and Lemma 7:5 is established. 

We may now establish Theorem 7:1. First, let V and i be 

chosen so that Theorem 6:1 holds, and let V^, M, and L be chosen 

so that Lemma 7:4 holds. We diminish M and L, if necessary, so 

that the broken extremals E^ of Lemma 7:4 satisfy the condition 

(6:1). That we may do this follows from the continuity properties 

of the family of broken extremals given in (7:4). We now let Vg 

be a neighborhood of E in xy-space Interior to V and V-^ and such 

that points (x, y) = (t 8 , b s ) of Lemma 7:4 lying In Vg are also 

in M* Diminish ^ if necessary so that the inequality g^(C) > 0 

holds for each curve C satisfying at x = Xg the condition (6:1). 

This we may do since we have assumed that g^(E) > 0. The region 

V = Vg and the constant € so chosen will be shown to have the 

property described in Theorem 7:1. To establish this we consider 

a given admissible arc C lying in Vg joining the end points of E, 

and satisfying at x = Xg the condition (6:1). By choosing the 

parameters b 8 equal to the ordinates of C at t 8 and the parameters 

c equal to the values of the Integrals I evaluated along C we 
P " 

determine, as in Lemma 7:5, a broken extremal E^ of the family 
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(7:4) passing through the points (t s , b g ) and having I p (Ej() = 
Ip(C) (p = 2, n). By Lemma 7:4 we have 

o< v c) - yy = vv c) ■ wj = 4ryc) - i^Ej,)] 

If C d E • Since ^ = g^E) > 0 it follows that I^C) > I x (Ejj) 
unless C = E^. By Taylor’s formula we have the relation 

6(C) - g(Ej) = [^(C) - I^E^jg-L, 

where the arguments of g x are I^E^) + efl^C) - J (0 < 9 

< 1), and Ip(Ej^). But g-^ > 0 with these arguments by virtue of 
our choice of £ . Hence g(C) > g(E^) (C ^ Ej). By our choice 
of V g and € the broken extremal E^ satisfies the condition (6:1). 
We may then apply Theorem 6:1 to derive the result g(E^) £ g(E), 
the equality holding only if Ej = E. It follows that g(C) > g(E) 
(C ^ E). Theorem 7:1 has now been established. 

8. Application to a special problem . In the introduction 
we noted that Bolza had treated in detail two problems discussed 
by Euler. Bolza generalized the problems formulated by Euler and 
by means of special methods gave sufficiency proofs for a strong 
relative minimum for one and maximum for the other. Both of the 
problems are problems of the type A formulated in Section 1. In 
this section we shall apply the theory developed for problem A to 
one of the problems treated by Bolza, 

The first of the two problems considered by Boise may be 
formulated as an instance of problem A as follows: In a class of 
admissible arcs joining the two fixed points (x^, y^) = (-a, 0), 
(xg, yg) « (a, 0) (a > 0) we seek an arc minimizing the function 

(8*1) g(l x> I 8 ) - Ig/(Ii + b 2 ), 
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o 

in which b is a positive constant and Ij, Ig are the area and 
length integrals 

(8:2) Ij. \ d*. I 2 = + y' “ 

This problem may be interpreted geometrically in the following 
2 

manner: Let b represent the area of the rectangle with corners 
at the points (-a, 0), (-a, -b 2 /2a), (a, -b 2 /2a), (a, 0). Then 
in a class of admissible arcs joining the two upper corners of 

o 

the rectangle and satisfying the relation y(x) > -b /2a (-a < x 
< a) we seek an arc minimizing the ratio of the length of the arc 
to the area bounded by the arc and the base and sides of the above 
specified rectangle. We then take the region R of Section 1 to 
be the set of all points (x, y, y ! ) having y > -b 2 /2a. 

On applying Theorem 2:1, that is, the multiplier lule, to 
the above special problem we find that a minimizing arc E for the 
problem must satisfy the equation 

(8:3) 4g y »/Vl * y,S = ^l (x " x l> * c > 

in which g are constant multipliers which satisfy with E 

the transversality condition 

(8:4) Jljl! + b 2 ] 8 = -I 2 , X z [l x + b2 3 = 

We have set = 1 in these equations. Solutions of (8:3) are 
functions defining arcs of circles and satisfying the equation 

(8:5) (x + h) 2 + (y i k) 2 = (^ 2 /^ 1 ^' 

where h, k are constants. The branches of the circles (8:5) 
which pass through (-a, 0), (a, 0) and which are single valued 
on -a £ x S a are given by the formula 
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( 8 : 6 ) 


y = ±(-k + Vk® - x 8 ). 


where k > 0 and R = A minus sign appears In the last 

relation because >0, X± < 0 for those of the arcs (8:6) 
which also satisfy equations (8:4). 7/e calculate 1^, Ig along 

the arcs (8:6) and then make the substitution 00= 2 sin'^a/R) 
The result is 


(8:7) 


I x = -a 2 cot^/2 + a 2 (0>/2) cosec 2 “V2, 
Ig = a 03 cosec &/Z. 


By dividing the members of one of the equations (8:4) by the re¬ 
spective members of the other and then substituting the values 
(8:7) for 1^, I 2 and a cosec <&/2 for (~ 2 /Jjj) one derives the 
equation (8:8) appearing in the following lemma: 

LEMMA 8:1. Clrcular arcs defined by the equation (8:6), 
joining the two fixed points (-a, 0), (a, 0) and subtended by a 
central angle (JO satisfy the transversallty condition if and only 
if 60 is a solution of the equation 

(8:8) b 2 ( 1 - costo) - a 2 (a> + since) = 0. 

The equation (8:8) has real roots when and only when b 2 /a 2 5 TT/2. 
If this relation holds without the equality sign one of the roots 
lies between 0 and TT , the other between TT and 2TT . In this 
case let Eq designate the arc of the family (8:6) whose central 
angle (A) is the smaller of the two roots of (8:8). Then Eq 
satisfies the condition I for our special problem . 

Bolza derived equation (8:8) by another method [II, pp. 
249-251]. He established the readily-verified statement occur¬ 
ring in the lemma concerning the roots of the equation (8:8). 

We shall show in the succeeding paragraphs that besides satisfy¬ 
ing the condition I, Eq satisfies also the conditions II N f , III 1 , 
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IV* and the normality condition, so that we may apply Theorem 7:1 
to establish a strong relative minimum for the function (8:1) 
along Eq. It will appear later that the arc determined by the 
larger of the roots of the equation (8:8) does not satisfy the 
relation Q(z) >0, A similar statement applies when the two 
roots are equal, i.e., when b 2 /a 2 = 7T/2. For that reason we 
limit our discussion to Eq* 

The conditions 11^’ and III* are strengthened forms of 
the conditions stated in Theorem 3:1* The function h appearing 
in Theorem 3:1 is for our special problem 

(8j 9) h =J ^y 

Setting this value of h in the function E(x, y Q , y Q » , Y Q »,J( ) 
defined in (3:4) we find 


E 

( 8 : 10 ) 


= Jlgt-v/i~ Y' a - -i/T + y' 4 - (Y’ - y' )y'/vi + y ,e J 
=^2fV(Y'y' + i) a + (Y' - r )* - V(Y'y' + i) E ]/Vi + y’ 8 . 


Examination of the second equation in (8;4) shows that Xq > 0* 
We readily see then that the condition II N ’ is satisfied by Eq. 
Since the function by y, (x, y, y f , ) occurring in the condition 

III' is here 

(8s 11) hy ly , = ig/(l + y' 8 ) 3/2 , 


we see that along Eq the condition III’ is also satisfied. We 
summarize the results of this paragraph in the following lemma: 

LEMMA 8:2. The conditions II N ’ and III» are satisfied 
along Eq. The Welerstrass E function for the special problem is 
given in (8:10), and the function appearing in the Clebsch condl 
tlon is given in (8:11). 
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For our special problem the matrix (5:10) defining pairs 
of conjugate points contains 4 rows and at most 3 columns since 
for this problem n = 2 and the number of columns is t + 2 ^ n + 1 
by (5:7). Corollary 5:1 states that the functions appearing in 
the matrix (5:10) may be taken from the determinant (2:20), in 
which the elements are derivatives of the functions y^, z i taken 
with respect to parameters which are then evaluated on Eq. Ac¬ 
cordingly, we differentiate the function y * -k + V rS - (x + h) a , 
which is a part of the family (8:5) containing E 0 , with respect 
to the constants k, h, R and set h = 0 to obtain the 3 functions 

(8:12) 1| 01 = - 1 , 1j 02 = -x/VR 2 - x 2 , 1J 03 = R/yk 8 - x a . 

These 3 functions satisfy the relation ^Q^fxja^ £ 0 ( TT = 1, 

2, 3) for all sets (a) j* (0). We have seen that there is a set 
of at most 3 such functions, so this set Is a maximal set. The 
corresponding constants ( ft = 1, 2; TT =1, 2, 3), needed 

for the calculation of Q(z), are found by differentiating 
z 2 = *^1^ wifc h respect to k, h, R and then setting the results 

equal to C = - A . In that manner we find 

firr /nr 

( e i 13) ^llt = ^21 = ^22 = °> ^23 = '^1- 

To simplify further computations v/e make the substitution 9 = 
sin^x/fe. From (8:12) we have then 

(8:14) ^foi * “^> ^02 = ** tan ^03 = 0* 

By use of equations similar to (5:8), in which h^ = y, hg = 

V 1 + the functions 1] appearing in (5:10) are found to be 

^Jll = ~R( sin 9 - sin 9-^), >J 21 = 0, 

(8:15) 1)i2 “ R(cos 9 - cos 0^), *^22 = sec 9 - sec Q-±, 

^13 = R ( 0 " ®l)> ^23 = C tan 0 1 " f tan 9 + 9 - 9 iJ» 



(47) 


APPLICATION TO A SPECIAL PROBLEM 


43 


where 0^ * - sin'^a/^. The matrix (5:10) determining conjugate 
points Is then 

1 tan 0 sec 0 

1 tan 0-t sec 0i 

(8:16) 1 1 
R( sin 0 - sin 0-^) R( cos 0-^ - cos 0 ) r (9 - 9 ^) 

0 sec 0^ - 8ec 0 tan 0^ - tan 0 + 9 - 0-^ 

where the signs have been changed in the first two columns. In 
order to show that this matrix has rank 3 on 0 1 < e < 0 2 , cor¬ 
responding to x^ < x < Xq, one may demonstrate that the deter¬ 
minant composed of the first, second and fourth rows has the 
value 2 sin(0 - 0 1 )[tan(9 - 9i)/2 - (0 - 9i)/2]/cos 0 cos 9 1 . 

This expression does not vanish on the interval 0^ < 0 < 9g » -0^, 
provided 0g < If/ 2. We note that <*/2 = 0g by definition, and 
that E o was determined by co< T . Therefore 0g < T/2, and it 
follows that the matrix (8:16) has rank 3 on the interval 0-^ < 

0 < 0g. There is then no point 3 conjugate to 1 on -a < x < a, 
which is the interval corresponding to 9^ < 0 < 9g. We may note 
here that the range of 0 is limited to the interval - TT/2, V2 
by the requirement that admissible arcs be defined by single¬ 
valued functions y(x). We have now established part of the fol¬ 
lowing lemma: 

LEMMA 8:3. The arc Eq satisfies the condition IV 1 . A 
matrix determining points conjugate to 1 h the matrix (8:16) 
which has rank 3 on 0^ < 0 < 9g or x^ < x < x 2 . The function 
Q(z) defined hy (5:7) has the value 

(8:17) Q(z) = 2 j ?i(© 2 " tan e 2^ z2 

on Eq and satisfies the Inequality ft( z) >0 if z / 0. 
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To complete the proof of this lemma we still must show 
that Q,(z) >0 holds on Eq. For the calculation of <^(z) we need 
a linear combination of the set (8:14) which satisfies >|o(©i) 55 
V e 2> = 0. Such a combination is 7| Q = sec 9 - sec 0g. Cor¬ 
responding linear combinations of the sets in (8:15) and (8:15) 
with = - 02 


(8:18) 


l( Xg ) = 2R ( 0g - tan 0g), A ^ = 0, 

= 2 ( 0 2 ~ tan » Ag = " ^ 1 * 

For this set Q(z) has the value 


(8:19) Q(z) = z 2 [4(g xl R 2 + 2g 18 R)(0 8 - tan © 2 ) 2 + 8 4 (9 2- tan e 2 ^- 


By use of the relations (8:7), (8:8) and a cosec 0g = R, CO = 20 g , 
one may show that along Eq 

(8i20) I x + b 2 = 29 2 R 2 , Xg = 20gR. 


These equations may then be combined with the equation (8:19) and 
the definition of g given in (8:1) to yield the value of Q(z) 
appearing in (8:17). Since < 0, Q( z) >0 holds provided 
0 < 0g < 7T/2. This last relation implies b^/a^ > ir/2, and 
conversely, as we noted earlier. Lemma 8:3 has now been estab¬ 
lished. 

One readily verifies that the equations 


dh ly'/ dx “ h ly = °» dh 2y ,/dx - hg y = 0 

do not hold along Eq, and that therefore Eq satisfies the nor¬ 
mality condition defined in Section 7. By virtue of this state¬ 
ment and Lemraas8:l, 8:2 and 8:3, the arc Eq satisfies all the 
hypotheses of Theorem 7:1, and the following theorem is proved: 

THEOREM 8:1. For the special problem considered in this 
section there exists an extremal Eq defined a£ jji Lemma 8:1 such 
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that the function g defined In (8si) takes on a strong relative 
minimum on Eq provided only that b 2 /a 2 > H/2. 

The transversality condition for the special problem may 
be interpreted geometrically. Euler [I, p. 154] showed that the 
minimum value of g is equal to the curvature of the minimizing 
arc. We may verify this by dividing the members of the second 
of equations (8:20) by the respective members of the first of the 
equations. That division yields g(E 0 ) - l/R, where R is the 
radius of the circle of which Eq is an arc. The first of the 
equations (8:20) further shows that on E 0 

(8s21) b 2 = 2e 2 R 2 - I x = CoR 2 - 1^ 

p 

or the constant b is equal to twice the area of the sector sub¬ 
tended by to less the area 1^ between the arc Eq and the chord 
(-a, 0), (a, 0). Euler also expressed this fact, though in a 
somewhat different manner. The above relations and the relations 
between (jo , G, and x are shown in the figure which follows. 



(-a, -b # /2a) a Si s * ~ * R ' - b */2a) 
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If we represent an area by a succession of letters designating 
its perimeter then by (8:21) we have 

b 2 = sop^Pg - i^Eq) = aoPj^Pg + i^Eq) 

= P]QiQ.2 P 2 + ^E 0 ). 

But b 2 = P 1 S 1 S 2 P 2 so that I^(Eq) = Thus we see that 

the center 0 of the minimizing arc Eq must lie far enough above 
3^2 to make the area of the rectangle ^i^jSgCig lying immediately 
below 0 equal to the area I^(Eq). A consequence of this state¬ 
ment is that the y coordinate of 0 must satisfy the relation 
y > -b 2 /2a. 

9. L second application . By replacing the function g in 
(8:1) by the function 

(9:1) g(I 1( I 2 ) = I 2 [V b 2 ] 

we have a statement in the first part of Section 8 of the second 
problem considered by Bolza. The discussion of this second prob¬ 
lem may be made to follow the discussion given in Section 8 for 
the first problem with a few changes of formulas and results. 

We shall note briefly most of the necessary changes. The trans- 
versality condition (8:4) should be replaced by = Ig, * 

0 

1^ + b . This condition leads to the equation 

(9:2) b 2 ( 1 - cosco) 4- a 2 (3U) - sinUG) = 0 

rather than (8:8). This equation has distinct real roots only 
when b 2 /a 2 > l/%, where 

(9:3) % « ffi - g . t - g r y w .2785 approx.. 


the angle Y occurring here being the root of 
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(9:4) 3 V = 2 tan 7 

lying between 0 and TT/2, Approximately Y = 55° 26’• The equa¬ 
tions (9:2), (9:3) and (9:4) occur in Bolza’s treatment of this 
problem [II, pp. 254-255]. In Lemma 8:1 we determine Eq for the 
second problem by the root of (9:2) lying between 0 and -2Y . 

Then 0g ~ ^V 2 Hos between 0 and - Y. With this value of 0 2 
determining the range of 0, 0^ > 0 1* 0 2 = -9 *l> one may readily 
verify as before that the rank of the matrix (8:16) is 3 on 0 2 0^, 
or that Eq satisfies the conjugate point condition. Instead of 
(8:19) one has 

Q(z) = z 2 [8R(9 2 - tan 9 g ) 2 + 2^(93 - tan 9g)]. 

By use of the equations 

(9:5) I x + b 2 = -29 2 R 2 = 4 2 , Ig = 29gR = 

which correspond to the equations (8:20), one may reduce Q(z) to 

(9:6) Q(z) = 4Rz 2 (9 2 - tan 9 2 )(39 2 ' 2 tan 9 g ), 

corresponding to (8:17), The values R * a cosec a >/2 and 0 2 oc¬ 
curring here are negative. The relation Q(z) >0 then holds for 
- Y < < 0 , where Y has the value defined above. We may note 

that Q(z) =0 when 0 2 = -Y • The Weierstrass and Clebsch condi¬ 
tions of Lemma 8:2 are satisfied along Eq since X 2 > 0, as is 
shown by the equations (9:5). Corresponding to Theorem 8:1 we 
have the following theorem: 

THEOREM 9:1. For the second problem considered by Bolza 
and discussed above there exists an extremal Eq such that the 
function g defined in (9:1) takes on a strong relative minimum 
on Eq, provided only that b 2 /a 2 > l fa, where % has the value 
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THE PROBLEM OP BOLZA FOR DOUBLE INTEGRALS 
IN TEE CALCULUS OF VARIATIONS 


1* Introduction * The problem of the calculus of variation* 
discussed in this paper is an extension to double integrals of the 
problem of Bolza for simple integrals [4] 1 , Closely related ques¬ 
tions have been considered by Hilbert [9] and more recently by 
Tucker [14]# who has used the methods of tensor analysis* Stated 
briefly# the problem Is that of finding in a olass of admissible 
surfaces z =* z(x#y)# whose boundary curves sire required to lie on 
a fixed capstan-shaped surface# one which minimizes a sum of the 
form 

I * JJ^ f (x,y#z,p,q)dx dy + J g(x,y#z#x»,y«,z»)da. 

The double integral is taken over a region A which is the projection 
of a portion of an admissible surface on the xy-plane and the line 
integral is evaluated in the positive sense along the boundary curve 
L of that surface* This problem is also a generalization of a 
problem discussed by Bolza [5] and by Simmons [12] of minimizing 
a double integral with variable limits. In Section 2, definitions 
and hypotheses sufficient for an analysis of the problem are given* 
These permit a more precise statement of the problem than that 
given above* A coordinate system which is of service throughout 

1 

The numbers in square brackets refer to the bibliography 
at the end of the paper* 
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the paper la defined In Section 3. By means of a alight modifica- 
tlon of the method used by Simmons for differentiating a double 
Integral with variable limits# a differentiation formula for 
integrals is obtained* This formula# stated In Section 4# la use¬ 
ful In deriving the flrat and second variations* Section 5 la 
devoted to the construction of a family of admissible surfaces 
embedding a given surface and having prescribed variations along 
the boundary curve* A converse problem la also treated* The first 
variation and an associated transversal!ty condition are presented 
In Section 6* The transversallty condition Is obtained without the 
assumption of non-tangenoy made by Simmons* Of special interest 
is the calculation of a simple form for the second variation# as 
shown in Section 7. In Section 8 a Jaoobi condition phrased in 
terms of a boundary value problem is stated. Analogues of the 
necessary conditions of Welerstrass and Legendre which must hold 
along the boundary curve of a minimizing surface are given In 
Section 9. In the final section an application of the results of 
this paper is made to an illustrative example* 

2* Analytic basis * In this section definitions and hy¬ 
potheses sufficient for an analysis of the problem proposed in the 
introduction are given# and the problem Is then restated* 

An arc in xyz-spaoe which is continuous and which consists 
of a finite number of sub-arcs each of which has a continuously 
turning tangent# will be termed a regular arc * This Implies that 
on each sub-arc the parameter may be so chosen that the functions 
x(u)# y(u), z(u) defining the arc have continuous derivatives suoh 
that x»* + y*« + is different from zero. An analogous defi¬ 
nition holds for a regular arc in the plane* 
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A regular surface z » z(x,y), with (x,y) on a region A of 
the xy-plane, is one for which the arc bounding the region A is 
regular, and for which the function z(x,y) is single valued and 
is piecewise of class C 1 , that is, it is continuous and has con¬ 
tinuous first partial derivatives in a neighborhood of the region 
A* * ••• or it is a continuous surfaoe consisting of a finite number of 
partial surfaces each of which has these properties* 1 

It is assumed that there is a five-dimensional open region 
R x of points (x,y,z,p,q) such that the function f is of class C m 
in R x • 

It is further assumed that there is a six-dimensional open 
region R a of points (x,y,z,x»,y*,z*) In which the following con¬ 
ditions are satisfied; (a) if the set (x f #y , ^z l ) Is in Ra and k 
is positive, then the set (kx»,ky*,kz•) is in Rgt (b) the function 
g is of class C m and Is positively homogeneous of order one in 
(x t #y , >z , J for (x,y,z,x*,y , ,z f ) In R a . In our subsequent discus¬ 
sion, a set (x,y,z,x l ,y f ,z f ) will frequently be denoted more simply 
by (x,x»)* 

By an admissible surface we shall mean a regular surface 
defined by an equation of the form 

(2:1) z a z(x,y) (x,y) on A 

whose elements (x,y,z,z x ,z y ) are interior to R x , and whose boundary 
curve L is a simply closed regular arc with elements (x,x f ) interior 
to Rg * It follows that no two points of L can lie on the same 
parallel to the z-axis. The orthogonal projection of the curve L 

*A function is said to be of class in a region R if 

it is continuous in R and all of its derivatives of orders 1, 2, 

••• , n are continuous in R* 
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on the xy-plane is assumed to be simply closed regular aro C 
bounding the region A* The curve L Is said to be described in 
the positive sense vhen the curve G is described In the positive 
sense* 

A fixed capstan-shaped surface may be represented In para¬ 
metric form by the equations 

(2i2) x*X(u,v), y*Y(u,v), z « Z(u,v), 

where The functions X(u,v) * Y(u,v), 

Z(u*v) are assumed to be of class C* In their arguments f and to 
have a positive real period X in the variable u for values v on 
the interval -€^ v £ ♦ € * It Is also assumed that the values 
(x,y,z) defined by the equations (2*2) are Interior to the region 
R* and that the fixed surface has no singular points for values 
of u and v under consideration* 

The problem of Bolza for double integrals considered in 
this paper is now that of finding the class of admissible surfaces 
with equations of the type (2s 1) whose boundary curves are re¬ 
quired to lie on the fixed surface (2j2), one which gives the 
functional 

I ■ f (x»y»z,p»q)<ix dy + J ^ g(x»x»)d* 

a minlmu® value. Here p * 3*/ »x, q ■ 3z/ sy and the line 
integral is taken In the positive sense along the boundary curve 
L of an admissible surfaoe S whose projection on the xy-plane is 
the region A* The arguments of the function g are those belonging 
to the curve L * and acoents denote derivatives taken with respect 
to the parameter s, which represents arc length on the boundary 
curve. As a consequence of the homogeneity condition imposed on 
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the funotion g, the value of the line integral is Independent of 
the parametric representation of the boundary curve, provided the 
positive sense on the curve L is preserved. If the region R a of 
points (x^x 1 ) described above is such that the set (x,-x f ) is in 
R a whenever (x # x*j is in R a and if the relation g(x,-x f ) * g(x,x f ) 
holds for every set (x,x*) in R a , then the value of the line integral 
appearing in the stun I is independent of the orientation of the 
boundary curve L of the surface S. This is the so-called reversible 
case. 

Throughout this paper we shall be concerned with a surface 
So of class C* which we assume minimizes the functional I. Our 
problem is then that of finding the special properties which a 
minimizing surface of this type must possess. It will be con¬ 
venient to assume that the boundary curve Lo of S 0 is given by 
equations (2:2) with v * 0. Such a representation of the capstan 
surface may always be obtained provided the normal lines to this 
surface along the curve L 0 are nowhere parallel to the xy-plane. 

A simply closed curve L may be defined on the capstan surface by 
specifying a function v* v(u) which is of class C* and has a 
period X in the variable u. The functional to be minimized then 
has the fora 

(2:3) 1 * jj f(x,y,z,p,q)dx dy + g(x,x«)du, 

where the arguments of g are those belonging to the curve L, 
aocents denote derivatives taken with respect to the variable u# 
and the region A is defined as before. 

3* A coordinate system . Let Co be a simply closed curve 
in the xy-plane defined by equations of the form 
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x»xo(u), y * y 0 (u) (oSu^jO, 

where the functions x 0 (u), y 0 (u) are of class C* , have a period 
t in the variable u, and have Xo f « 4 y 0 ,B / 0 along C 0 # If the 
parameter u represents arc length on C 0 , then t is the length of 
Cq# and Xo ,fi + 7o te ® 1* We assume for definiteness that the 
parameter u measures in the positive direction on C 0 # In a neigh¬ 
borhood of C 0 a uv-coordinate transformation may be defined by 
the equations 

(3:1) * « X(u,v), y a Y(u,v) (• € £ t < +e ) 

The functions X(u,v), Y(u,v) have the following properties: (1) 
they are of class C m in their arguments, (2) they have a period 
f in the variable u, (3) the equations x Q (u) a X(u,0), y 0 (u) a 
Y(u,0) are identities in u, (4) the functional determinant 


(3:2) 


D(u,v) a 


*u 

*v *v 


is different from zero along C 0 * that is, for v a 0. For example, 
we might take the curves v a constant as the parallel curves to C 0 
and the curves u « constant as the normals to C 0 * In Simmons 1 
paper [12, p. 237], the positive direction of the variable v was 
taken along the outer normal to C 0 > and hence the uv-directions 
were oriented oppositely to that of the xy-diractions# The func¬ 
tional determinant (3:2) had the value D » -(1 ♦ v/p ), where p 
is the radius of curvature of C 0 , and on C 0 , D * -1. In this 
paper, however, the positive direction of the variable v is taken 
to be directed interior to the region bounded by C 0 , resulting in 
a similarly directed orientation of the xy-direotions and the 
uv-direotions# The determinant D in equation (3:2) is therefore 
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positive for values of v sufficiently near zero* 

Let v * v(u,a) be a function of class C* for all sets iu,a) 
with 0 £ u £ t and the parameter a sufficiently near zero, with 
the further properties that v(u,a) has the period X in the variable 
u, and v(u,0) a 0. It follows that the equations 

(3i3) x * X[u,v(u,a)), y * Y[u,v(u,a)] 

define a one parameter family of simply closed curves C a in the 
xy-plane for the parameter a near zero* The family contains the 
curve C 0 for the parameter value a * 0, and each curve of the 
family has the period X in the variable u. Denote by A a the area 
bounded by the curve C a * The determinant D[u,v(u,a)] obtained by 
setting v « v(u,a) in equation (3:2) remains positive when the 
parameter a is sufficiently near zero* 

4* A differentiation formula * Before deriving the first 
and second variations for the functional I defined in Section 2, 
it is convenient to develop a method for differentiating a sum 
of the type (2:3) which involves a parameter in the limits of 
integration of the double integral and in both integrand functions* 
The procedure employed is a simple modification of a method given 
by Simmons [12, p« 238] • 

Let C # be a simply closed curve defined by the equation 
(3:1) for a constant positive value v * v # near zero, and let A* 
be the region bounded by C*. Denote by d A the area included 
between the curves C # and C a . Consider the expression 

(4»1) J(a) a Jj F(x,y,a)dx dy j 0(u,*)du, 

A a 0 

where F(x,y,a) is of class C" for all sets (x,y,a) with (x,y) in 
a neighborhood of the vea A 0 bounded by C 0 and having the parameter 
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a sufficiently near zero* and where G(u,a) is of olaas C* for all 
sets (u,a) with 0 ^ u ^ X and the parameter a near zero* The 
single Integral la to oe evaluated along the curve C a * We may 
then write 

J(a) m ff P dx dy + ff F dx dy + f G du, 

JJ A* JJ Ak J 0 


where in the first double integral the parameter a occurs only in 
the integrand* It is only the second double integral whose differ- 
entiatlon presents difficulties* This double Integral may be 
transformed to uv-coordinates by means of equations (3:1) and 
the value: 


t v # 

(4:2) f J F[X(u,v), Y(u,v), alD(u,v) dv du. 

J 0 J v(u,a) 

The derivative of the expression (4:2) is found by the usual 
formula for differentiating a definite integral with respect to 
a parameter occurring in the integrand and in the limits of in¬ 
tegration to be 


(4:3) 


f f -2Z D dv du - f F D v a du, 

J 0 J v(u,a) 3a J 0 


where in the single Integral the variable v, wherever it occurs, 
is the function v(u,a). If the double integral appearing in the 
expression (4:3) is expressed in terms of xy-coordinates, a 
formula for J*(a) is obtained* 

LEMMA 4:1. The first derivative of the expression J(a) 
defined In equation (4:1) has the value 

(4:4) J'(a) * ff 4? ♦ f ^ (-I s - F D T-)du. 

J J m j q j a a 

An explicit expression for J*(a) may similarly be calculat¬ 


ed, but will not be used in deriving the second variation for the 
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functional I defined by equation (2:3), since it will be shown 
that it is much simpler to calculate the second variation of I 
after the transversality condition associated with the first vari* 
ation has been established* 

5* Embedding theorems * When a function v(u,a) having the 
properties described in Section 3 is substituted for v in the 
equation (2:2) of the fixed surface, a one parameter family of 
simply closed curves L & is obtained with the equations 

(5:1) x « X[u,v(u,a)], y « Y[u,v(u,a)], z * Z[u,v(u,a)] 

This family contains a curve L 0 for a a 0* The variations of the 
family along L 0 have the f orm 

(5:2) * Va» ^2 = Y v v a' ^3 * ^v V a* 

where the arguments of Xy, Y v , Zy, v a are (u,0)* The functions 
^^(u), £$(u) have the period f in the variable u. Let 

S 0 be a surface of class C n with an equation of the form z = z(x,y) 
with (x,y) in A, and having the curve L 0 as its boundary. In this 
section we first establish the following theorem: 

THEOREM 5:1* Let v(u,a) be a function of class C* for all 
sets (u,a) with 0 a u » t and a near zero such that v(0,a) * v(X, a) 
and v(u,0) a 0* Then there exists a one parameter family of 
admissible surfaces z * z(x,y,a), defined and piecewise of class 
C tt f° r the parameter a near zero , which contains the given surface 
S 0 for a = 0, Intersects the fixed surface (2:2) in the curves of 
the family (5:1) for corresponding values of the parameter , and 
has the prescribed variations (5:2) along the boundary curve Lo 
on which a * 0. 
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In order to prove this theorem, let v # be a fixed positive 
value of v, sufficiently near zero, so the uv-coordinate system is 
well defined* A fixed simply olosed curve L* lying on the given 
surface So may be determined by the equations 

x « X(u,v # ), y « Y(u,v*), % rn z[X(u,v # ), Y(u,v*)]. 

For a fixed value of the parameter a, we consider a surface having 
curvilinear coordinates u and w and defined by the equations 

x « (1 - w)X(utV) ♦ wX(u,v # ), 

(5:3) y * (1 - w)Y(u,v) + WY(u,v*), 

« * (1 - w)Z(u,v) + wz[X(u,v # ), Y(u,v*)], 

where v = v(u,a) and 0 ^ w £ 1* The boundary of this surface is 
composed of the curves L a and L # , as is seen by setting w * 0 and 
w » 1, respectively* Xhen a value u « u 0 on the interval (0,J?) is 
selected, the equations (5:3) reduce to the equations of a straight 
line connecting the points on the curves L a and L # for whioh u « u 0 * 
The surface (5:3) together with the portion of S 0 bounded 
by the curve L # defines a surface 8 a whose boundary is L a * It 
remains to show that the surface S a is expressible in the form 
z * z(x,y,a) and is admissible* To do this, it la sufficient to 
show that the first two equations in (5:3) may be solved for the 
variables u and w as functions of x, y, a* The functional deter¬ 
minant of these two equations formed with respect to the variables 
u and w has the value 

U - + wa^*, x* - x 

4 (u,w,vf a) * 

(1 •»)(!„ + Vu) + X*-T 
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where the arguments of the unstarred terms In X, Y and their 
derivatives are u, v(u,a) and of the starred terms are u, v # * 

We may regard v # as a parameter and obtain by the theorem of mean 
value the expressions 

X(u,v # ) - X(u,v) « (v # - v)X y [u, v + e(v* - v)], 

Y(u # v*) - Y(u # v) « (v* - v)Y v [u, v + 0(v # - v)J # 

where v = v(u»a) and 0 9 ^ 1* If these expressions are substi¬ 

tuted into the second column of the determinant d , we obtain a 
relation of the form 

(5:4) A (u,w,v*,a) » (v # - v)D(u,w,v*,a) 


where 


D(u,w,v # ,a) * 


(1 - w) (Xu + XyV u ) + wXu # , Xy* 

(1 - w)(Y u + y v v u ) + wXy*, y y * 


and where Xy* and Y y * have the arguments u, v + «(v* - v). When 
v(u,0) * 0# we have v u (UfO) a 0 and the determinant D(UfW,OfO) 
is identical with the determinant (3:2) with v * 0 and is there¬ 
fore different from zero# It follows that there is a constant v # 
near zero and a constant d > 0 such that the expressions 
D(UfWfV*fa) and v # - v(Ufa) are different from zero for 0 » u » 

0 £ w ^ If -d £ a a d# From the formula (5:4) ‘it is seen that 
A(UfWfV*fa) is different from zero for these values of v # and a# 
By the use of implicit function theorems the first two equations 
of (5:3) have solutions 


u * U(Xfy,a) f 


w = W(x # y,a) 
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which are of class C w in (x,y,a) for the parameter a sufficiently 
near zero and for values (x,y) in a neighborhood of those belong¬ 
ing to L 0 * If we substitute these functions into the third equa¬ 
tion of (5;3)# then for a fixed value of a an admissible surface 
z =s 0 jr (x,y,a) of class C* is determined which intersects the fix¬ 
ed surface in the curve L a . The surface S a is therefore represent¬ 
able in the form z = z(x,y,a) and is piecewise of class C w and 
admissible. As "the parameter a varies, a one parameter family of 
surfaces of the above type is obtained which contains the given 
surface S 0 for a = 0 and has the desired variations (5:2) along 
L 0 * This completes the proof of Theorem 5:1* 

We next prove the following theorem, which is a converse of 
the preceding: 

THEOREM 5:2* Let z =* z(x,y,a) be a one parameter family 
admissible surfaces piecewise of class C" for the parameter a 
near zero , and containing a surface S 0 for a = 0 which is nowhere 
tangent to the fixed surface (2:2) along their intersection # Then 
the intersection of this family with the fixed surface determines 
a one parameter family of simply closed ourves L a which is defined 
* option v(u,a) of class C" which has the period t in the 
variable u and has v(u,0) 3 0. 

In particular, the family z « z(x,y,a) may be chosen in 
the form z = z(x,y) + a? (x,y), where z = z(x,y) is the equation 
for S 0 and £ (x,y) is a function piecewise of class C 11 . 

To prove the theorem, we note that the equation 

z(X(u,v), Y(u,v),a] - Z(u,v) s 0 

holds for values 0 £ u £ / when v » 0, a ■ 0, since the boundary 
curve L 0 of S 0 is given by equations (2:2) with v « 0# The de¬ 
rivatives of the left member of this equation with respect to the 
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variables u and v are the expressions 


(5:6) 

p (u»v,a) = pX^ + - Zy 

(5:7) 

G (u,v,a) a pX, + qY y - 


Since the surface S 0 is by hypothesis nowhere tangent to the surface 
( 2 : 2 ) along the curve L 0 # the quantities p(u, 0 , 0 ), <T( u, 0 , 0 ) 

cannot vanish simultaneously at any point on Since p(u,0,0) S Oj 
it follows that cr(u,0,0) 5 / 0. By the extended implicit function 
theorem [2]# the equation (5:5) has a solution v = v(u,a) of class 
C" on 0 S u ^ X* I al < *<>♦ As a result of the Initial conditions# 
one has v(u,0) ■ 0. Furthermore, since the functions X(u,v), 

Y(u,v), Z(u,v) have a period X in the variable u, the function 
v(u,a) also has this periodicity property. It is to be noted that 
the expression C (u,v(u,a),a) is different from zero when the 
parameter a is sufficiently small. 

6 . The first variation . In order to obtain the first 
variation of the functional I to be minimized, we suppose that a 
one parameter family of admissible surfaces S a of the type 

( 6 : 1 ) z a z(x,y,a) 

has been constructed containing a surface S 0 for a = 0 , and is de¬ 
fined for the parameter a near zero. This family intersects the 
fixed surface ( 2 : 2 ) in a family of simply closed curves L a with 
the equations 

(6:2) x = X[u, v(u,a)], y = Y[u, v(u,a)], z = Zfu, v(u,a)], 

where the function v(u,a) has the properties described in Section 3. 
The possibility of the construction of the families (6:1) and (6:2) 
has been discussed in Theorems 5:1 and 5:2 of the preceding section. 
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Ve further assume that « a (x,y,a) is piecewise of class C (l for the 
parameter a near zero* 

Before deriving the expression for the first variation, we 
develop a number of useful formulas* If we substitute the function 
v a v(u,a) into equation (5:5) and differentiate the resulting 
identity with respect to the variables a and u, we obtain the im¬ 
portant relations 

(6:3) z a * -<rv a , p * mOV \x 9 

where the expressions for p and <? are given in equations (5:6) 
and (5:7). At a « 0 the relations v u = 0, p ■ 0 are satisfied. 

It is to be noted from the first equation in (6:3) that the vari¬ 
ations z ft and v a are not both arbitrary when cr 0. 

The direction parameters of the normal line to the fixed 
surface (2:2) at any point are proportional to the determinants 


9 

* - 1 ^ 

9 

D = 


\ Zv 

( Zv 





where the arguments of the derivatives of X, Y, Z are (u,v). 

Since by hypothesis D(u,v) is different from zero when v « 0, we 
may apply implicit function theorems and solve the first two equa¬ 
tions in (2:2) for u and v as functions of x and y. The fixed 
surface (2:2) may therefore be represented in the non-parametrie 
form <>(x,y,z) » 0 in a neighborhood of the curve on which v ■ 0. 
Since $(X,Y,Z) * 0 la an identity in u and v we obtain by differ¬ 
entiation the orthogonality relations 

•A ♦ Vu ♦ 

+ $yY V + 0 z Zv * 0* 
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If these equations are solved for tL and |> , we find the relations 

* y 

D0_ a D X |L, D<L » DteO.* If <L were zero, then and D_ are also 

* a J S « * J 

zero, contrary to the assumption that the fixed surface is free of 
singular points# If we set p x » «<> x /0 a , “ •♦y/^* wa 

relations 


(6s 4) "Dpi * 0i# -Dqi ** Dai 

where (p x , q x , -1) are now direotion parameters for the normal 
line to the fixed surface (2:2) at any point# It is important to 
note that these equations are valid when v is replaced by v(u,a), 
provided the parameter a is sufficiently small# If 5^ and Zy are 
eliminated from the determinants Dj. and Da in equations (6:4) by 
means of the relations (5:6) and (5:7) for p and cr , we obtain 
the equations 


(6:5) 


<y - p x? ** a*, 

cr - p Y v « -DP, 


where P = p - p x , Vi « q - qi# We may now write 


( 6 : 6 ) 

Since p * - <rv u , equations (6:5) may be written in the useful 
form 

<rl' - . DQ, 

(6«7) 

cty* » <r{\ ♦ Y v v u ) « - DP, 

where accents denote derivatives taken with respect to the variable 
u# When a =* 0, equations (6:7) reduoe to o’^ s Dq, s - dp. 

If the sum I defined in equation (2:5) is evaluated for a 
surface of the family (6:1), an expression of the form studied in 
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Section 4 la obtained, slnoe the limits of integration of the 
single integral in equation (2:3) may be chosen to be Independent 
of the parameter a. On applying the result stated in equation 
(4:4), we find the expression 

(6:8) I'(a) ■ ff JX dx dy + [ (£& - fDv,)du, 

J J d a J o 3 fl* 

where A a is the area bounded by the projection on the xy-plane of 
the curve of intersection L a of the fixed surface with that sur¬ 
face of the family (6:1) whose parameter value is a* The arguments 
of the derivatives of f and g are, respectively, those belonging to 
the surface S a and its boundary curve L a . Throughout the single 
integral the variable v, wherever it occurs, is the function v(u,a), 
The Euler expression has the definition 


( 6 : 9 ) 


R(x,y,a) » * -k f p " Ty V 


where the arguments of the derivatives of f are those belonging to 
the surface S a # It follows from the theory of the problem of 
minimizing a double integral with a fixed boundary curve [3, p.5] 
that R vanishes at a = 0 when S 0 is a minimizing surface. It is 
of course necessary that this condition hold along a minimizing 
surface for the problem stated in Section 2. By means of the re¬ 
lation 


3f 

da 


■ v * -h <v.> * <V.» 


and an application of Green*s Theorem, the double integral in 
equation (6:8) has the value 


JJ * a R <lx dy *J z a (f p Y* - fqX'Jdu, 

A 0 0 
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provided the surface S a is piecewise of class C" for values (x,y) 
in A a . We may write 

** XT (^ * x a * ^ , 

where the sum indicated represents a sum of three terms obtained 
by replacing the letter x by x, y, z In turn* From the relations 
= XyV a , x ft » » XyVa 1 ♦ Xv ,v a 8111(1 similar ones for y and z, it 
follows that ag/ 3a may be written in the form 

"ff = v a £ (g x • gj g x * )*v 4 gj^ v a £ Sx ,x v^ • 

The last term of this expression vanishes when integrated between 
the limits 0 and X* since there are no corners on the boundary 
curve and the functions occurring all have the period X In the 
variable u# If we collect the terms of the expression (6:8), use 
z a = -<rv a and the relations (6:7), we obtain the following result: 

THEOREM 6:1. Kie first derivative of the expression 1(a), 
when taken over that portion of the surface S & whloh la bounded by 
the fixed surface (2:2), has the value 

„ , i 

(6:10) I* (a) * I) z R dx dy + v ft T du, 

JJ A a a J 0 

where R is defined in equation (6:9) and T(u,a) is the expression 
(6:11) T = D(Pf p + Qf q - f) + £ (g* - ^ g^iJV 

and P =* p - Pi, Q * q - q x . 

If So is a minimizing surface of class c" for the function¬ 
al 1, then a first necessary condition is I»(0) « 0, and as pre¬ 
viously mentioned, R * 0* Since by Theorem 5:1 the variation v a 
is an arbitrary function of class C", it follows from the funda¬ 
mental lemma for simple integrals that T * 0 along the boundary 
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curve L 0 of So* Hence we have 

THEOREM 6:2# At each point on the boundary curve L 0 of 
a awtSiOe S 0 of olaaa C* whloh minimizes the functional I, the 
tranaveraality condition T * 0 must be satisfied , where T la de¬ 
fined bj equation (6:11) with a » 0* 

If the fixed capatan surface (2:2) ia represented in the 
non-parametric form $(x,y,z) ■ 0, then by means of the relations 
Pi * Qi ■ the tranaveraality condition may be 

written in the form 

Dtf p * x + * q f> y + (Pf p + qf q - f)«g + t x Z (g, - a. g*,)^ = 0. 

If the function g is identically zero, the non-zero factor D may 
be deleted and the tranaveraality condition reduces to that given 
by Simmons [12, p. 245] • An alternative form for the transver- 
aality condition in this oase ia f » (p - Pi)*p ♦ (q - qjjf^. I* 
follows that the minimizing surface cannot be tangent to the cap¬ 
stan surface if the function f is different from zero along L 0 . 
This remark ia Justifiable since an examination of the derivation 
of the tranaveraality condition T = 0 shows that no uae has been 
made of the non-tangenoy assumption stated in Theorem 5:2. 

As a consequence of the homogeneity condition imposed on 
the function g, the identity 

g(x,x f ) « Z a^ggitxtx') 

holds. If this Identity is differentiated with respect to u and 
the set (x,x*) is replaced by the set [X(u,0), 1^,0)], we obtain 
the relation £ } Iq = AX^ + yu.^+M^-0, where 

( 6 , 12 ) 
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are abbreviations for the Euler directions* if the function f la 
identically zero, then the transversallty condition reduces to 

* o. Prom the relations a 0, S^Xy « 0, it is 

seen that the Euler directions X » U coincide with the direct 
tlon of the normal line to the fixed surface (2:2), unless they 
vanish simultaneously. At any point on the boundary curve L 0 , 
the direction parameters of the normal line to the fixed surface, 
considered in the non-parametrio form <>(x,y,z) « 0, are proportion¬ 
al to the derivatives <> x , <> z . There then exists a proportion¬ 

ality factor T (u) such that the relations 

(6:i3) X = rn x , fL= fo y , p « ro s 

hold along L 0 * Define 0(x>x') » g(x,x') - T 0. It la re&dll; 
verified that the equations (6:15) can be written in the form 

(6.14) 0,-jLo,, -O, », ~ £<>,'• 0. «.* A 

This proves the following result: 

THEOREM 6:5. The Euler equations (6:14) for the problem 
of minimizing the functional I defined by equation (2:3) when f 
la identically zero , follow as a consequence of the transversallty 
condition described in Theorem 6:2. 

7# aeo Q nd variation . In this section we make the non- 
tangency assumption stated in Theorem 5:2. The differentiation 
formula of Section 4 may be applied to the expression for the first 
variation given in equation (6:10). We then obtain 

X " (a> “ J/ A<l U *» R + ‘a 4! )ta Ay ♦// (v»I + V a 21 - z.KDv^du. 

If So is a minimizing surface for the functional I, then for a « 0 
the relations R * 0, T * 0, I"(0) > 0 must be satisfied* The above 
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equation therefore reduces to 



Let 2G0(x,y, £ fit, K ) be the quadratic form 

(7*2) 2W* f Z8 £“ + f pp ff“+f qq »t*+2(f3 p tff- ♦ f pq tf7C + f q8 ^ ), 

whera £(x,y) = e a (x,y»0), 7T(x,y) « fc(x,y) = f y . By dif- 

ferentiation the Euler expression (6:9) with respect to the 
parameter a it is readily established that for a « 0 the Jaoobi 
expression 


(7:3) J = - _2_ OL - JL CO K 

^ ax ^ ay * 

la equal to 9R/ 3a. As a consequence of the homogeneity property 


2 <o- + /raj r+ Ku k , 


the functions J and 2 0) are related by the equation 


(7:4) $J« geo ($av) - 

If this value for £j is substituted into equation (7:1), then by 
an application of Green’s Theorem and by making use of the first 
equation in (6:3) and the equation (6:7), the expression for l"(0) 
may be put in the form 


(7:5) I n (0) » jj 20)dx dy +J v ft 

The equation (6:11) may be written T(u,a 


[-|S - D(POv ♦ QH )]du# 
) * DA ♦ B, where 


(7:6) A ■ Pf p ♦ Qf q - f, B - £ \ 1^, 

and % pfL 9 V are defined in equations (6:12). If we differentiate 
equation (6:11) with respect to a, we find 
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(7*7) = (V + “t> t « + DA a + 41 * 

Here A a represents the derivative of A with respect to the parameter 
a wherever it occurs explicitly, and has the value 


Aa « - t z < • 


This may he shown hy differentiating the first equation in (7:6) 
with respect to a and using the relations f pa = &V , f =» ^> K , 
f a 13 + fpff + p & s p a s n 9 ^a * q a ~ K • The derivatives 

Ct^and are readily computed from equation (7:2). If we use 
the relation v a = -£/<r , where cr = e^. + QX y , the expression 
(7:6) for X n (0) becomes 


(7:8) I" 


(0)= ff 2(0 dx dy + f -^*[D V A + D(A V + c t .)] du + ( v 

JJ A 0 J 0 a J 0 


-£1 

3» 


du* 


We proceed to evaluate the last integral in (7:8)* Prom 
the second equation in (7:6) we obtain 


-||=v a s^iw + £4ftV 


The expression 2 X a *v ma y be written as 

ZAftXy « 2 Xy 41 s + Z V * 3u 2 *V Ta* 1 * 

If we use this relation, then the term v a ( 3 B/ 3 a) occurring in the 
equation (7:8) for the second variation has the value 


4f“ V 2 Ax^ + Z X,v a 41 s ♦ 2 (X v 'v (t + I v v a')4| Z 


(7*9) 


■ *v 


The last expression in the right member of this equation vanishes 
when integrated between the limits 0 and Xt since each term has 
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the period % in the variable u. The variations £ ^ ® XyV ft , 

£ 2 “ Y v v a , £ 3 3 z v v a hava the derivatives 

* 1* - V”. ♦ V.*• « ■ V’. ♦ V.' • V - v».* w- 


Let 2 Q( £,£ •) represent a quadratic form in the variables (£ , t *) 
3 $2' ^ Z* ^l' 9 ^2*’ £3*) whoae matrix of ooefficients is of 

the sixth order and consists of the second derivatives of the 
function g(x,x f ) with respect to the variables x,y # z,x' ,y % 9 z' • 

By using equation (7:9), the relation v ft » -C/<r and the defini- 
tion 2H ( $ , $ *), then the equation (7:8) for the second variation 
can be put into the form 


(7:10) 


X 8 

I w (0) = JJ . 2<Jta dy +J o + dcj^ + <r r z ) + z x x^l 

+/ gQ (£ »£ ')*!» 


du 


where 2<*>ia defined by equation (7:2) and 2J2 is the quadratic 
form described above* 

He note that the double integral occurring in equation 
(7:10) is the same as that for the double integral problem with 
fixed limits of integration. In the first simple Integral the 
integrand has the factor <J* 8 but contains no other powers or deriva¬ 
tives of the variation £ . If we use <r s p% v + then the 

expression Ay + <?f z occurring in I"(0) has the value 


\ + 88 U, * + + <*«>V 

where explicit expressions for A x and Ay are 

a Vp + «x f q + *< f p>x + “ {t) x’ 

*7 = VP + Vq + P( Vy * «< f q>y - < f >,* 

The notation (f) x , for example, is an abbreviation for the total 
derivative of f with respect to x, and has the value 
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(f) x - f x + t z p + f p r + f q «, 

where r ■ p x ■ t g > ■ ■ Py ■ q^ * **7* ^ “ *ly “ *yy* ^ r i> ®i* 
t x represent the corresponding second derivatives for the fixed 
surface (2*2), considered in non-parametric form, then 

P x - r - r 1# P y ° a - «i = «*» Qy - t - t x . 

It may be verified by using the Euler equation f z “ (f p ) x + (f q ) y 
and the relation ^ * P y , that we may write 

A* + Pf z » P(f p ) x + Q(f q ) x - (f) x + (Wp) x + (Pf q )y* 

(7:11) 

Ay ♦ <if z - P(f p )y + Ql Vy ‘ (f >y + (< »Vx + 

With the aid of equation (3:2) defining D* we find 
Dv - Vw - Vw + *V*UV - Vw‘ 

Another expression for D y may he obtained if we specialize the co¬ 
ordinate system described in Section 3. We have a normal coordinate 
system, in the sense that the variable v measures along the inner 
normal to C 0 # if we impose the restrictions OX^. * -T^, DY V ■ X u . 

By means of these relations and the equation (3*2) for D the 
equations 

D* - Xu* + V» + V 1' + *u*v “ 0 

are readily established# Prom the equations (6*7) with v » v u » 0 
and the above equations we obtain the additional relations 

(7:12) <TJ^ * P, ■ <*, cr* « p 8 + q 8 , 

which hold when v ■ 0# An expression for Dy may be calculated 
at once by differentiating D 8 * X u * + Y u 8 with respeot to v# 
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The derivatives X^, Y uv may be found from the relations Xy * P/cr, 

Y y * Q/<r . le then find, on using p = P^ + QY U =* 0, 3^ = DQ J<r , 

Y u ■ - DP/<r and the relations for P x , P y , the expression 

D t ■ (D/<r 3 ) lQ 2 (r - r x ) - 2PQ(a - aj + p2(t - tj]. 

Define G(x,x») a g(x,x») - T (u)0(x,y,z), where T(u) is 
an arbitrary function of u of class C" with the period t in the 
variable u and 0(x,y,z) » 0 is the equation of the oapatan surface 
(2:2) considered in non-parametrie form* If we define 

/‘•-Oy -jet 0 **' 

then the relations A* » A - T 0 x , p.* * ji - T 0^, p* » V - T 
are readily established# The expression (£ e /cr *) 2 A Xy v occurring 
in equation (7:10) has the value 

VtE^^V^ T r^Xyy]# 

Prom the identity £ 0^ » 0, we obtain by differentiation the 
relation 2 Ox*w * - Z ^xv*^ where 

^xv * ^xx*v * ^xy^v * ^xz^v* 

and similar expressions hold for 0^ and 0 zy . Let 2fl*( £ , $ »; he 
a quadratic form in the variables l ^ , £ ») whose coefficients are 
the second derivatives of the function G(x,x») with respect to the 
variables x,yiZ|X , i y , |2 , # If we use v ft * — *->/cr f then equation 
(7:10) may be put In the form indicated in the following theorem: 

THEOREM 7:1. The second derivative of the Integral sum 
1(a), evaluated at aa o for a minimizing surface S 0 whose pro ¬ 
jection on the xy -plane is the region A 0 , has the value 


(81) 


THE SECOND VARIATION 


25 


(7:13) 


i"(o) » JJ ^ 2<odbc d y + / 0 ^^Tt D V A+D ( A v + <rt t) +S^*X VV ] 

+ f ^ 2/l*( k,\ 'jdu, 

" n 


du 


where 2(} # ( $ » £ •) is the quadratic form described above. 

Hien the funotlon f la identically zero, it la seen by 
equation (6:14) that there exists a function T(u) suoh that A # , 

^ u 

^ , V all vanish. The expression (7:13) for the second variation 
then reduces to 


I*(0) 



? )du. 


If the function g is identically zero, then B 3 0 and the 
tr ana vers all ty condition stated in Theorem 6:2 reduces to A = 0, 
where A is defined in the first of equations (7:6). If we make use 
of the normal coordinate system described above, then by equations 
(7:12) the expression (7:13) for the second variation becomes 


i-(°) - JJ 2o)dx dy + J/■£&»<*. + wj 


«(Ay + QfjJldu, 


where A x + Pf 2 and Ay + Qf z have the values given in equations 
(7:11). If we set D « 1, this result for I w (0) agrees with the 
equations (49) and (50) defining I n (0) as given in a paper by 
Simmons [12, p. 248], after a minor correction of equation (50) 
is made. The sum P*(fp) x + U*(fq)y which occurs twice in the 
expression As of equation (50) of that paper should occur only 
once. It should be noted in correlating the work of this paper 
with that of Simmons that he made use of a coordinate transforma¬ 
tion for which D ■ -1 when v *= 0. 
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8 * A boundary value problem < A Jacobi condition phrased 
In terms of a boundary value problem associated with the seoond 
variation may be formulated in a manner analogous to that used by 
Simmons [12# p. 249], We first express l"(0) in a form involving 
the Jacobi expression J defined in equation (7:3)• To do this# we 
substitute the value of 2 ^ given by equation ( 7 : 4 ) into the equa¬ 
tion (7:13) with T (u) » 0 and apply Green’s Theorem. By using the 
equations (6;7) with a = 0 we obtain the expression 

I"(0) a ff < J dx dy - [ ^| [D(PCJ ir + - £ h(u)] du 

JJ A 0 J 0 * 

(8:1) r t n w 

+ 2 fl (£ ,£ *)du, 

J 0 

where 

H(u) a -irflVA + DtA, + (Tf,) + 2 

We prooeed to express the last written integral in another form# 

By means of the homogeneity property 

„ 

where the sums are taken for i • 1 , 2 # 3 # we obtain 

<»•*> «nts.f).2:4 1 (/i, 1 -^/i tl .)♦ &£* 1 n v >. 

lftst expression In the right member of ( 8 i 2 ) vanishes when 
Integrated between the limits 0 and t, sinoe eaoh term has the 
period t in the variable u. By using the relation v ft » -C/c, 
the variations £ 1# % 2 , have the values £ x « -£Xy/<r , 

^2 * # ^3 ** ~£"Zy/cr # With the aid of these relations 

and the values of , Co K as computed from equation ( 7 i 2 )# the 
expression ( 8 : 1 ) may be written as 
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I"( 0 ) M JJ ^Jdxdy-J^[L^-*-Mtr + HK 


Ao 

(8*3) 

+ Zi 11/ 

’x '1 

Where the functions L, M, H ore defined by the equations 


+ X ( /2| , JXyl du» 


L = D(W pz + Qf qz > - H(u) 

(8«4) M = D(Pf pp + Qfqp) 

N - D(Pf pq + «f qq ), 

and tT 3 x* ^ 3 j 9 P = p - Pi > Q = q - qi * 

The boundary value problem may now be stated In the follow¬ 
ing form: 

THEOREM 8:1# In order that the surface z = z(x,y) shall 
minimize the functional I defined in equation (2:3), it 1 ja neces ¬ 
sary that for negative values of % # the boundary value problem 

J(£ ) - X*t =0 In Ao, 

(8:5) /n j /\ 

L^+Mtr+NK + S (17^- g-lif ,)X v 3 0 on Co# 

have no solution except £ 3 0, where C 0 is the boundary of A 0 « 

The functions L, M, N are defined in equations (8:4)• 

The proof that the boundary value problem has no solution 
exoept ^ i 0 is made by observing that the line integral in 
equation (8:3) is zero for every admissible function £ (x,y) 
satisfying the second equation in (8:5), and that a funotion £ 
which satisfies both equations gives I tt (0) the value 

I»(0)-A # JJ C ay. 

Ao 

If £ were not identically zero, then for X # < 0 the second varia¬ 
tion would be negative and the integral stun I would not be minimized* 
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9. The necessary conditiona of Welerstrass and Legendre . 

For the problem of minimizing a double integral in & claaa of 
aurfacea having a common simply cloaed boundary curve, the neces- 
aary oonditiona of Welerstrass and Legendre are well known [3, 
pp« 9, 27] • Theae conditiona muat also hold along a minimizing 
surface for the problem of this paper. In addition, it will be 
shown that along the boundary curve of the minimizing surface a 
Weieratraaa condition formed for the function g must be satisfied. 
For a problem closely related to that of this paper, Hilbert [9] 
has pointed out the fact that two Weieratraaa conditions play a 
role; one for the interior of a minimizing surface and one for 
its boundary. 

We shall employ a slight modification of the method used 
by Graves [8] for establishing the Weieratraaa condition for 
multiple integral variation problems. The procedure consists in 
setting up two one parameter families of admissible surfaces de¬ 
fined over a small portion of the minimizing surface and a seg¬ 
ment of Its boundary. When the parameter, which occurs in each of 
the families, is allowed to approach zero, the entire configuration 
shrinks to a point on the boundary curve in a manner to be described 
below. 


We consider a rectangular 
coordinate system in the uv-plane. 
A square may be defined in this 
plane bounded by the lines u =» 0, 
u » b, v =» 0, v » b, where b is 
a parameter £ 0. Lines passing 
through the points 0 and 1 re¬ 
spectively, as shown in Figure 1, 


u« 0 u« eb u * b 



FIGURE 1 
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are defined by the equations v » ku, v * k € (u - b)/( € - 1), 
where 0 < € < 1 and k is different from zero* These lines inter¬ 
sect on the line u = € b at a point 2* In Figure 1, we have for 
convenience regarded k as negative. Let A^ and denote re¬ 
spectively the areas of the trapezoidal regions 0352 and 1452* 

Then the values 

(9*1) Aj, «a b«£ (X - k t/2), B b « b*(l - 1 ) (1 - Sc 6 /Z) 

are easily computed* 

The expression for the functional I defined in equation 
(2s3) may be transformed to uv-coordinatea by means of the equa¬ 
tions (3:1), which are now assumed to define a normal coordinate 
system, in the sense described in the last part of Section 7. We 
consider a portion S 0 fc of the minimizing surface S 0 whose pro¬ 
jection on the uv-plane is the region 0143, as shown in Figure 1. 
Let the remaining part of S 0 be denoted by S 0 # # and let L 0 # be 
that part of its boundary which is on the fixed aurfaoe. For the 
portion Sob minimizing aurfaoe we may write 

1(b) « f J f D dv du + f g du, 

J o J o J 0 

where D is defined by equation (3:2) and b is positive and suf¬ 
ficiently near zero, so the coordinate transformation (3:1) is 
well defined* The arguments of the function g are those belonging 
to a segment L 0 fc of the boundary curve L 0 of the minimizing surface 
whose projection on the uv-plane is the line 01. The curve L 0 b 
lies on the fixed surface (2:2) and is determined by values 0 * u 
a b, v = 0* The equations v « ku, v * k c (u - b)/( € - 1) also 
define curves on the fixed aurfaoe* These will be denoted by L x b 
and Lab respectively* It will be shown later in this section that 
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for each fixed value of the parameter b near zero, an admissible 
comparison surface 3 may be constructed which is composed of S 0 # 
and two surfaces S X b and S*b* The surfaces S X b and Sab form a 
cap over the portion Sob the minimizing surface and have as 
their projections on the uv-plane the regions A^ and respec¬ 
tively# The boundary curve of the comparison surface 3 la a 
continuous curve lying on the fixed surface, and consists of the 
curves I» 0 , L X b* Lab* Define 

J(b) as fP f D dv du + ff fD dv du + f g du + [ g du# 

A b ^ J 0 J £b 

Here the arguments of the integrand function f in the first double 

integral are those belonging to the surface 3 lto and in the second 

double integral are those belonging to the surface Sab* The first 

single integral is to be evaluated along the curve L X b and the 

second along the curve Lab* 

Since the surface S 0 b ** part of a minimizing surface for 
the integral sum defined in equation (2;3j, we obtain, after elimi¬ 
nating the value of this sum over the surface S 0 # and the boundary 
curve L 0 *, the inequality 

(9:2) J(b) - 1(b) £ 0, 


which must be satisfied for values of the parameter b sufficiently 
near zero. This Inequality may be written as K^b) + K*(b) £ 0, 
where 


Ki 


<» - JJ 


A b 


fD dv du + 


JJ fD dv du 


L bp b 

I fD dv du, 
v ''o 


f eb p b 

Kn(b) a J g du + J g du 

“ o €b 


f b 

J 0 g du. 
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and the arguments of the integrand functions in the expressions 
for Ki(b) and K*(b) are as described above* If *e apply the theorem 
of mean value for double Integrals to Kx(b), then by using equa¬ 
tions (9:1) we find an expression of the form Kx(b) * b 8 H(b), 
where H(b) is a function which is bounded for the parameter b 
sufficiently small, since the functions f and D are bounded in a 
neighborhood of the values u » 0, v » 0. The function g may be 
regarded »as a function of the arguments u, v, v*. By an applica¬ 
tion of the theorem of mean value for single integrals to K«(b), 
the inequality (9:2) becomes 

b*H(b) + e bg(u x ,ku x ,k) + b(l - c )g[u B » — —r- ~ T ] 

- bg(u 3 ,0,0) 5 0, 

where 0 < u x < e b, e b < u* < b, 0 < u 3 < b. If we divide this 
inequality by b, let b approach zero, and introduce the original 
arguments (X, ^ + X y v l ) for g, we obtain a form of the Weierstrass 
condition due to Graves 18]: 

€ [gtt^ + kXy) - g(X,X u )] 

+ (i -«+ -|rr v - g(x*v J - °» 

where the arguments (u,v) are the set (0,0)# One of the usual 
forms for the Weierstrass condition is obtained if we divide this 
inequality by € , set h ■ 6 /( e - 1) and let e approach zero* 

The E-function has a variety of representations. In our present 
notation one form is the expression 


(9i3) BtX.X^X') « g(X,X*) - gd.Xu) - £ (X* - X^g*, (X.X*), 
where X» - X u + k 1^, Y‘ « ^ + kX T , Z» » Z,* + kZ^ k / 0. As a 
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consequence of the homogeneity condition imposed on the function 
g, the B-functlon may be written in the simpler form 

» g(X,X») X»g x ,(X,X u )* 

At any point P 0 on the boundary curve of a minimizing sur¬ 
face, we consider the lines having the direction parameters (Xu* 
x u , Zy) and (X V ,Y V ,2^ V ) and their projections on the xy-plane* The 
arguments of the derivatives of X, Y, Z are the set (u,0)* A line 
with the direction parameters (X v ,Y v ,0) separates the xy-plane 
into two parts* Let ft be the half-plane in the positive direction 
of a line with the direction parameters (X u » Y u > 0)* Then if a 
line having the direction parameters (XSYSZ 1 ) passes through 
the point P G , lies in the tangent plane to the fixed surface (2:2) 
at this point, and has as its projection on the xy-plane a line 
directed interior to the half-plane ft , we oall (XSYSZ*) an 
admissibl e direction * If in place of the positive homogeneity 
assumption postulated for the function g in Section 2, it is as¬ 
sumed that the stronger homogeneity property g(x,-x ! ) » g(x,x f ) 
is satisfied, then every line through the point P 0 and lying in 
the tangent plane to the fixed surface is said to have an admis¬ 
sible direction* Except for the problem of constructing an ad¬ 
missible comparison surface S, we have justified the following 
result: 

THEOREM 9:1. Let Lo bo the boundary curve of a surface 
minimizi ng the functional I defined in equation (2:3)* Then the 
Welerstrasa condition 

E(X, x^.xn Z 0 

must be sat i sfied at every element (X,X U ) of L 0 for all admiaslble 
direc tions (XSYSZ*) distin ct from (X U ,Y U ,Z U ). 
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We now consider the problem of constructing the comparison 
surface S discussed earlier in this section* Two regions# denoted 
by Afc and have been defined in the uv-plane* In a neighborhood 
of v = 0 the minimizing surface So has in uv-coordinates the equa¬ 
tion 

Z a z[X(u#V), Y(u,v)] * Z*(u#V) (0 « u £ i). 

We are considering a portion 8 0 b °* s o defined by the inequalities 
0 ^ u » b, 0<v^b* Along the segment Lob of the boundary of 
this surface the incident relation z*(u#0) » Z(u#0) is satisfied* 

We regard the parameters k# 6 # b as fixed# and may define two 
admissible surfaces S x b and s «b "bich have as their projections on 
the uv-plane the regions and respectively* We define the 
surface S X b toy the equation z « z x (u,v), where for k < 0 

z x (u,v) =» z*(u,v) when 0 $ v ^ b, 

=* Z(u,v) when ku^ v^ 0# 

and where the variable u has the range 0 = u ^ C b* When k > 0* 
we may define 

Zi(u,v) = z*(u,v) + ^ k u 

where 0 < u < €b, ku^v^b, € k < 1* Let T a k 6 (u - b)/(6 - 1) 
Then the surface may be defined by the equation z * z 8 (u#v) # 
where for k < 0 

z»(u#v) s z*(u#v) when 0 ^ v < b, 

» Z(u#v) when T = v < 0, 


and the variable u has the range € b ^ u ^ b* When k > 0# we may 
define 



34 


N0RDHAU8; THE PROBLEM OP BOL2A FOR DOUBLE INTEGRALS (90) 


*s(u,v) * **(u,v) 4* lZ(u, T ) • z*(u, f)l, 

whore «b i u < b, r<v$b, ek < 1. It xnay be verified that 
the comparison surface S thus defined has the properties required 
to oarry through the proof of the feierstrass condition* 

Ve may now establish a Legendre condition as a consequence 
of the feierstrass condition stated in Theorem 9:1. The E-function 
defined in equation (9:3), when considered as a function of k, 
has a ^ih imh when k * 0, and it follows that the relations B'tOlaQ, 
E*(0) > 0 must be satisfied# The first relation is found to be 
satisfied identically, and the second relation gives a form of the 
Legendre condition# 

THEOREM 9:2. Let L 0 Be the boundary curve of a surface 
minimizing the functional I defined in equation (2:3). Then at 
each element (X,^) of the boundary curve the Legendre condition 

ly'gx'x' + Y v*Sy'y' + 

(9:4) 

♦ 2(X v Y v g x , y , Y yZyg ytgt 4 * a 0 

must hold for all directions (X^/Yy,^) distinct from (X a ,Y u ,Z u ) 
and lying in the tangent plane to the fixed surface (2:2) at any 
point on L 0 * The arguments of the second derivatives of the 
function g are the set (X, X u ) defining the element on the boundary . 

If the fixed surface (2:2) is represented in the non- 
parametric form $(x,y,z) ® 0, then Theorem 9:2 may be stated in a 
slightly different form# It is readily shown that the inequality 
(9:4) must hold for all directions (X^Y^Zy) whloh are distinct 
from (X u ,Y u ,Z a ) and which satisfy the orthogonality relation 
^♦jXy * 0 along L 0 # 
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If 2i|f( i) represents a bilinear form in the variables 

£ 1* ^2*^3 8X1(1 ^ 1 * 72*73 whose coefficients are the second 
derivatives of g with respect to x 1 , y 1 , zS then (a) 2'^(X U JX U )*0, 
(b) 2^0^***) « 0, and (c) 2f{I y iX r ) g 0. The result (a) is a 
consequence of the homogeneity condition imposed on the function 
g* It may be obtained by differentiating the identity gtX^) » 
2X u g 3C i(X,X u ) with respect to X^, Y u , Z^ in turn, then multiply¬ 
ing the resulting three equations by X u , Y u , 2^ respectively, and 
adding, A computation similar to that used to derive (a) establish¬ 
es the relation (b)« The relation (c) is merely another notation 
for the inequality (9x4)* This inequality may now be written in 
the form 2 y(X f |X f ) » 0, as is seen from the equation 

2*(X«>X') * 2WVV + 2k*2l|r(X a |X v ) + k e *2V(X 7 JX v ) 
and the relations (a), (b), (c) above. Hence it follows that if 
the Legendre condition (9x4) holds for one direction, it holds for 
all directions of the type indicated# 

10, An illustrative example . In this section an applica¬ 
tion of the results of this paper will be made to the problem of 
minimizing the expression I defined in equation (2*3) when the 
functions f and g have the special values 

(10x1) f mfl + pe + qe, g x** + yTe + z te. 

We may assume that the fixed surface is so parametrized that u 
represents arc length along the boundary curve L 0 of a minimizing 
surface, and hence g* « x 1 * + y»« + z»® = 1 on L 0 . We then find 
the derivatives f p ® p/f, f q * q/f, X » - x*, jn » - y», P « - 
The direction cosines of the tangent line to Lo at any point are 
** “ y f * V %t * Z u # the argents being (u,0)# Let 
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be the direction cosines of the principal normal to L 0 > and let 
(a,b,c) represent the direction cosines of the binomial to L<>* 

If p is the radius of first curvature at any point on L 0 > then we 
may define the positive direction on the binormal to be such that 
the relations 

(10:2) a-p(y»z"- z»y w ), b* p(z*x" - x»z*), o » p (xty" - y f x") 

hold at each point of L 0 , where p is positive [6]* The positive 
direction of the principal normal is then fixed if the convention < 
is made that the positive directions of the tangent line# principal 
normal and binormal at a point have the same mutual orientation 
as the positive directions of the x-, y-, z-axes, respectively. 

We then find the relations 

(10:3) X 9 pat** bz 1 - oy 1 , m= py* 53 ex 1 - az*, na^z^a ay 1 - bx* • 

The transversallty condition stated in Theorem 6:2 then becomes 
D(1 + pp! + qqi)/f + ( X J&v)/p = 0. By using equations (10:3) 
and (6:4), this may be written (1 + pp x + qq x )/f * (ap x + bq x - o)£ 
Let 0 denote the angle between the normal line to the fixed sur¬ 
face and the normal line to the minimizing surface at any point on 
L 0 p and let V denote the angle between the normal line to the fixed 
surface and the blnormal to the curve Lo* The transversallty con¬ 
dition is then 

(10:4) p oos 6 » cos yr ( 6 4 0). 

This relation must hold at each point on the boundary ourve of a 
minimizing surface z * z(x,y). A necessary and sufficient condition 
that the minimizing surface intersect the fixed surface orthogonal¬ 
ly is that the boundary curve L 0 be a geodesic on the fixed surface. 
In this case the normal line to the fixed surface coincides with 
the principal normal to L 0 > and in addition, 'the osculating plane 
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of L 0 coincides with the tangent plane to the minimizing surface 
at each point of L 0 . Therefore L 0 is an asymptotic curve on the 
minimizing surface. 

The Euler equation for this problem is found by equation 
(6:9) to be (1 + q*)r - 2pqs + (1 + p*)t = 0, where p, q and r, 
a p t are the customary notations for the first and second partial 
derivatives of z(x,y). The mean curvature of the minimizing sur¬ 
face is therefore zero, and the surface is a minimal surface. 

The expression (7:10) for the second variation may be 
written in the form 

I“(0) ■ ff 2o)<fcc dy + J [2/l( I, £ ') + C(u)]du, 

A 0 0 <r 


where 


2a»(<, ir, K) . [(1 + q e )TT e - 2pq VK + (1 + p*) K*)/f 3 , 

C(u) - AXV + D(A^ + AyX v ) - 2 

In the expression for C(u) the arguments of the derivatives of X » 
X, Z are the set (u,0)• Prom equation (3:2) and the first equa¬ 
tion in (7:6 ), we find the relations 


IV - (Vw * Vvyl ♦ ( Y v*uv - 

A ■ -(pPi ♦ qqx + l)/f. 

The quadratic form 2/) ( £, £*) reduces to a quadratic form in the 
three variables whose coefficients are the second 

derivatives of g ■ / x ,e + y ,B ♦ z»* with respect to x f , y>, z f , 
and has the explicit expression 


2fl« ( | x '" ♦ $ 2 ’* + ^ 3 '*) - (^ x \ + £ z \ ♦ $ z \)* 
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By Lagrange's Identity* the form 2/1 may he expressed as a sum of 
squares, and is positive* 

The values of k- and A may be found from equations (7:11)* 

* y 

We first find the expressions 

(f) x * (pr + qs)/f, (f) y ■ (pa + qt)/f, 

(f p ) x « t(l+ q*)r - pqs)/f 3 , (f p ) y -1(1+ q*)« “ pqtl/f 5 , 

(f q ) x = [-pqr + (1 + p B )s^f® , (f q ) y « [-pqs+(1+p«)tl/f s . 

We then obtain the values 

A,- »(pri + qSi)/f + r[P(l + q 8 ) - ftpql/f 3 + s[<i(l + p 8 ) - PpqJ/f®, 

A y - -(ps x + qt x )/f + s[P(l+ q 8 ) - Qpql/f 3 ♦ t[Q(l ♦ p 8 ) - Pqp]/f 3 * 

where P — p — p x * Q = q - q^ * By means of the relations 

p(i ♦ q B ) - upq » pf^plpp + q<i) - -Pif* + p(ppi ♦ qqi + V* 
q(i + p 8 ) - Ppq * Qf«-q(pP + qq) «- qi* e + q(pPi ♦ qqi + U» 

the expressions for A^ and Ay may be written in the form 

A* ■ -(pri + qs x + rp x + sq x )/f + (pp x + qqi +1) (pr + qs)/f 3 , 

A y = -(ps x + qtx + spi + tqx)/f + (pPx+ qqi +1 ) (P« + qt)/f 3 . 

The functions L, N* N occurring in the boundary value 
problem stated in Theorem 8:1 have the special values 

L * -H(u) = -C(u)/<T , 

M rn D[P + q(pqx - qPi)]/f 3 > 

N = Dttt - p(pqx - qpx)]/f 3 . 

The Jacobi expression (7:3) has the form 
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For the classical problem of Plateau, f * /YV p* 4* q* , 
g » 0 and therefore B * 0« The transversality condition A » 0 
Is the orthogonality condition pp x 4* qq x ♦ 1 « 0. The coefficients 
L, N, N in equation (8:4) have the values 

L « D[(pr x -f qs x -f rp x 4- sqJXj 

+ (ps x 4* qt x 4» sp x 4* tq 1 )Y^ / '0‘f # 

M » - Dp x /f, H « - Dqx/f > 

where <r « px v + (jY y . If we make use of a normal coordinate 
system for which <TXy « P, <JY y = Q, <r ® a P* + Q*, D » 1, a 
simpler form of the Jacobi condition for the problem of Plateau 
is obtained than that given by Simmons [12, p. 250] . 

At each element (x,y,z,p,q) of a minimizing surface S 0 
the Weierstraas E-function [3, p* 27] has the value 

BiU>y»z»p»q*p* q) -IT ZjEIj i L f i + . ?« + ., fr -An ± ai ± II . 

fl + p* 4- q* 

where (p,q,-l) represents an arbitrary direction at a point on S 0 * 
The function E x is the same as that for the classical problem of 
Plateau, and is non-negative, vanishing only when p =* p, q * q. 

This may readily be shown by considering the numerator of E x and 
applying Lagrange 9 s identity. Along the boundary L 0 of a minimiz¬ 
ing surface S 0 the Weierstraas E-funotion defined in equation (9:3) 
la found to have the value 

Vs 

wher® X» o Xjj + kX^, Y' - Y u + kY y , 2' ■ + kZ^. By use of 

Lagrange 1 s identity the numerator of this expression is readily 
shown to be non-negative, and to vanish only when k ■ 0. The 
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direction (XSY'jZ 9 ) then coincides with the direction of the 
tangent line to 

At every element (x,y # z,p,q) of a minimising surface S 0 
for the integral sum I the Legendre expression 

f pp cos** + 2fpq cos* sine* ♦ f qq sin** 

must he non-negative [3, p. 9] for every value of * • For the 
special problem of this section this expression may be put in the 
form [1 + (p sin o( - q cos* )“]/f 3 , The strengthened form of 
the Legendre condition is therefore satisfied along 8 0 * 

The Legendre expression given in equation (9:4) Is found 
to have the value £ X^ 8 - ( £ XqX^*. Let E» F, G denote the 
fundamental coefficients of the first order for the capstan sur¬ 
face (2:2 ), and let H =/eg - F«. Then E * 1 along L 0 and the 
Legendre condition states that H« « 0 along L 0 * The Inequality 
H* > 0 la always satisfied for a real surface without singular 
points• 
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DIFFERENTIAL SYSTEMS WITH BOUNDARY CONDITIONS 
INVOLVING THE CHARACTERISTIC PARAMETER 

1* Introduction * The present paper is concerned with the 
development of the theory of definitely self-adjoint systems of 
linear differential equations of the form 

V - ♦AB lj (*)]y r 

(1,1) 4c(M 1 ° 3 + AK 1 1 3 )y J (a)+ (N^ + )y^b)3 - 0 

^ (a m » « *>» i,J=» 1 , 2 , 

£ 

In 1926 Bliss [ll gave definitions of self-adjointness 
and definite self-adjointness for a system of the form (1:1) in 
which the boundary conditions are independent of X . For such 
definitely self-adjoint systems he showed that the characteristic 
numbers are real, infinite in number, and have indices equal to 
their multiplicities. He also obtained some very general expan¬ 
sion theorems. A weakened form of this definition is given in a 
rather recent paper [4} by the same author. For the boundary valu 
problems which are definitely self-adjoint according to this new 
definition it is true that the same expansion theoroms hold, the 
characteristic numbers are real, and they have indices equal to 
their multiplicities. However, a boundary value problem may be 
definitely sell-adjoint according to this modified definition, 
and not have an infinitude of characteristic values. 

# The numbers in brackets refer to the bibliography at the 
end of this paper. 
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In the following pages we shall extend the definitions 
and results of Bliss to a system of the form (1:1) which involves 
the parameter Xlinearly in the boundary conditions. 

In Section 2 some general properties of linear systems 
are given. Sections 3 and 4 are devoted to the discussion of ad¬ 
joint and self-adjoint systems. A definition of definite self- 
adjointness is given in Section 5, and fundamental theorems con¬ 
cerning the characteristic values of such a system, analogous to 
those obtained by Bliss [4] for a system whose boundary conditions 
are independent of are also proved in this section. Sections 
6 and 7 deal with auxiliary theorems and lemmas which are basic 
to the development of the expansion theorems given in the follow¬ 
ing section. In Section 9 sufficient conditions for the existence 
of an infinity of characteristic values are given. Finally, in 
Section 10 it is shown that a certain boundary value problem of 
the calculus of variations of the type studied by Reid [6] is 
definitely self-adjoint according to the definition here given. 

The methods used in the development of this theory are 
much the same as those used by Bliss in [l] and [4]• 

2. Preliminary remarks . In the first nine sections of 
this paper matrix notation will be used. Square matrices of n 
rows and columns are denoted by capital letters. For instance, 

M denotes the matrix whose element in the i-th row and j-th 
column is M^j (i,J » 1, •.., n). In particular, the zero and 
identity matrices are denoted by 0 and I, respectively. Similarly, 
the vectcr (v^) (i» 1, ..., n) is denoted by the lower case 
letter v. If M 5 "V* »■ <v- the vectors (M^jVj) and 
(▼jMji> are denoted by Mv and vM, respectively, where the repe¬ 
tition of the subscript j indicates summation with respect to 
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this subscript over the range 1,2, • •», n* For the scalar produot 
v^Uj of the vectors v a (v^), u = (u^) we shall write vu* The 
transpose of a matrix M a II M^jll is denoted by M 8 || M^ll • If 
the elements of M are differentiable functions, M 1 signifies the 
corresponding matrix of derivatives? similarly, if the components 
of v are differentiable functions we write v* Finally, 

for brevity we write M( A) and N( A) for M° + AM 1 and N° + AN 1 , 
respectively, when no confusion arises. 

Concerning the boundary conditions 

s[y? A] ■ M( A)y(a) + N( A)y(b) = 0 

of the system (1:1) we shall make throughout the following hy¬ 
pothesis: 

For all values of \ the n » 2n matrix II M( A)?N( A) II has 
rank n. Moreover , there exist matrices P( A) * P° + AP X , 

<i( A) « Q° + AVI 1 , together with matrices M*, N # , P # , q* inde- 
pendent of A > such that the 2n # 2n matrices 



-P* 

-P( A) 


M(A) 

N( A) 

(2;l) 


U( A) 

f 

M* 

N* 


are reciprocals for all values of 

This hypothesis is readily seen to be satisfied if there 
exists an n * n non-singular minor of tl M( \)?N( A) II whose elements 
are independent of A • It is also to be emphasized that the 
boundary conditions of our problem are unchanged if the matrices 
M(A)> N( A) are replaced by P(A)M(A), P( A)N(A), respectively, 
where for each value of A the matrix P( A) ia non-singular? for 
our purpose, however, attention will be restricted to such matrices 
n(A) for which the resulting product matrices are linear In A. 
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Since the matrices of (2s1) are reciprocals* it follows 
in particular that 

(2:2) M(\)P(X) = M( A )Q( X >. 

Consequently ([lj» P- 562)* the relations 

(2:3) t[s: X) » z(a)P( \) + *(b)Q(.\) ■ 0 

are boundary conditions adjoint to the boundary conditions 

8 ty» A,] = o. 

Since 12:2) Is an identity In \ * It follows by equating 
equal powers of \that 

M°P°* N°« 0 , 

(2:4) M°P X + M X P° = N°Q X + N X Q 0 , 

M X P X => N x ti x . 

* * 

Similarly, one has also the following relations Involving M , N , 

# * 

P and Q 5 


-P*M° - P°M* ■ I, 

H V + q°M* » o 

-P*M l - P 1 )!* = 0, 

+ ^ X M # ■ 0 

-F*N° - P°H* = 0, 

+ ft x N # = 0 

-P*H X - P 1 N* ■ 0, 

Q*N° + Q°N* » I 


If the matrices (2s1) are multiplied in the reverse order# then 
in addition to (2:8) the following further identities are obtained: 


(2:6) 

-M*P(\) + H*ft( A)-I 

(2:7) 

-M(\)P* + M(A,)ti* - I 

(2:8) 

-M*P* + N*4* - 0. 


Now if we set 
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s*[yl = M # y(a) + H*y(b), 
t*[z] = z(a)P # + z(b)4* 

it follows ([l], pp. 564-565) from equations (2:5) that we have 
the following identity in the arguments y(a), y(b), z(a), z(b) 
for all values of \ 

b 

t*[z]s[y;A] + t[z; \]s*[y) a s(x)y(x)| 

1 a 

Consequently, if we write s[yi \] * so[y] + ^a 1 [y], t[z| A,] * 
t°[z] + At x [z], it follows that 

|b 

(2:9) t [z]a [y] + t°[z]a # [y] s z(x)y(x)| ft , 

(2:10) t # tz]a X [y] + t 1 [z]a # [y] 8 0, 

for arbitrary sets y(a), y(b), z(a), z(b). The above identities 
will be of fundamental importance in the development of the present 
work. 

3. Adjoint systems of differential equations . The system 
(1:1) in matrix form may be written 

(3:1) y 1 » [A(x) ♦ \B(x)]y, s[y; \] * 0. 

It will be assumed throughout that the elements of A(x), B(x) 
are real single-valued continuous functions on a finite interval 
a ^ x ^ b and the elements of B(x) are not all identically zero on 
this interval; moreover, that the boundary conditions a[y; \) » 0 
satisfy the hypothesis of the preceding section. The system 
adjoint to (3:1) is by definition 

(3:2) z» ■ -z[A(x) + XB(x)j, t[z; \] » 0, 

where the adjoint boundary conditions t[z; \] » 0 are determined 
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by the above equations (2:3). 

The term characteristic solution will be used to denote a 
vector y(x) whose components are not all identically zero on 
a ^ x ^ b # and which satisfies for a corresponding value X the 
differential equations and two point boundary conditions of (3:1). 
If X is a value for which there exist r linearly independent 
characteristic solutions, this value will be called a character ¬ 
istic value of the system (3:1) of index r. 

Let Y(x, X) ■ || Yjj(x, X)|| be a fundamental matrix solution 
of the differential equations of (3:1)* that is, the columns of 
Y(x, \) form for each value of X a set of n linearly independent 
solutions of these equations. Such a fundamental matrix solution 
could be determined by the initial value Y(a,X) = I. It is 
readily seen that suoh a fundamental matrix solution has its 
elements expressible as permanently convergent power series in X. 
The determinant D( X) of the matrix 

(3:3) II M( A)Y(a,X) + N(\)Y(b,A) II B || . [v ] || 

X J 

is a characteristic determinant for the system (3:1) in the sense 
that its zeros are the characteristic values of that system. 

Since M( X) and N(X) are linear in X , clearly D( X) is also a 
permanently convergent power aeries. It is readily seen that X 
is a characteristic value of index r if and only if the matrix 
(3:3) has rank n- r. From general properties of differential 
systems (see Bliss [l], pp. 556-568) it also follows that if X 
is a characteristic value of (3:1) of index r, then Xis also a 
characteristic value of the adjoint system (3:2) of index r. 

Suppose now that y(x) is a characteristic solution of 
the system (3:1) for a characteristic value A v and z(x) is a 
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characteristic solution of the adjoint system (3:2) for a character¬ 
istic value X*, X u Then, 

(3:1') y' ■ (A + XiB)y, a°[y] + XiaHy] = 0, 

(3:2') z' « -z(A + * a B), t°[z] + ^a^fz] * 0, 

and by the use of the boundary conditions in (3:1*) and (3:2*), 

together with the identity (2:9), it follows that 

(\ x - X a ) zBy dx = z(x)y(x )\ t # (z]s x [y) - Xa^fzls [yj . 

By using (2:10) the above expression can be reduced to the follow¬ 
ing equivalent conditions: 

(3:4) t 1r [zls 1 [y] + J zBy dx * 0, 

a 

(3:4«) -t x [z]a # [y] + zBy dx = 0, 

(3:4 W ) i[t # [z]a x [y] - tMaJa^yl] + zBy dx = 0. 

Thus we have the following result. 

THEOREM 3:1* If y(x) l^s a solution of (3:1) for a value 
\m \ 19 and z(x) is a solution of (3:2) for a value X » X g , 

Xj X g , then 

Jb 

(3:4) t # [z]a x [y] + J zBy dx = 0. 

4 # Self-adjoint systems of dlfferentlal equations # Follow- 
the definition of Bliss ([1], [4]) the boundary value problem 
(3:1) is said to be self - adjoint if the differential equations and 
the boundary conditions of its adjoint system are equivalent to 
its own for all values of X under a transformation z(x) = T(x)y(x), 
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where T(x) la a non-singular matrix on a « x * b with elements 
which are continuous and have continuous first derivatives on 
this interval. The proof of the following result is as in Bliss 
(UL p. 569). 

THEOREM 4:1. The system (3:1) is. self-adjoint if and 
only If t?iere exists a transformation matrix T(x) such that 


(4:1) 

TA + AT + T' 3 0, 

TB + BT ■ 0, 

(4:2) 

M( X)T -1 (a)M( \) = 

N( \)T -1 (t>)N( X) 


The above definition of self-adjointness, together with the 
results of Theorem 3:1, imply the following theorem. 

THEOREM 4:2. If the system (3:1) la self - adjoint with 
respect to a transformatio n matrix T(x), and y(x) and y # (x) are 
oharaoteristic solutions corresponding to two distinct character ¬ 
istic values X and X # , then 

(4:3) t # [Ty*)s 1 (y] + f y # S(x)y to = 0, 

a 

where S(x) = ?(x)B(x). 

This follows from equation (3:4) and the fact that 
z* = Ty* is a solution of the adjoint system for \ » V*. 

6. Definitely self - adjoint systems . The definition of definite 
self-adjointness as used by Bliss will be extended to the system 
here considered as follows. 

The boundary value problem (3:1) is definitely self - adjoint 
if the following hypotheses are satisfied. 

(^2.) — — ae l f adjoint *ith respeot to the transfor mation 
matrix T(x). 

< H g) Si® Matrix S(x) - T(x)B(x) is aymwetrlc on a < x » b. 
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(H 3 ) The matrix 


(5x1) 


?(»)pV 

T(a)pV 

?(b)<jV 

T(b)Q*i* x 


belonging to the quadratic form t # [Ty]e x [y] a ufy(a),y(b)] ■ ft[y) 
la symmetric . The corresponding bilinear form t # [Tv]a*[u] in the 
arguments v(a), v(b), u(a), u(b) we shall denote by 
<i[v(a),v(b)*u(a),u(b)], or <*[u*v] for brevity. Clearly qtvjv] - ft[v] . 

(H 4 ) The quadratic expression 

Kty] a <*[y(a),y(b)] ♦ J* y(x)S(x)y(x) dx 

JjL non - negative ona^x^b for arbitrary continuous y(x). The 
corresponding bilinear expression 

q[u(a) f u(bbv(a),v(b)3 + t uSv dx 

will bo denoted by K[u»v] . Clearly K[u»u] * K[u] . 

(Hg) gor en arbitrary value \i the only solution of the 
ayatem (3;1) satlafylng K[y] ■ 0 m »$ b lj_ y(x) ■ 0. 

Aa immediate oonsequenoea of the above definition we have 
some important results which we state here as lemmas. 

LEMMA 5:1. Hypotheses (Hg) and (H 4 ) imply that the 
quadratic form yS(x)y i£ positive semi - definite on a « x * b. 

For suppose that the conclusion of the lomma is not true# 
Then there exists some vector u and a value x 0 , a < x 0 < b , such 
that uS(x 0 )u < 0. The continuity of the elements of S(x) imply 
that there exists a d > 0 such that uS(x)u < 0 for lx - x 0 l<d. 

If we now define y(x) * u $(x), where £(x) is a continuous function 
such that \ (x) 4 0 on x 0 - d < x < x 0 t d and ^ (x) ■ 0 except on 
this interval, we see that yfl(x)y = u3(x)u ^*(x) < 0 on 
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x 0 -d< x< x 0 +d, yS(x)y ■ 0 elsewhere. Then 

„ , *o^ci g 

K[y] » J uS(x)u $ (x) dx < 0 

Xq -d 

and this is a contradiction to hypothesis (H 4 ). 

LEMMA 5:2. Hypotheses (H^) and (H 4 ) imply that the 
quadratic form Q[y(a),y(b)] i£ positive semi - definite . 

For suppose that there exists a vector u(x) such that 
Q[u] S Q[u(a),u(b)] < 0. Define a function %(x) in the following 
manner: ^ (x) S o on a+ d ~ x ^ b - d, ^ (a) * ^ ( b ) 35 1 and ^ (x) 
linear on a « x ^ a+ d and b- d a x $ b. If we set y(x) * u(x) ^ (x) 
we obtain 


K[y] « ilhx] + 


a t d e 8 

J uSu £ dx + J uSu \ dx. 
a b - d 


Since the two integrals tend to zero as d approaches zero and 
Qtu] < 0, for d sufficiently small y(x) Is such that K[yJ < 0, 
which is a contradiction to (H 4 ). Hence Q is a positive semi- 
definite form. 


LEMMA 5:3. If for a continuous y(x) we have K[y] = 0, 
then hypotheses (H g )> (H^) and (H 4 ) imply B(x)y(x) 3 0 on 
a $ x ^ b, sHyl = 0. 

Lemmas 5:1 and 5:2 and the condition that K[y] = 0 imply 
that ySy a 0 on a ^ x $ b. This says that Sy 5 o, and therefore, 
since the matrix T(x) is non-3ingular, it follows that By 5 o on 
a a x a b. The condition uCy(a),y(b)] « 0 is then a consequence 
of Lemma 5:2 and the relation K[y] * 0. If we now take the 
partial derivatives of the above quadratic form with respect to 
the arguments y(a), y(b), and remember that its matrix of coefficients 
(5:1) is symmetric, we have that P^fy] = 0, H*s 1 Cy] a 0. These 
two relations and the fact that the rank of {( || ia n, as 
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Implied by equation ( 2 : 6 ), justify the last result of the lemma. 

It is therefore seen that this lemma enables us to state 
that whenever hypotheses (H 2 )* (H 3 ) and (H^) are satisfied 
hypothesis (Hg) is equivalent to: 

(Hg f ) Tkg only solution of 

y* * A(x)y, a°[y] * 0 

satisfying ySy BOona^x^b, a x [yl a 0 la y * 0. 

In view of Lemmas 5:1 and 5:2 it follows that K[f) m 0 
for arbitrary vectors f (x) whose components are bounded and 
integrable on a £ x £ b. In most of the following discussion the 
arguments of the quadratic expression K will be vectors whose 
components are continuous on this interval. In Sections 7 and 8 , 
however, we will have occasion to use arguments whose elements are 
discontinuous. In view of the non-negativeness of K we have for 
arbitrary vectors f(x), g(x) whose components are bounded and 
integrable on a ^ x ^ b the following inequality 

(5s 2 ) (K[f »g]} * ■ K tfl *K[g] . 

If we consider again equation (4:2) we see that its 
transpose, together with equation ( 2 : 2 ), justify relations of the 
form 


( 5 : 3 ) 


T“ l (a)M(X) » P(X)C(A) 

T“ l (b)S( \) - Q( X)C(X) 


whore C( \) is a non-singular matrix for all values of \. The 
above equations (5:3) are written to simplify the statement of the 
following Important lemma. 
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LEMMA 6:4. Pnder the hypotheala (H 3 ) the matrix C( A) 
defined bj equations (6:3) la Independent of \. 

The proof of thla lemma la aa follows. Multiply equations 
(6:3) on the left by -M* and N # , respectively, and add. Use of 
equation (2:6) then yields 

(5:4) C( \) - -M*f* l (a)M(\) + N*?" l (b)N( A). 

Consequently, C( \) is linear In A and we may write C(A) » 0°+ AC 1 . 

By hypothesis (Hj) the matrix of coefficients (6:1) Is 
symmetric, and therefore 

(5:5) T(a)P*M* a M l P*T(a), 

(5:6) T(b)ltV fl l 4*T(b), 

(6:7) T(a)pV « M*U*T(b). 

If we multiply equations (5:7) and (5:6) on the left by -M T" l (a) 
and N # ?" 1 (b), respectively, and add, It follows by equations (5:4), 
(2:8) that 

( 6 : 8 ) 4 * 5 x - 0 , 

Multiply now equations (5:6) and (5:7) on the right by -T” l (a)S* 
and T*’ l (b)8*, respectively, and add. An application of equations 
(5:4) and (2:8) shows that 

(5:9) P*3 X - 0. 

Finally, If we multiply (5:9) and (5:8) on the left by -11° and N°, 
respectively, and add, It follows In view of relation (2:7) that 
C* ■ 0. 
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The following theorems are concerned with certain Important 
general properties of definitely self-adjoint systems* 

THEOREM 5:1. The characteristic values of a definitely 
self - adjoint boundary value problem (3:1) are real and the corres¬ 
ponding characteristic solutions may be chosen real . 

For suppose y « y 1 + V?L y 8 were a characteristic solution 
for ^ » X * + V1T A a# ^ 0 4 0. Then the complex conjugate 
y = y l - Y^l y 8 would be a solution for A » X and Theorem 4:2 
would imply that K[y*y] a 0. By a property of quadratic forms 
the above expression reduces to Kly 1 ] + Kly 8 ] =» 0* that is# 

Kly 1 ] * Kly 8 ] « 0* By the use of Lemma 5:3 it would then follow 
that y X and y 8 were individually solutions of (3:1) for A =» 0, 
and since Kly 1 ] a Kly 8 ] « 0 we would have in view of (H^) that 
y 1 S 0# y 8 ■ 0. This, however# would imply y ■ y 1 + V^T y 8 m 0# 
which contradicts the assumption that y was a characteristic 
solution. Therefore the A*s are real and the characteristic 
solutions may be chosen real* 

THEOREM 5:2. For a definitely self-adjoint boundary value 
problem (3:1) the index of a root of D(A) is equal to its multi ¬ 
plicity * 

If A « X 0 i a a characteristic value of index r, for this 
value of A the matrix (3:3) has rank n-r. By a proper choice 
of linear combinations of solutions the columns of this matrix 
can be so arranged as to make sfY p i A 0 ] « 0 (p « l#2#..*#r)* 

Since D( A) ia the determinant of this matrix, at A a \ 0 the 
derivatives of D(A) of order less than r will clearly vanish. The 
r-th derivative will have the following form 

(5tl0) D lr, (X 0 ) - r»|fl(Y h x> X 0 1 + 8 1 tY h ) a[x m i X 0 11 

(h« 1#...#rj m » r + 1# *.*,n). 
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Suppose now that the above determinant vanishes* Then 
there exist constants c^# c m (h * l#..*#r* mas r+l,...#n) not 
all zero and such that the equation 

(5s11) £ • frhX* °h + 8 °h 

is satisfied* If we set 

y X (*) = lZY h (x, ^o)Ch» y^(x) - ^ Y^U, 

h=l mFsr+l 

y 3 (x) » ^ Y^-,(x, X 0 )c h , y(x) *> y*(x) + y^(x), 

it follows that 

(5:12) s[yj Xq] =* -a x [y^] # 

Now the constants c^ (h = l#*..#r) can not all be zero 

since the last n - r columns of the determinant (5:10) are 

linearly independent. It follows in particular, therefore, that 
x r 

y ¥ 0. Since y(x,X) = ^Y h (x, X)c h satlsflee (3:1) for all 
values of X, it follows on differentiating with respect to A 
and evaluating at X =* Xo that 

y 3 ' « (A + X 0 B)y 3 + By 1 . 

p 

As y is a solution of (3:1) for X» X 0 we have, therefore# 
that 

y' 3 (a + X 0 B)y + By 1 , •[yjXol - -sity l l. 

Plnally, as z l a Ty 1 satisfies equation (3:2) for \m Xo, it 
follows ([1], pp. 566-568} [6], pp. 776-777) that K[y*] - 0. 
Hypothesis (H 6 ) then requires y 1 to vanish identically, which is 
contrary to the above established conclusion that y 1 f 0 on 
* “ x s b. We have thus been l.d to a contradiction on the 
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( x») 

assumption that the derivative D ( Ao) is equal to zero. Hence 
this derivative is different from zero, and the multiplicity of 
A 0 ia equal to its index. 

THEOREM 6:3. If for a given continuous f(x) the condition 
(5:13) K[yif] = 0 


is satisfied by every characteristic solution y(x) of the definite ¬ 
ly self - adjoint problem (3:1), this condition alao holda for every 
y(x) whlch satisfies with a continuous g(x) the system 

(6:14) y* a Ay + Bg, s°[y] ■ -s 1 tg]. 


The condition (6:13) implies ([1], pp. 566-668:[6], pp. 
776-777) that the non-homogeneous system 

(5:15) y* « (A + XB)y + Bf, s[y: X] « *s x [f) 


has solutions for every value of If D( X) / 0 there is a 

unique solution which is of the form 


y(x,\) = Y 0 (x, \) + 


Yj( x * X)Cj $ 


where y = Yo(x, X) is a particular solution of the differential 
equations of the system (5:15). It is readily seen that the 
components of y(x, A) are expressible in the form 


(5:16) yi(x,A)» 

D(X) 


Ylo(x* M 


• • • YjL n (x, A ) 

SlfrojX) + 

. 

XJ 

• 

... 8^ [Y^J X 1 

• * • • 

• 

•nfro»X] + J 

• 

X] 

• . • • 

• • • *n^n^ ^ 


In a neighborhood of a zero A* A 0 of D(A) the solution y(x,A) 
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Is well defined and analytic in X . For in the determinant (5:16) 
we can add multiples of the last n columns to the first column so 
as to make Y 0 satisfy s[Y 0 ; X] = -s 1 [f] at the root X ax X Q# 
Furthermore, if the multiplicity of A 0 la equal to r, the r linear¬ 
ly independent solutions z (x) = z(x, \ 0 ) of the adjoint system (3:2) 
for A. A 0 afford r linearly independent sets t # lz] satisfying 
t*[z]a[Yjj X 0 1 =*0 (j « l,2,...,n). Then r of the last n rows of 
(5:16) can be replaced by suitable linear combinations which vanish 
at X aa X 0 , and consequently the determinant in ^5:16; has the 
same factor ( X - \ 0 ) r as does D(X) # Hence the vector y(x,X) 
is analytic and well defined near a zero X a of D(X). Con¬ 
sequently y(x,X) is representable as a permanently convergent 
power series in A of the form 

(5:17) y(x,A )*= u 0 (x) + Xu x (x) + X C u a (x) + ... + A n u n (x) + ••• • 

If we substitute (5:17) in (5:15) and equate coefficients of like 
powers of X , it follows that 

(5:18) - Au q + Bu q-l , B°[u q ]+a l [u q _ 1 ] » 0 (q«0,l, ...), 

where It la to be understood that u_i = f. If the functions v are 

P 

defined by v p ■ Tu p (p= -1,0,1,2,...) It may be shown that 

(5:19) v p - "VpA-v^B, t°[v p ]+t l lv p .J = 0 (p = 0,i, ...). 

The differential equations (5:19) follow by direct substitution 
and use of conditions (4:1) satisfied by the transformation matrix 
T. The boundary conditions are a consequence of relation (4:2)| 
in particular, use is made of the result of Lemma 5:3 concerning 
the independence of A of the matrix C defined by (5:3). Equations 
(5:18), (5:19), (2:9) and (2:10) then lead to an expression of the 
form 
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jf Wi jf v p-i® u q u q v p|a = - t# Cv p ]» x ru q _ t ] + t^LVp.Ja*[ U<1 ]| 


that la# 


(5;20) K[u q _ x »Up] ■ K&iqjUp.^ (p,q« 0,1.2,...). 

Now aa a special case of (5*2) we have 

(6*2i) {iiv'v 1 ]' - K N+* ] ’ Kr vJ • 

If we define 


W q = K[u 0 }Uq) 

equations (5:20) and (6:21) show that 


(q ■ 


(5:22) 


q+p 


K[u q »u p ], 


W V > w A 

w 2q-2 2q+2 * 2q 


Now the aeries (5s17) converges absolutely and uniformly for 

ft a x « and in a bounded region of the complex X -plane. 
r b 

Hence we can compute J u 0 Sy dx by term by term integration. In 

a 

particular, the expression K[u 0 jy] is given by the permanently 
convergent power series 


Wo + + ... 4* + •«• ^ 

It then follows that the series involving only even powers of A , 


(6:23) 1 0 + ^Wa + ^W 4 + ... , 

la also permanently convergent. Now some coefficient in (5s23) 

s >2 

must vanish. For otherwise# since W 2 q £ 0 and Wgq.gWgq+g » Wgq # 
it would follow that 


Wo > W 2 > «4 > 

or - ■* «r ■ ®r a 
w 2 w 4 w 6 


• • • 


9 
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and for (W 0 /%a)^ 2 the terms of (5s23) are not less than the 
corresponding terms of the divergent series 

Wo ^ Wo ^ Wo 4* • • i 9 

Hence some coefficient in (5:23) is zero, and by successive 
applications of the inequality of (5:22) it follows that K[u 0 ] ■ W)«0. 
Moreover, equation (5:18) for q = 0 gives 

(5s24) uo a Au 0 + Bf, 8 0 [u o ] - -a 1 [f] . 

Now suppose that y « y(x) satisfies (5:14) with a continuous 
g(x). Then z « Ty satisfies the system 

(5:25) z * » -zA - gTB, t°[z] « -t 1 ^]. 

It then follows by the use of (2:9), (2:10) and the result of Lemma 
5:3 that 

(5:26) K[ys Jj = Ktu 0 »g] . 

Now the right member of (5:26)is zero because of the condition 
K[u 0 ] = 0 and the inequality {Ktu 0 *g]}* * K[u 0 ]*K[g] « 0 implied 
by (5:2)* Consequently, if f satisfies (5:13) with every character¬ 
istic solution y of the definitely self-adjoint system (3:1) we 
also have K[y*fJ « 0 for every y(x) satisfying the system (5:14) 
with a continuous g(x) • 

COROLLARY L If, f(x) satisfies condition (5:13) with every 
characteristic solution of the definitely self-adjoint system (3:1), 
and in addition f(x) satisfies with a continuous g(x) the system 

(5:27) f* - Af ♦ Bg, s°[f] a -si[g), 

then K[f] « 0, Bf ■ 0 on a £ x 5 b, and s l [f] «* 0* 
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The first conclusion of the corollary follows immediately 
from the fact that y = f(x) satisfies equation (5:27), which is of 
the same form as (5:14)* the conditions Bf « 0, sHf] = 0 are 
consequences of Lemma 5:3. 

Since for a characteristic solution y we have Kty] 4 0 
hy (H 5 ), the different characteristic solutions corresponding to 
each characteristic value X may he normed and orthogonalized. 
Consequently, we may denote hy {y^(x)| the totality of 

characteristic values and corresponding characteristic solutions, 
the latter orthonormal in the sense that 


(5:28) 


K[y q >y p 3 ** 1, if q » p» 

S 0, If q / p. 


6. The Green's matrix * Suppose that the homogeneous system 

(6:1) y* = Ay, s°[y) h M°yU) + N°y(b) = 0 

is incompatible, that is, that X « 0 is not a characteristic 
value of (3:1). Since for a definitely self-adjoint system (3:1) 
not all values of X are characteristic values in view of Theorem 
5:2, this condition may always he obtained hy a linear change of 
the characteristic parameter. Then there exists a unique Green's 
matrix G(x,t) » » G ij (x,t) || for tills system. For a detailed 
discussion of the Green's matrix and its properties the reader is 
referred to Bliss [l], Section 5. Its explicit form is 

G(x,t) = | Y(x) [l^|l I ♦ d"^ jy'ht) 

where D = M°Y(a) ♦ H°Y(b), A = M°Y(a) - N°Y(b) = 0, and Y(x) 1. 
a fundamental matrix solution of the differential equations of the 
system (6:1). For a < t < b the matrix G(x,t) has the following 
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fundamental properties as a function of xt 
(6:2) G(t + 0,t) - G(t-0,t) - I, 

(6:3) G(x,t) « A(x)G(x,t) on a< x< t and t< x< b, 

(6:4) M°G(a,t) + N°G(b,t) ■ 0. 

Similarly, for a < x < b this matrix has the following properties 
as a function of ti 

(6:6) G(x,x• 0) - G(x,x + 0) = I, 

(6:6) G(x,t) * -G(x,t)A(t) on a < t < x and x < t < b, 

(6:7) G(x,a)P° + G(x,b)Q° a 0. 

Use will now be made of the Greenes matrix to establish 
equivalence relations between our differential system and a certain 
type of integral equation. 

THEOREM 6:1* For an arbitrary continuous g(x) the non ** 
homogeneous system 

(6:8) y* = Ay ♦ Bg, s°[y] « -a^g] 

is equivalent to the integral equation 

(6:9) y(x) = t # [0(x)]5*tg] + J G(x,t)B(t)g(t)dt, 

“a 

t*[G(x)] represents G(x,a)P* + G(x,b)4*. 

Equations (6:8) and (6:6) show that 

[G(x,t)y(t)] - G(x,t)B(t)g(t) 


on a < t < x and x < t < to. Therefor*, 
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G(x,x- O)y(x) - G(x,a)y(a) = f G(x,t)B(t)g(t) 

“ft 


Q(x>b)y(b) - G(x,x+ O)y(x) 


r h 

J G(x,t)B(t)g(t) 


dt, 

dt# 


Addition of the two previous equations and use of the equations 
(2:9), (2:10), (6:5) and (6:7) leads to the relation (6:9). 

Conversely, suppose y(x) is defined by (6:9); that is, 

(6:10) y(x)« t # [G(x)]s x [g] + J G(x,t)B(t)g(t) dt + J G(x,t)B(t)g(t) 

Using (6:3) and (6:6) it readily follows that y 1 = Ay + Bg. More¬ 
over, by the explicit form of G(x,t) it is seen that 


lim G(x,a) = i Y(a)tl + D" 1 ^ ]Y" l (a), 
x-*a 4 

lim G(x,a) = i Y(b)[l + D" l A ^(a), 
x*b 4 

lim G(x,b) * | Y(a)[-I + D“ l A )Y* x (b), 
a 2 

lim G(x,b) = i Y(b)[-I + D -l AlY“ x (b). 
x~*b 2 

Direct substitution, together with the equation (2:7), yields 
s°[y] = -s x [g]. Thus our theorem is proved. 

COROLLARY 1. If \ m 0 l£ not a characteristic value of 
the boundary value problem (3:1), this system is equivalent to the 
Integral equation 

(6*ID y(*) * ^t*[G(x)]s 1 [y] + A £ G(x,t)B(t)y(t) dt. 

This integral equation is not of the usual kind, since it 
involves outside the integral sign the end values of y(x) at x * a 
and x a b. 
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7. Auxiliary lemmas . The definition of definite self- 
adjointness as given in Section 5 of this paper does not furnish 
sufficient conditions for the existence of infinitely many char¬ 
acteristic values* Therefore* It will he understood in the follow¬ 
ing theorems that the range of the summation indices will he finite 
or infinite according as the problem has a finite or an infinite 
number of characteristic values. In the following it is assumed 
that the y q (x) (q * 1*2, ...) are the totality of characteristic 
solutions of a definitely self-adjoint boundary value problem (3*1). 
We shall also suppose that these characteristic solutions are 
orthonormal in the sense of (5:28). 

If now for a continuous f(x) generalized Fourier coef¬ 
ficients o q * c q [f] are defined as o q * for an arbitrary 

Integer m the orthonormal character of the y q implies 



The following lemma is* therefore* an Immediate consequence of 
hypothesis (H^). 

LEMMA 7:1. For a continuous f(x) the series ^ c n* 

q 

converges. 

LEMMA 7*2. Suppose that the components of h * h(x,t) are 
bounded for all values of x and t on the Interval ab, and lntegrable 
In t on that Interval for every fixed x* moreover , that the components 
of g are continuous on this interval . If d q * K[y q |g]* 
j£ q (x) s K[y q |h], where jf q (x) is computed considering h as a function 
of t, then the series 

(7il) * q (*)d q 

converges absolutely and uniformly on the Interval a m x ^ b. 
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For arbitrary positive Integral values p and m, let 

lXq(*)dql (x)d, (*)<!,. , 

where f takes on those Integral values for which d f la positive 
and <r those for which t' d^ is negative. Then 

(x)d * " Z K[h,y « K 

e e 

■ K[hj £ y e d, ] 

s 1/2 

in view of (5:2) and the orthonormal character of the y . Conae- 

<1 

quently. 


XT < x > d e - r1/2 < 5 

*Tv * * f 


1/2 


where R is the maximum value on a ^ x $ b of K[h) computed consider¬ 
ing h as a function of t. Similarly, 

a/2 


(X)d_ m R 1 / 2 


r i/2 ( 5 o 1 

<rtf P 


Therefore, 


p-Hn p-*m 

£ U Q < x > d J * ® l/ 2 (S d o“ )l/2 ' 


q*p 


qwp 


and since 2T d q * converges by Lemxna 7:1 it follows that 2T / q U)d q 


converges absolutely and uniformly on a < x < b* 


8. K^P^nclon theorems . The orthonormal character of the 
characteristic solutions of the definitely self adjoint boundary 
value problem (3:1), together with the theorems proved in the 
preceding sections. Justify the following Important expansion 
theorems• 
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THEOREM 8:1. If f(x) satisfies the system 
(8:1) f = Af + Bg, a°[f] « -aHg] 

with a continuous g(x), then 

s[y q *g] ■ \qK[y q *f] (q= 1*2, ... ). 

This result is obtained immediately from (8:1), (3:2), 
(2:9), (2:10) and the fact that z q * Ty q is a solution of the 
adjoint system for \= 

THEOREM 8:2. It_ f (x) satisfies the system (8:1) with a 
continuous g(x), and o q =» K[y q jf], the series 

(8:2) ft(x) - 7 q (X, °q 

converges absolutely and uniformly , and 

(8:3) K[y p jf-rt s O (P » 1,2, ...), 

(8:4) B(f - fS) * 0 on a < x < b, s 1 tf-«0*O. 

If d q » K[y q fgl* it follows from Theorem 8:1 that 
dq * ^q° q * hence 

0U) « 53“^ d q # 
q \ 

In view of the integral equation (6:11) we then have that l^(x)» 
the 1-th component of 0(x), is given by a series of the form (7:1) 
where the corresponding vector h(x,t) is the i-th row of the 
matrix G(x,t)$* x (t)• It then follows by Lessna 7:2 that the series 
representing ^(x) converges absolutely and uniformly on a * x ^ b 
We may then calculate Ktypi f -#j by term-wise evaluation. 
It follows that for each p, 
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KCypJf-rt = Kty p ;f] - ^ K[y p >y q ]o q - K[y p )fl - K[y p |f] - 0. 

This relation, together with the definition of 0(x), is seen to 
imply that 

(8:5) K[0;f-*fl - 0, 

An application of Theorem 5:3 now justifies the relation 
(8:6) K[f*f-0Q - 0, 

and by subtracting equation (8:5) from (8:6) we find that 
K[f - fS] - 0. By Lemma 5:3 it now follows that B(f-0) » 0 on 
a S x ^ b and s 1 [f - 0) = 0. 

COROLLARY 1. If the matrix B(x) is non-singular on 
a ^ x ^ b, then for every continuous f (x) satisfying (8:1) with 
a continuous g(x) the series (8:2) converges absolutely and 
uniformly on a $ x ^ b and represents f(x). 

THEOREM 8:3. I£ f (x) satisfies with a continuous g(x) 
the system (8:1), and g(x) in turn satisfies the system 

(8:7) g* * Ag + Bk, s°[g] » -a 1 [k] 

with a continuous k(x), then the aeries (8:2) converges absolutely 
and uniformly on a < x Jj b and represents f(x). 

Theorem 8:1 justifies the relation 

(8*8) \,yq Kt yq ,f J “ y q K Cy q »g] • 

q 4 q 

Sinoe g(x) satisfies equation (8:7), which is similar to (8:1), 
an application of the previous theorems shows that the left member 
of equation (8:8) converges absolutely and uniformly on a » x « b* 
Now aet 8(x) ■ T3 y q (*)K[y q |g] . 


If we differentiate (8*2) with 
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respect to x and substitute the values of y* from (3:lj, it follows 
that 

(8|9) 0' » ki + B8* a°t(fl » 

From systems (8s1) and (8:9) we therefore obtain 

(8s 10) f 1 - 0* = A(f- if) + B(g-e), s°[f- ((] = -s x [g- 6] . 

Since g satisfies the system (8:7) it is a consequence of Theorem 
8:2, applied to g in place of f, that B(g-0) ■ 0, s x [g-0] = 0* 
Therefore, 

(8:10 f ) f • •fi 1 a A(f - 0), a°tf-jfl - 0. 

This latter relation, in view of relations (8:4) and (H5), or its 
alternative form (Hg), implies that f-0»Oona£x^b. 

9. Sufficient conditions for the existence of infinitely 
many characteristic values # As pointed out in the preceding section, 
the definition of definite aelf-adjointness which has been formulat¬ 
ed in this paper does not imply the existence of infinitely many 
charactoristic values for a system (3:1). Here we shall give a 
sufficiency theorem by introducing the further hypothesisi 

(Hg) For arbitrary continuous g(x) the only solution of 
the system 

y 1 » Ay + Bg, so[y] = -si[g] 

for which K[y] » 0 la y*Oona^x<b. 

It is easily seen that hypothesis (Hg) implies (Hg) • 
Hypothesis (H$) corresponds to a condition imposed by Bliss [l] 
in his original definition of definite self-adjointness# 
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THEOREM 9:1* If the hypotheses (H^), (Hg)> (H 3 ), (H 4 ) and 
(Hg) are satisfied and if a continuous f (x) satisfies the relation 
(5:13) for every characteristic solution of the definitely self - 
adjoint boundary value problem (3:1), then Bf a 0 on ai xj b 
and s x [f] =* 0 . 

The theorem follows immediately from the proof of Theorem 
5 : 3 , since there it is shown that W 0 = K[u 0 ] = 0 and thus, with the 
help of equation (5:18) for q = 0, that Bf g 0ona^x^b and 

sHf] = 0. 

C(ROLLARY 1. I£ K[y] > 0 for all non - ldentlcally vanish¬ 
ing; continuous y(x), then f a 0 is the only vector satisfying 
equation (5:13) with all characteristic solutions of the boundary 
value problem * 

COROLLARY 2. The only f(x) which satisfies a system of 
the form (8:1) with a continuous g(x) and also the relation (5:13) 
with every solution of the boundary value problem (3:1) is f(x) a 0. 

THEOREM 9:2, If the system (3:1) satisfies the hypotheses 
(Hi), (Hg), (H 3 ), (H 4 ) and (Hg) It has an infinity of characteristic 
values* 

Suppose that there are only a finite number of characteristic 
values, and denote by t the number of linearly independent character¬ 
istic solutions of the system (3:1). We may also suppose that Xa 0 
is not a characteristic value of tills system. Since the elements 
of B(x) are not all identically zero, continuous functions g^fx) 

( 0 * = 1,..., X+ 1) oan be determined so that B(x)g (r (x) form i+ 1 
linearly independent vectors on a ^ x ^ b* Let f*, (x) denote the 
corresponding solution of the system ( 8 : 1 ) with g(x) replaced by 
g*. (x). Then for arbitrary constants m r the vectors f (x)» f^(x)m r , 
g(x) « g^ (x)m^ satisfy (8:1). On the other hand, values a^ 
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(<r s l, •.,, %+l) not all zero can be found so that f satisfies 
the relation (5$13) with each of the t characteristic solutions 
of (3:1)* It would then follow by the above Corollary 2 that f a 0 
on a x < b, and consequently 0 ■ Bg * (Bg<r )m<#- on this interval* 
This# however# oontradicts the above choice of the sets • Hence 
under the hypotheses of Theorem 9:2 the system (3:1) has Infinitely 
many characteristic values. 

10# A boundary value problem of the calculus of variations * 
As pointed out in the introduction to this paper# we shall now 
show that an Important case of the boundary value problem associated 
with the calculus of variations which has been discussed by Reid C 6 ] 
is definitely self-adjoint according to the definition of Section 5. 
In the following section the symbols ■ (T^)# • t 1 }^) will 

denote the functions (i(x), ^ U M > ...#^ n (x)) and the set of 
their derivatives respectively. The tensor analysis summation 
convention will be used throughout. 

The second variation of the problem of Bolza is of the 

form 

(10jl) (Xa)l + f 3 2<tHx,y , yi) Ox, 

a 

where 2 ^ ( x i) > is a quadratic form in the 2 n arguments 

^(*0) 8X1(1 

2 «(*. ^, 7 •) a (*)^♦ 2 o)^. <x) 7( .' ?/ + ?y (x) 7 , ty 

is a quadratic form in the 2 n variables 'll • 

An accessory minimum problem associated with the second 
variation is that of minimizing J a [^] in a class of arcs 

?i - ^i<*> 


*1 B * m *a 
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satisfying conditions of the form 

(10.2) ^(x, *1 , H ') a (x) + $ (x) 7 y . « 0 

(o( * 1,2, ..., m<n) 

(10:3) * Y ij 7y(*x) - 0 

(y = 1,2,..., p b 2 n) 


and giving a fixed value to the expression 

(10:4) 2if[>y (x x ),^ (x a )J ♦ /* 7[ J( ti Y j dx* 

In (10:4), 2$[iJ (x x ), ^ (x 2 )] is a quadratic form in the 2n argu¬ 
ments ^(Xi), i( x a) • For brevity, derivatives of the quadratic 
forms Jb and-V with respect to the arguments ^(xj.), y^(xa) 
will be indicated by %^ 1% 9 #ii'^ is respectively. 

This accessory minimum problem is considered under the 
following hypotheses* 

(I) The coefficients in (10:1), (10:2), (10:3) and (10:4) 

are all real. The functions 0)>,V , &>>/>, , are continuous 

ft ij / 4 tj 7j - " 

and have continuous first derivatives , while the functions u^ > 

'K<j are continuous on x 1 x 2 « The matrices (( || # 

)) || and H || are symmetric and jj <£ ^' l| I®. 2£ rank m at each 

point on this Interval . Moreover , the matrix of constants Y y yl 

has rank p. We also assume, as we may without loss of generality , 
that the rows of this latter matrix are normed and mutually 
orthogonal . 

(II) symmetrio matrix 


§ . 

* 7 7 





(10:5) 


(i>J®L2, • • •,n* °(,^S®1,«. • ,m) 



30 


BOBONISl DIFFERENTIAL SYSTEMS 


(132) 


is non - singular on x x Xa• 

An arc ^ will be called differentially admissible 

if the functions ^(x) are continuous and have piece-wise con¬ 
tinuous derivatives, and satisfy equations (10:2) on x 1 x^. An 
arc whose end values satisfy equations (10:3) will be called 
terminally admissible * Finally, an arc which is both differentially 
and terminally admissible will, for brevity, be called admissible . 

(III) . There exist p differentially admissible arcs 

7 i a ^iv( x ) ( v s ..., p) suoh that the determinant 

I Ui)# Yi/Us^l Is different from zero . 

(IV) . The form ZUly (x x ), ^ (x«) I is positive semi-definite 

for all terminally admissible arcs ^ , and for x on x x xe the quad¬ 
ratic form i£ positive definite . 

By defining 

( 10 : 6 ) n(x,?|, {x,^ , 7 *) + /** (x,^, 7 *)# 

the Euler-Lagrange differential equations and transversal!ty 
conditions for the above defined accessory minimum problem can be 
written as 

(10:7) SjO,;. 0 , 

•kK 1 ? 1 " 

(10 :8) (r a 1 , 2 , ..., 2 n — p), 

Y y C* UJ.^Ua)] - 0 (V» 1,2, ..., p ), 

where a r 3 (a^, a*^) are 2 n-p linearly independent solutions 
of the equations 
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Without any loss of generality we may assume that the solutions 
a r are normed and mutually orthogonal. Consequently# the 2n* 2n 
matrix 




is orthogonal and we have therefore 


(10:9) 


«k*k * Xj X i - i Jt . 

4j4i * x) x\ - «ji- 

“pj a rl + Xj X “ °J1' 

•k*k* X) 


The non-aingularity of the matrix (10a 5) insures that the system 


V) - o» 7 •#/*)■ ^ 


has solutions 

-^« 7 T (*ol * £4 ( x , 7 ^ f ) 

which are linear in the variables ^# ^ and with coefficients which 
are continuous functions of x on x x xa. Consequently# the differ¬ 
ential equations (10:7) take the canonical form 

^ -c4j 1 (x) ^ J - 7 Jt 

The coefficients of (10:10) are continueus# the matrioes llcX^II # 

II 0 1 jH are aymmetric# and Wcfi^W rank » •» on the interval 
x*x a . The boundary value problem consisting of (10:10) and the 
linear boundary conditions (10:8) has been shown to be self-adjoint 
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([5]#[6]) under the transformation matrix 


T « 


'ij 

X U 


°U 


The corresponding matrix S is therefore 



°ij 

°U 

°U 


which is symmetric since the matrix IIA^jll is symmetric. Con¬ 
ditions (H^) and (H 2 ) of the definition of definitely self-adjoint 
problems are thus satisfied for the system (10:10), (10:8). 

Consider again the boundary conditions (10:8). By a 
property of quadratic forms ([2], pp. 11-12) this system can be 
written as 

(10*11) + ^ “ °» 

Ct (*x)» 7(x»)] * 0 (V»l,...,p»r= l,2,...,2n- p). 

It is seen that the above boundary conditions are of the same form 
as those in the system (3:1) for the sets tj ^ but the matrices 
M(^\), N(X) are now 2n-dimensional. Ve will now transform these 
boundary conditions to a more convenient form. Multiply the matrix 
of coefficients of the equation (10:11) on the left by the non- 
singular matrix 


I r. 

K»v y ] 

°r. 

*rv 


(y ,v »1,2, 


,p*r,s* l,...,2n-p). 


( 10 : 12 ) 
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In (10:12) It Is to be understood that A) [& r i is the bilinear 
expression £VyJ + ^ [a^ Vyi • Then we obtain for the 

matrices M( X) and N(A) the following expressions# in whioh it is 
to be understood that i# r# and V are row indices and J# a# and v 
are column Indices# and the range of these indices are as indicated 
previously* 


M( \) =» 


J tv V v lVvj 


c ’7 


-*3 

°rj 


N( \) 


M + tv YJYvj 


-r/ 


**3 


y 3 


The transformation (10:12) obviously does not change the homo¬ 
geneous boundary conditions (10:11). 

An application of equations (2:2) and (4:2) give us ex<- 
pressions for P( X) and Q( X) as follows: 


HX ) « 


Si 

% t [a a l [ V V,1Y* 




Vv> 


» 


<4( \) 


“81 


^U,] - A^La a ] +A* [.,»V r ]v; ; 


w iv 




11 th the help of equations (10:9) we oan determine the 
matrioes M # , M # # F 1 , independent of Ain suoh a way that the 
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matrices (2il) are reciprocals. They can be chosen having the follow¬ 
ing form 


°ls 


» Q* - 

°ls 

y* 

1 

*.l 

-V;,C¥j 


a 

a si 


1 

-a 

rj 

°*J 

, K*« 

a 

°rj 

FjM _ Vyj 



Vrj 


A rather lengthy computation and use of equations (10:9) yield for 
the matrix of coefficients (6:1) of the form Q for this special 
problem the matrix 


a rl^ [a r»*a la aj 

°i 3 

a^ta^a^a^ 

°U 

°U 

°U 

°13 

°li 


°U 

4l^Ca r ja B ]a* j 

°U 

°1J 

°U 

°U 

°13 


where M « % [a B »a r ] » + aJi^ la te 8 ]. The 

matrix (10:13) la seen to be symmetric: that ls> hypothesis (H,) 
of the definition of definite self-adjointness is satisfied. 

Corresponding to arbitrary values ^(xi.), 7i(*a) the 
equations 


^ l(*x) - °r a rl + dyY 

Tit**) ■ c r*£l + 


have the unique solution 
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° r = + 4i7l (Xa) » 

dy «* Yyi iJiUi) +Yw V i(*») (V- l,...,p» 

' r - l,2,...,2n-p). 

In particular* for a terminally admissible arc the constants d y 

are zero. For general sets ^(xj) * ^(xj)* 7i(*«) # ?i(x a ) 

the form Q of (H 3 ) for this problem turns out to be the quadratic 

form 2$ with the corresponding arguments Q r fi£i* c r aj i# As 

Vyy + Y r j «£j - 0 (V- 1.....P, r- l,2,...,2n-p), 

hypothesis (IV) is seen to imply condition (E 4 ) for this boundary 

value problem. Finally* the above hypothesis (III) may be shown 

to be equivalent to the condition that there is no characteristic 

solution ^* ^ ^ of this boundary value problem for which ± * 0 

on x x x a (see* for example Bliss [3], p. 48). Consequently 

hypothesis (H^) is also satisfied and the above defined accessory 

boundary value problem has been shown to be definitely self-adjoint 

according to the definition of Section 5. 

The above hypotheses on the boundary value problem con¬ 
sidered in this section are more special than those of Reid [6]* 
in that we have assumed the poaitiveness of the quadratic form 
Q[y (a) * >1 (b)] and the positive definiteness of T^jKij *Jy On 
the other hand* in another sense our conditions are weaker in that 
we have only assumed the non-singularity of the matrix (10s5)* 

whereas the hypotheses of Reid imply that U) v V, (x) tT. > 0 

6 ij i i 

for all sets (TTj) 4 (Oj) satisfying (x)TTj ■ 0 

( * 1# *••* s)• 
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APPLICATIONS OP THE COVARIANT DERIVATIVE OP CARTAN 


IN THE CALCULUS OF VARIATIONS 


Introduction * The purpose of this paper Is to express In 
tensor form the criteria for a minimizing arc for a parametric 
problem of the calculus of variations with fixed end-points* The 
problem to be considered is in the n-dimensional space of points 
y a (y^, . *., y* 1 ) and in the form developed by Wren C8]*. It is 
that of finding in a class of admissible arcs one which minimizes 
an integral of the form 


I » [ [ZgCy 1 , 3 d , y 1 '*..., yH'M^dt « f [2g(y,y»)J 1//2 dt, 

J t x 'ti 

the function g(y,y») being positively homogeneous of order two in 
the variables y 1 • 

For a tensor treatment of functions which involve derivativ¬ 
es it is desirable to have a definition of an absolute differential 
and of related covariant derivatives. Several different covariant 
derivatives have been suggested in the literature, notably those of 
Ricci [1] for Riemannian spaces, and of Taylor [6j, Berwald [7], 
and Cartan [9] for Pinsler spaces [4]• Of these that of Cartan has 
been chosen for use in this paper since it includes the others as 
special cases and seems to be the most general* 

In Section 1 a formulation of Wren f s problem is given* The 

l/o 

condition is imposed that the integrand function (2g) ' be greater 


« 

Numbers in square brackets refer to the bibliography at 
the end of the paper* 
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than zero in a certain region R of yy*-space, but a proof is pre¬ 
sented to show that this is not a real restriction, at least when 
R is a restricted neighborhood of a given curve C. 

In the next two sections the fundamental tensors to be 
employed are introduced and properties characterizing the absolute 
differential of Cartan are given. These properties differ somewhat 
from those which Cartan himself gave. He developed his differ¬ 
ential primarily for the study of Finsler spaces. In the present 
paper the definition is related more directly to problems of the 
calculus of variations. 

In Section 4 Wren*s first variation and his Euler differ¬ 
ential equations have been transformed to a tensor form involving 
Cartan’s covariant derivative. There, as in Sections 6 and 7 
where the second variation and the Jacobi differential equations 
are discussed, the results agree with those of Householder fio] 
for the variable end-point problem. Section 5 deals with the in¬ 
variant properties of the Weierstrass E-function and the Legendre 
quadratic form* In Section 8 we have found the transformation 
formula for the determinant whose zeros determine the conjugate 
points of the minimizing arc. Finally in Section 9 the tensor 
properties of the derivatives of the Hamiltonian function are 
presented, and the canonical differential equations are expressed 
in terms of covariant derivatives. 

Throughout the paper the summation convention of tensor 
analysis has been freely used, namely, that in a product a re¬ 


peated index indicates a summation. For example, £ .y* stands 

■n * 


for 


^y 1 . 
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1. The Integral function and Its properties, * We first 
present a well-known form of the parametric problem of the calculus 
of variations with fixed end-points* The integrand considered in 
n-dimensional space is 

(lil) I » f "fty 1 , .... y^.y 1 ’, •••» f *f(y,y')dt 

Jt x J t x 

and the arcs C along which it is to be evaluated are defined by 

functions of the form 

(1:2) y^(t) (t^ a t » tel 1 = 1,.•.,n)• 

We suppose that there is a region R in the 2n-dimensional 
space of points (y,y ! ) with the following properties: 

(a) y* 1 ^ 1 4 0 at all points (y,y*) In R, 

(b) if (y,y‘) is in R then (y,ky») is also in R for every k > 0, 

(c) f(y,y') satisfies the homogeneity relation f(y,ky») * kf(y,y*) 
for every k > 0 and (y,y*) in R, 

(d) f(y,y*) has continuous partial derivatives of at least the 
fourth order in R, 

(e) f(y,y») > 0 for (y,y*) in R, 

(f) the matrix II 3®f/3 y* 1 c> yJ 1 11 is of rank n-1 for (y,y*) in R* 
This last requirement makes the calculus of variations problem to 
be considered non-singular in R* 

All elements (y*y') interior to R will be termed admissible 
elements ♦ An arc defined by (1:2) will be said to be regular if 
the functions y^(t) possess continuous derivatives y^ 1 not vanishing 
simultaneously on the t-interval belonging to the arc# An admissible 
arc is one whose elements (y,y*) are admissible and whloh is con¬ 
tinuous and made up of a finite number of regular aub-aros on the 
interval tit** 




4 STOKESs COVARIANT DERIVATIVE OF CARTAN (146) 

The problem la that of finding In the olaas of admissible 
arcs joining two given fixed points 1 and 2 in the n-dimenaional 
apace of points y = (y 1 , ...» y 31 ) one which minimizes the integral 
( 1 : 1 ). 

We now transform this problem to the one studied by Wren 
L8] by expressing the integrand in terms of the function g(y#y ! ) 
defined by the equation 

2g(y,y») = f*(y#y 1 )# 

so that the integral ( 1 : 1 ; becomes 

(1:3) I * f f^gty^Ml^dt. 

J t x 

The function g(y,y f ) will possess in R all the properties of 
f(y*y') with the exception that (c) and (f) are now, respectively, 
equivalent to 

(o 1 ) g(y#‘ky») ■ k*g(y,yt) for every k > 0 , 

(f 1 ) I ?g/ay 1 * ^yJ'l / o in r, 

The last statement can be verified easily by means of the defini¬ 
tion of g(y,y')» the homogeneity property of f(y,y 1 )# and well- 
known matrix theory* 

We list here some of the consequences of property (o f ) 
which will be of use in the study which follows [ 8 , p. 168}i 

61 /' - 2 g, » 0 * 

(ls4) gijyJ 1 - 61 * g iyk yi ' " 2 6 yk* 

- 2g, g i Jy ky J ' - 8lyk’ 

where 


s* ■ * 1 / * y 1 ' 


* 9g/ ^y*' 2yJ' 


* *&/ fy* 
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These notations will be used throughout the paper* 

The condition (e) that f(y,y ! ) > 0 In R Is not a real re¬ 
striction upon the nature of the calculus of variations problem 
described above, at least when the region R is a restricted neigh¬ 
borhood of a given curve C of class C v [2, p. 13]. For suppose 
f(y,y») not always positive on the arc C but that R and f other¬ 
wise satisfy the conditions (a) - (f). As will be shown below, 
there exists a function j*(y), having continuous fifth derivatives, 
whose derivative d i*/dt will be positive along the given arc C and 
in a restricted neighborhood of the elements (y,y») on C* The 
integrand f(y,y') may then be replaced in the integral I of 
equation (lsl) by F(y,y*) = f(y,y') + k 8 d y>/dt, which for a suf¬ 
ficiently large value of k will be positive along C since d )°/dt 
is positive on C. This function F(y,y») satisfies all the proper¬ 
ties (a) - (f) in a neighborhood R of the elements (y,y*) on C> 
as one may readily verify. Moreover, such a change of integrand 
function does not affect the extremals for I, since the Euler 
differential equations are identically zero for a derivative func- 
tlon d//dt[2, p. 163]. 

We now proceed to prove the existence of the function ^(y). 
Suppose that the arc C joining the points 1 and 2 is defined by 
functions 

) (1 ■ l,...*n) 

of class C\ where ^ is the length of arc measured along C from 
the point 1* Suppose further that C does not intersect itself be¬ 
tween the points 1 and 2 which correspond to ^ ■ 0 and ^ 
respectively* The derivatives y 11 (^ ) are the components of the 
vector tangent to C* Let 
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Vn_ x (t) U - 1* n) 

be the components of class C v of n-1 vectors which with the tan¬ 
gent vector form a set of n mutually orthogonal vectors at the 
point ^ on the curve# so that the determinant 

T 1 '^) Vi l (f> .*• 

(1:5) ••• . 

^•(J) vx n (}) ••• 

is different from zero on the aro C* The equations 

(1:6) y* - y*(^) ♦ ( 1=8 !#•••#»! J*l#...#n-1) 

define a transformation of coordinates from (y 1 , • »», y 11 ) to 

18 a PP aront that t0 evel T set (^,"5) 
there corresponds one set (y). 

Let us consider the solution of these equations for and 
the terms of the y^a. We know that there is one set of 

solutions 

(y^# •••# y* Iy^(^)» •••# •••» o] 

belonging to the aro C. Moreover, no two distinct solutions of 
this set can have the same projection in the y-spaoe, since by 
hypothesis the ourve does not intersect itself. In addition, the 
fact that the functional determinant of equations (1:6) with respect 
to ^ %9 •••* 'Tn-x ia *ero on the solutions 

given above follows from the non-vanishing of the determinant (1:5) 
Therefore, by implioit function theory [3, pp* 8-11] the equations 
(1:6) have unique solutions in a restricted neighborhood of the 
curve C and we may write 
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fly 1 , .... y“j - j*(y) 

U«7) 0 , 

^ily > • • • * y 11 ) (i a !»••• n-i)• 

These functions will be of class at least C v if the arc C is of 
class C\ 

Now in the apace, the curve C becomes the segment 

O'Ja on the ^ -axis, and we know that along this segment ^ it¬ 
self Increases monotonically from 0 to Therefore ^(y) is 

a function whose derivative is positive along C and, by continuity, 
at least in a small neighborhood of the elements (y,y») on C. 

2. Fundamental tensors . The type of transformation of 
coordinates which Is to be considered In this paper is defined by 
equations 

(2;1) y 1 = y^y 1 , ...» y“) (i = 1, ...» n) 

where y * (y"* - , y 1 ^) is the set of new coordinates. It is 

y 

supposed that the equations (2;1) are of class C in the projec¬ 
tion S in y-space of the region R, and that they define with equa¬ 
tions 

(2:2) y 3 - 1 » y k *c3yVdyk 

a one to one correspondence between the region R and a region If 
of points (y,y*)* Furthermore we assume that the determinant 
l^yV<3yk| is different from zero in R. According to well-known 
implicit function theory the inverse of the transformation (2:1), 
namely, 


y 1 ® y 1 (y l » •••* 


(i 3 1, • • •, n) 
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is then also of class C v in ff. 

Sets of values Y*# Y^ associated with the point y whioh 
are transformed into seta Y 1 , Y^ at the point y by the transfor¬ 
mations 

(2:3) 7 1 = \ = 

are called# respectively# contravariant and covariant tensors of 
rank one. It follows readily by differentiating (2:1) that the 
derivatives y^- 1 associated with a curve y*(t) satisfy (2:2) and 
are the components of a contravariant tensor. 

We assume that the function g(y#y’) is an invariant so that 
by definition 

g(y.y') = g(y*y'). 

It then follows by differentiating this equation that g^, g^# 
and ***9 the components of covariant tensors of ranks one, 

two# and three, respectively. We define glJ to be the element 
corresponding to g^ in the reciprocal of the determinant Ig^jl# 
so that g^g lk a S k J where § k 3 is 1 if j =» k and 0 if j 4 k. 

Then g 1 ^ is also a tensor of rank 2 [5, p. 43]. The tensors gjj 
and g*J are often used for lowering and raising indices. The 
tensors JQ ^ and A = g^ji? ^ are called corresponding contravariant 
and covariant tensors. 

We call attention to the fact that g . is not a tensor# 

y* 

as is seen from the formula 

a 8 y r^y r / <? y k + gg^y 8 '/-^ 

- g yr <?yV^y* + g 8 ( aVA^yVayVayr. 
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As usual we define the length of a vector of components 
Y* to be (g^Y*^)^ 2 , and the cosine of the angle 9 between the 
vectors of components Y* and X^ to be 

ooa • = g lj X 1 li/(g llk X b X k ) l/2 (gr«^ !, ) l/2 - 

From the definition of vector length just given it follows that 
the numbers 

(2:4) a 1 - ^'/(g^y* V) 1 / 2 « 

are the components of a contravariant unit vector in the direction 
defined by the y^ 1 , and that the numbers 

(2:5) i JL « gijy J, /(g hk y h, y k, ) x ^ 2 = 

are the components of the corresponding covariant vector. Moreover 
j2 1 / 1 * gij^'y^'/2g » i. 

3. The absolute differential of Cartan . The following 
postulates, somewhat different from those of Cartan [9, p. 10], 
are sufficient to define his absolute differential for which the 
symbol D will be used below. 

(A) The absolute differential of an invariant is the 
ordinary differential* 

(B) DY* is a function of the variables y, y», dy, dy*, Y, 
dY, linear in Y and dY so that 

ltfoY 1 ) = CDY 1 , DU 1 + Z 1 ) « DY 1 + DZ 1 . 

From this property it follows that the elements DY 1 have the form 

DY 1 « dY k + C^Y fc . 
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(C) BX^ haa similar properties relative to and dX^, so 

that 

“i - if + b £v 

(D) For all outer and inner products of tensors the usual 
distributive law of the calculus holds, for example 

DttjY 1 ) = XjDY 3, ♦ Y i DX 1 . 

If Y 3, is the tensor whose components in y-space are & * for a 
fixed j, it follows from the fact that D(Xj L Y 3 ’) = dlX^Y 1 ) that the 
matrices and are the identity matrices and the equations 

- «1 - c k' 

DY 1 = dY 1 + Cp* 


are valid# 

(E) The elements of DY 3, are polynomials In dy 3 * and dy 3 * 1 sad 
are linear and homogeneous of order one in these arguments. It 
then follows that we may write 


(3:1) 


BY 1 = dY 1 + Y^T^dy^ + 

“i » + C A 


(F) g^jY^zJ Is constant when DY 1 = DZ 1 
(0) C ljh ’ C Jlh* 

From the property (F) It follows that 


dy*'), 

dy*'). 


= 0 . 


dfg^YM) a Y^dg^ + g^dY 1 + gj^dZ^ = 0 
when DY^ - = l&J » 0, so that from (3:1) 



(153) 


THE ABSOLUTE DIFFERENTIAL OF CARTAN 


11 


= iJh + T Jlh ,djl1 + (Cl J h + C JlU )dyh '' 

and hence 


(3s 2) 

Then from property 


StJ 7*“ + ^ Jlh’ 

g ljh = C 1JL + C Jlh* 

(G) we have 


(3s3) C ljh ■ 5 

and therefore is symmetric In all three Indices# 

It follows now from equations (1:4) that c 0 8111(1 

hence from (3:1) that Dy 1 * 1 takes the form 

(3:4) Dy 1 ' = dy 1 ' + y^F^d^. 


With the aid of this equation the equations (3:1) may be written 
in the form 


DY 1 = dY 1 + y k (T’* lc 1 h dy h + C^Dy* 1 *), 

«i - «i - + 


where 

(3:6) 


r* k a f k - c k ^r r . 

1 i h 1 1 h i r* ' m n 


The final property assumed for the absolute differential is 
the further symmetry property 


«r“-r * 1 


# i 

k h “ 1 lik' 

From these postulates we may find, with Cartan [9, pp. 14- 
16], the following values of the coefficients and T"* # j 
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IV" fin,* 

(3,7) * 

T ir j>> a rifjVi* c irhi« 3 S V 3 * " c kjr 3 ° r / a 3^' “ c jhr a ® r / <? 

whore 

^Jh * ^Jy 11 + 8 jhy k - ^yj^ 2 ’ 

Q «n = " V >/2 * 

As we shall see later, the Euler differential equations of Wren 
take the form 

^/dt - gji « g^y 3 " ♦ g ly 3 y 3 ' - gyi - 0. 

By means of the value of G m given above these equations become 

Sij* 3 " + »i * °» 

which, upon contraction with g 111 , are seen to he equivalent to 

y k “ + 20 k = 0. 


We also make note of Cartan«s equation X f9, p. 16] which 
will be of use to us later 


(3:8) 


- 3oV<Jy 3 '. 


The first member of this equation is equal to y^T^ j* as nay 
readily be verified by means of the relations (1:4). 

A most important result of the above definition is the 
fact that the absolute differential of a oovariant or of a contra- 
variant tensor is itself a tensor of the same kind* This can be 
shown by a transformation of coordinates of the kind described in 
Section 2. The proof is too long to be reproduced here in detail. 
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so that wo shall give only the main steps in the argument# 

Suppose that a bar over a function indicates that the 
arguments are y and y 1 . le wish to prove that US 4 = mr^yV^y*' . 
Let us consider the lavs of transformation of the elements of 

(3s9) 52 * - <# + 

Differentiating the expression for Y* in equation (2:3) we find 
that 

(3:10) d!? 1 ■ dY^<? y */d j* + Y*" dy^ y* . 

Since yk 1 is a contravariant tensor, dy* 1 * transforms by the same 
formula (3:10). The coefficient is a mixed tensor since it 

is the inner product of the tensor g 3 *^ by the tensor 0^^, a* 1 ** 
dy* 1 is also a tensor. Furthermore we find after a somewhat extend- 
ed computation that the elements of J ^ ^ transform as follows: 

ff r ■ ( 1 / 2 ) tg A Jte y «'dl^/3 f f 

+ g pa . y^'(9yfy^? :, )(<?y 8 /<?y <r )(<?y‘7<?y s ) - Sy*^yV<?y p l» 
a**/<?y^ 1 * c K ^ |P Oo ,, /3y l ' , )(<?yV^ y^tdyV^^M 
+ 0 ^ y K /5 3 ^)( B yV 3 y il )( 3 j a '/dji), 

/ kJh * >j ( y J n* yV^y* 1 ) 

+ g m ( d yVa y^) (<3 *yV<3 y k <? y* 1 ) 

+ c [(3 yV^y^Hd yV-? y^)( 9 y*> /<3 y* 1 ) 

+ ( 3 y^'/.JyfcH <3 y’’/.? y^)(3 yV^y* 1 ) 

- ( <Jy*/<? y * 1 )( 9 i^'/d y^)(^ yV<* y* 1 )]. 
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Then an applloation of these equations (3}11) and the statements 
preceding them to the first of equations (3:7) shows that 

r k\r r * V * 7 ' 7 ‘ a ^ ( * 779 ^ ( 3 ‘ 3 ^ : v* f*?* * yV'yO 

(3*12) ^ _w 

+ c/; 

Finally, with the aid of the above laws of transformation, we see 
that 

=> (3 ?/d y'*) [dY^ + Y ” ( dy n + c/^ dy’’')], 

which proves the tensor property. By these same formulas it also 
follows that “i is a covariant tensor. 

The definition of the absolute differential can be extend¬ 
ed so that it will apply to tensors of higher order than the first. 
In order to make this extension let us first consider the special 
covariant tensor T i j a XjYj# Then postulate (D) and equations 
(3:1) we have 

ra u = 

" + x J*i ' x ^ r i\^ * 

(3:13) ’ WjV 1 ’ - WiV 7 *' 

" ®u - T ik r j k h dyh - T kj r iV - 

- ViV 7 *’- 

This will be taken as the definition of DT^j for an arbitrary 
tensor V It can readily be shown to be itself a covariant 
tensor of the second rank. In the same way we find that if 
a X,yJ then 
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V - dT i J - + T i kr k J h ^ 

- V c iV^ • T iVh 

and for a tensor T*J 

w4J - dT 1 ^ + ^ + T^Tjj^ dy 11 ' 

(3 ‘ 143 + T ik C k J h dy 11 ' + T kJ C k 1 h dy* 1 '. 

Proceeding in this way we may find the form for the absolute dif¬ 
ferential of any tensor T Sl ' # * Se and the result will be a tensor 

r x••*r m 

of the same kind* 

An Immediate result of equations (3:2) and (3:13) is that 


(3:15) 


Dg. 


1J 


0 


and similarly, with the aid of the equation 


g 1J g. 


■jk 


(3:16) 


DgiJ = 0. 


S 


1 

k' 


4* ^*1° first variation and the Buler differential equations * 
In constructing the first and second variations Wren [8, p. 168] 
considers the one-parameter family of curves 

(4:1) y^t,*) - y^t) + a>j 1 (t) (t x £ t < t*» i « 1, ***f n), 

where the ?j*(t) are a set of admissible variations satisfying the 
conditions 

y) *(t) of class D 1 for t x ^ t < t a , 

^(ti) =>) 1 (t a ) - 0. 

The family contains the curve C defined by functions (1:2) when 
a = 0. The ^ * are the components of a contravariant tensor since 
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y) 1 ■ ^[^(tia)]/^, ^yV^a* ( <? y 1 / <J y^) ( <3 y */£ *) 

and hence 

>7 1 (t) ■ *)* <* y 1 / & y* 

The first variation as found hy Wren is 
(4:2) 1 1 (0) = + S 1 ') i, )(2g)’ l/2 dt. 

8 ince the derivative of an invariant is an invariant# it is clear 

that the integrand function, which is the partial derivative of 
l/2 

(2g) 7 with respect to a, is an invariant• However, we may ex¬ 
press this integrand in terms of tensors in such a way that from 
its very form its invariance is at once apparent. This we proceed 
to do. 

With the aid of the homogeneity relations (1:4) the ex¬ 
pression for F* in equation (3:7) provides the relationship 

(4:3) WT’ M - V . 

How if in the integrand function we substitute this expression for 
6 y 1 together with the expression for tf found in the equation 

D >j 1 /dt * ^ 1 ' + ^ kr Vh jh ' + > ) kc k 1 h D ’ h,/<it 
we find that 

V*! 1 + SjlO 1 ' » ^T *^ 1 ♦ giDhVdt 

• - ginV^'/dt. 

By means of equations (1:4), (3:3) and property (H) we derive the 
relationships 



(159) THE FIRST VARIATION AND EULER DIFFERENTIAL EQUATION 


17 


14,41 Wh - - 0 - 

Substituting from the last three equations in (4:2) and using 

relation (2*5) we deduce easily 

THEOREM 4:1. The Integral 

rt® j/g 

I (ft) * / [2g(y + a *) , y* + a T ')] dt 


has for its first derivative at a * 0 the form 


I'(0) » y t *i 1 (D^/dtJdt 


where the £ 4 are the covariant components of the unit vector tan¬ 


gent to the curve C. 

The Euler equations of Wren are [8, p. 1691 

(4:6) Pi ■ d[gi(2g)”^ 2 ]/dt - gyi(2g)- 1 / 2 « 0 (1-1, .... n), 

or when the parameter is so specialized that (2g)^ 2 - 1 

dg^/dt * Ryj[ - o (i ■ 1| n)# 

Taking the absolute derivative of g i (2g)~*/ 2 * JL ^ with respeot to 
t we have, from equations (3:5; and (4:4), 

D ^j/dt a d £ ± /dt - • 

This together with equation (4:3) gives 

THEOREM 4:2. The Euler differential equations 

h * - 6 ^(28) -V* .o (i.i.. 


for the int 


(1:3), are ldentlaal with the 
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d * 0 (1 =* 1, • •», n) 

and hence the P^ are the components of a oovarlant tensor * 

There is a second form for the Pj[ displayed by Wren 
|8, p. 171|, namely, 

(4t8) P* ■ (Sggjj - gjgjJQ^Sg)" 3 / 2 

where 

a 1 ■ y 1 " + {jk.i} y^'y*'. 

This form, though different In appearance, is exactly the same as 
T)Ji l/dt, as we shall now show, Wren*s symbol {jk,i} has the same 
value as our y j 1 ^, and when T ^^y^ , y* c ' is found from equation 
(3:7) it is seen to be just y • Hence equation(3*4) 

shows that 

(4:9) ^ » Dy3*/dt, 

By means of equation (2:5) and postulate (A) it is readily verified 
that 

(4:10) D-tfj/dt « (2g)* 1 / 2 Dg jL /dt - g 1 (2g)“ 5 / 2 dg/dt. 

But from equations (1:4) 2g * g^yJ* and bence 
2dg/dt « gjDyJ'/dt + yJ'Dgj/dt* 

Moreover, since by (1:4) g^^ * g^y^ 1 , it follows with the aid of 
equation (3:15) that 

Dgj/dt » g^DyJ'/dt. 

Substituting these last two results in equation (4:10) we see that 
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D^/dt® Ugg^ - gjgjMSgJ-S/^DyJVdt 

which by equation (4;9) is the same as (4s8). 

We note hero for future use the fact that equations (4:7) 
are equivalent to 

(4:11) DiVdt = 0 

since &j = g A j JL^ and Dg^/dt = 0. 

5. The Welerstrass E- function and Legendre*a quadratic 
form * The E-function and the quadratic form as given by Wren 
(8, p. 174] are 

(5:1) E(y,y',Y') = [2g(y,y')] x / 2 - [gity.y')? 1 ') [2g(y,y')]" l/2 , 

a(y»y , »t) = gijty.y ')^ 1 f^^(y.y ')]* 1 ^ 2 

(5:2) 

- [gj^y.y'J^l'tegfyjy')]” 3 ' 2 . 

The Welerstrass E-function is evidently an invariant if the yl 1 
are the components of a contravariant tensor and they may be so 
taken since they define a direction. The ^ in Vi^y**^) are 
variations like the ^ * and hence may also be considered as the 
components of a contravariant tensor. We state the result as 

THEOREM 5:1. The functions E(yjy*,Y*) and ft(y,y* , J ) de ¬ 
fined by equations (5:1) and (5:2) are Invariants when the functions 
yl 1 and ^ 1 are the components of contravariant tensors of rank one . 

6. The second variation . According to Wren [8, p. 169] 
the second variation has the form 

* [ *t2oJ(2g)" 1//2 - (gj*? 1 + gjT 1, )*(2g)" 3 / 2 ]dt 


I"(0) 
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where 

(6:1) 2«> - gylyj’) 1 ’) 3 + 2giyJ + Sij »7 1 ' n • 

Along an extremal where equations (4:6) are satisfied I*(Q) 
becomes 

(6:2) I*(0) = f ‘(Z^ - (£ 1 «7 1 )'*](2g)“ 1 / 2 dt. 

J tj. 

We now propose to reduce the expression for 2 ^ to one in¬ 
volving tensors so that, as is the case with its invariance 

will be at once obvious from its form. The first step in the 
somewhat long reduction will be that of replacing the ** .where 
they occur in 2 a) by expressions obtained for them by means of the 
equations 

1 /dt = *) *•' + ">) + ’? k °k 1 h l D 5 h V dt * 

Now along an extremal arc Eia where D£ h /dt = 0, the last term 
drops out since then 

d£ h /dt = Dry h, (2g)‘* 1 ^ 2 ]/dt = (Dy h, /<it)(2g)* 1 / 2 + y hl d(2g)"* 1 / 2 /dt » 0 

in which we have used the fact that the absolute derivative of an 
invariant is equal to the ordinary derivative. Hence by (3:3) and 
the homogeneity property (1:4) it follows from the last equation 
that along an extremal C^^Dy^Vdt * 0 and we may write 

(6:3) D^Vdt - >,*' ♦ ^ry^’. 

Substituting the value of 11 from this equation in (6:1) we obtain 

2 “- *?SVyJ - 2 «M r *iV' + yr 1 

(6:4) + 2(DoVdt) - Birry^') 

+ gjjtDvjVdtMD^Vdt), 
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where the last term is an invariant and will be retained in its 
present form in the final result. 

Our next step is to replace the term in (D>)^/dt)^^ by a 
derivative of a term with respect to t plus terms in >) An 

expression for in terms of the functions V can be deduced 
from (3:2) multiplied by yl 1 and summed, (3:5), (3:3), and (1:4). 
The value so obtained is 


(6.5) Sl J J-j"'( T ’*»lJ*r* 11 , ) >. 

It follows from this, because by postulate (H) 

and from (6:3) that the second row in the expression (6:4) divided 
by (2g)!/ 2 has the value 


2(D^Vdt)/7 Vr* lmj (2g)" 1 / 2 

- 2^1't vr* lmj (2g)-i/2 + 2 n ^j 7 m T* lin;) r\ 1 h 5 h, ( 2 8)- 1/2 

- Vr* ljaJ ( 2 g)-l/ 2 ]/dt- 1 1 > 1 J d[5 m, r* llnJ (2g)- 1 / 2 ]/dt 

+ 2 0 ^j yffi . r . i ^ r Y ii 3 l 1 . ( 2 gr l/ 2 . 

If we insert this expression for the second row in (6:4) and modify 
the notation for the quadratic form in 1*) J so that its coef¬ 
ficients are symmetric, then (6:4) divided by (2g)*/ 2 takes the 
form indicated in the following theorem: 

THEOREM 6:1. The quadratic form 2u)(2g)~ 1 / 2 in the inte ¬ 
grand function of the second variation may be written in the form 

2uJ(2g)- 1 / 2 » [g^D^/dtHD^ J/dt) - ^ 1 >,JR lj ](2g)- 1 /2 
( 6 : 6 ) 

+ d[rj l-T) •'s m 'r # lm j(2g)“ 1 / 2 ]/dt 


where 
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R ij “ g ylyJ “ g kyJ " 8 kyl T ' # j k: ll5 h, 

( 6S7 ) ♦ * 7“' r^rV/’ 

+ 5“ , ^V r *iV' - (2g) 1/2 <ir/ ,, r # lmJ (2 g )- 1 / 2 ]/<it 

la a tensor * 

The proof haa already been made except for the statement 
that R^j is a tensor# In order to prove this we show flrat that 
the laat term In (6:6) is an invariant. Since y^tt^a) * y*(t) 

+ a^*(t) we 8ee that 

*) k /ds) ■ g km j“‘C 9 'jVa »+r) 1 r # 1 k j( a yVa B) + ^ 1 C 1 lC j(^yJ , /a a)] 

the last value being due to the fact that 9 r) k /d a *= 0 and O* 

Hence the last term In (6:6) Is an invariant, and as a result 
7) 1 niR i j Is also. To prove that R^j is a tensor we apply a trans¬ 
formation (2:1) and find 

5 ’ 1? > Jff iJ * ’V'V R */5 

■ d-f/d'j-)(d yfy<?yl)R . 

This is an identity for arbitrary elements r) and hence, because 
of the symmetry of R^, 

“ R 9 yV * y 1 )( 3 yi) 

which shows that R^j is a covariant tensor of rank two# This 
concludes the proof of the theorem. 

As a corollary to Theorem (6:1) we have 
THEOREM 6:2. The second variation 

I“(0) « f^lZu) - (.£ l »> 1 ) , “l(2g)-l/ 2 clt 
J t. 
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may be written In the form 

I"(0) " ijtt’lVdtMDotydt) 

- >) 1 '»)iR 1 j - (^ i »7 1 ) ,8 ](2g)“ 1 / 2 <lt. 


(6t8) 


This follows at once from (6:2) and ( 6 : 6 ) because 

* ( 

imj 


f *[d(o r* lm1 (28) -1 ^ 2 )/4t]dt« (2g)” 1 / 2 |% 0 

J t. lm J iml Ibl 


since >) 1 (ij) ■ *7 1 (t«) ■* 0 . 


It is interesting to note that the tensor Rjj is closely 
related to the tensor R h1ln j of Cartan [9, p. 36, XIX). In order to 
show this we shall express the elements of R^j in ( 6 : 7 ) in terms 
of the functions P # and their derivatives so that the relationship 
will be apparent. Let us first consider the derivative 

dry" r\ 4 (2g)‘ 1/2 j/dt 

imj 

(6:9) = r # lBj dtl" , ( 8 g)" 1 /®l/« + l n '(Zs)~ l/z Udr\ mi /<?j e )jr' 

Now along the extremal arc E ia we have D S. m /dt ■ 0 . Therefore from 
(2:4), (3:5), and (1:4) It follows that 

dC^'tegri'Vdt - -y k 'r # k B h yh ’ (2grl/2 ' 

and after expanding the left hand member 

y“"(2g)-l/2 - .ykT* k B /'(2g)- l/2 - j“'d(2g)-l/2/dt. 

When we substitute from these last two equations the equation (6:9) 
becomes 
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d &“T* lnj <2s)- l/2 ]/dt 

(6:10) - (2 g )-i/2[-^'^T* m k hr* lkh + ^'^\dr\ hJ /3 y>) 

- 5“ , y h, (ar* lhj / ( ?^’)(3oV^3“ , )l 

If wa make use of (3:8) and the homogeneity of order zero of T" 1 * 

ImJ 

which follows from (3:7). 

Employing (6:10), (6;5), and the result of differentiating 
(4:3) with respect to yJ we are now able to rewrite the expression 
for Rjlj in (6:7) as 

y^y*' C 3 r * hml / * r i - ? ^’') ( 3 ° r / 3 y®') 

(6sll) -P* p*k . p* r #ki 

mkj 1 h + ikj m b* ’ 

Again applying (6:5) we see that 

a + r* mih ))/^y ;1 - g lyjyh 

Mid therefore the first term in (6:11) has the value 


( 6 : 12 ) 


ytt'yhyr +^ /dyJ) ■ y“'y 31 ' (d r ’* lBjh /^ 3^) 

■ "y“ , y h, ( ar *m lh / £? y J ) + 


Similarly the second term in (6:11) is 


(6:13) y«V(3r* lhj /<?y“) - - W <* y“) + g^y" 1 '. 

To modify the third term in (6:11) we differentiate (6:5) with 
respect to y rl and apply (3:8), then (3:6) and (3:2) ao that we 
have 


(6:14) yfc'or^/ay*) = 2c lkr (^o k /^yJ’) - ^'(^r^/^yX"). 
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Furthermore it can he verified by a differentiation with respect 
to y** 1 of the V* _ as found in equation (3:7) that 

?r # him /^7 r1 a (l/ 2 )(Shiry® * Simryk " ^hmry 1 ^ * 9tamrk^ ^/^y 1 ) 

- W aQk /**“ , > - %*<»*/**') 

+ c>,n,i r (‘ ? *Q k /‘ 3 ? ll<3 y rt ) * Cbii t ( **0 k /<?3“ , < ^ y ^, ) 

-c lBk ( a-Waylay*'). 

Now when we multiply by y m, y^ 1 and add and use the homogeneity of 
order minus one of this last equation gives us 

(6ti6) - 2c lpk oo k /aj® , )5“'. 

Finally by means of equations (6il2) to (6:16) we obtain in place 
of (6:11) 

Rij = -y h 'y“' [3r* Mm /ayJ - {dV*^/d?')Oo?/3 yJ') 

^ r# hij /,? J“ + 0 r# Mj /<?3r,)(<3Qr/<3 ’“ ,) 

4.T ,# r # ^ - T -1 * T # ^ 1 

+ 1 hkj 1 i m 1 ik y m h J ’ 

A comparison of this expression with Cartan*s equation XIX [9, p« 36] 
and a use of equations (3:3) and (1:4) give us the following theorem: 

THEOREM 6:3* The tensor Rjj of equation (6:7) when 
evaluated along an extremal arc Em is exactly 

^V’Rhiaj - - (2g)R 0 ioJ 

where R Mln j is Cart an 1 a tensor given by the formula 
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"M.J MP/aji') 

* < ar V '” r '»■ s <" 3 >■' I * r Vjf’V.-r'm TV, 

+ (^PV/» 7“^yJ - <3 V/<? yJ '<?y“ -(> V/J/^y*) ) 

+ V/T?y3 , <9y k, )(^O k /ay“ , )l 

7. The Jacobi differential equations ♦ In considering the 
Jacobi differential equations we suppose, as does Wren lB$ p. 175]# 
that the parameter t is so specialized that (2g)^/^ a 1* The 
second variation of equation ( 6 : 8 ) then takes the form 

(7*1) I“(0) - ^ fq^D^VdtHD/jVclfc) - - (g JL ») 1 )" e ]dt, 

since from equation (2i5) & ^ Is now the same aa g^. Introducing 
the notation 

2 /2* gijtD^VdtHD^tydt) _ -^l^Jj^ 

we see from equation ( 816 ) that 

(7:2) 2<*> * 2/1 + d(r> i ’7 J j“‘ r# i Bj )/dt. 

Since the Euler differential equations are identically zero when 
the integrand function is a derivative# it follows that the Euler 
differential equations for I B (0) in the form (7:1) are exactly the 
same as the equations 

Ji(*7 ) ■ d ^i*/dt - u)^ i - (gjv) 3)”^ * 0 
given by Wren [ 8 , p. 176] • 
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With the aid of equation (7:2) and the statement at the 
end of the last paragraph it is clear that 

(7:3) ^( 17 ) - dJl^/dt - i = 0. 

It can be easily verified by means of the definition of n and the 
equation (6:3) that 

-ftjii - gijCDfjVdt), 

(7 * 4) r’* ljh (DTVdt) - J . 

Obvious lyjQ.^t is a covariant tensor of rank one and we may take 
its covariant derivative. Using (3:5) and the fact that along an 
extremal with the parameter so ohosen that (Eg) 1 / 2 * 1 

Dj^Vdt » Dy^Vdt * 0, 


we may write 

D/2 lt /dt - d/i^i/dt 

By means of postulate (D) and equations (3:15) and (7:4) it follows 
from the last equation that 

(7:6) di^i/dt « SijD 8 Vdt* + Vdt. 

Substituting from (7:5) and (7:4) in (7:3) we find the following 
result: 

THEOREM 7:1. The first members of the Jacobi equations of 
the problem of the calculus of variations in the form proposed by 
Wren are the elements of the tensor 

(7:6) ^( 77 ) “ gijDVjl/dt* + Rlj7 J - 

These equations satisfy along an extremal arc the relation 
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y^J^jq ) « 0 and are not independent , as Wren has shown [8,p. 179] • 
Wren has also shown [8, pp. 176-7] that all the solutions of the 
equations J^() * 0 satisfying the orthogonality condition *«0 
are solutions of the equations of Wren [8, p, 177] 

\ <>?)** = 0 

with Initial oondltlona * ■ (g* >i *)' “ 0 at t x . Th« funotlona 
Ki(») ) are the elemonta of the tenaor 

**(»>) « g^D^/dt* + R^J. 

8. The determinant A(t,t x ). The determinant A(t,t x ) 
whose zeros determine the points 3 conjugate to the initial point 
1 on the extremal are E X a has in Wren 1 a notation [8, p. 184] the 
form 


(t*t x ) 


u lk (t) v lk (t) y 5 - * (t) 0 

u lk (t!) T^tx) 0 ^'(t,) 


in which the matrices (u lk ), (v*k) consist of n-1 columns of 
solutions of the equations ) * 0. As Wren notes [8, p. 181] 

the columns may he made into orthogonal wolutions [8, p. 174] of 
J ± (>7 ) « 0 by subtracting from each suitable multiples of the last 
two columns. These orthogonal solutions of the Jacobi equations 
are functions which will be denoted by 




(i a l,*..,nj r a l,...,2n - 2 ). 


Since, as equation (7:6) shows, the left-hand members of the 
Jacobi equations are the components of a covariant tensor, it 
follows that if >) *, r fixed, is a solution of J-(^ ) « 0, its 
transform >) r « h r is a solution of the transformed 
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equation ) a 0. He rewrite 2 (t,tx) in the form 

>/y(t) ^’(t) 0 

0 /’(tx) 

If a transformation of variables (2;1) is made with V r m> ) F ^ c /^7^" 
and y k ' » y 4 '*? yV^y 1 * the transform 2 (t.tj) of the determinant 
(8:1) becomes 

^ 1 5y k /3y i y^yV^y 1 0 

' r 

(^ayVay^x o &'d?/d+)i 

whore the parenthesea with a aubacript 1 indicate that the quantity 
insido is to be evaluated at t = t X e It can easily be seen that 
Sttftx) ia the product of the determinant 

c’yV^y 1 o 

o (i?y k /jy 1 ) i 

by the determinant (8:1). When the determinant (8:2) is evaluated 
by the Laplace expansion we have the following result: 

THEOREM 7:1. The determinant 2 (t,t x ) whose zeros deter ¬ 
mine the points 3 conjugate to the initial point 1 on the extremal 
are Exs transforms by the law 

5(t,tx) = Jty.yHJty.yJ^Mt.tx) 

where J(y*y) is the Jacobian of the transformation y ■ y(y). 
Conse que ntly the transforms of the conjugate points for the problem 
in terms of the original variables y 1 are conjugate points for the 
iroblem in the transformed variables y*. 


( 8 : 2 ) 


( 8 : 1 ) 
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9. The canonical differential equations . For the discus¬ 
sion of the Hamilton-Jacobi theory Wren [8, p. 186] replaces the 
original variables y**, y^* 1 by canonical variables y^, in which 
the are defined for the region R by the equations 

(8*1) « 1 = g 1 (y#y l ). 

Since lgj,jl 4 0 these equations are solvable# at least locally# for 
the yl f as functions of yl ana z^ so that 

(8:2) y 11 * I^ty^z). 

The Hamilton funotion may be defined to be 

(8:3) H(y,z) - [8g(y,P)] l/2 . 

This differs unessentially from Wren^ definition. His function 
is this one minus unity. According to his formula [8, p, 187] 

( 8|4 ) H yi * - Syify**)/ 0 * H Zi a P*(y#z)/te. 

The canonical differential equations are then [8# p, 188] 

(8:5) j4' - H ai (y,z) - 0, zj + H yl (y,z) = 0, H(y,z) = 1. 

It la evident from equations (8s1) and (8:2) that z^ and 
P* are the components, respectively, of a covariant and a contra- 
variant tensor of rank one. Hence from (8:4) the H z ^ are the 
components of a contravariant unit tensor. As a result the left- 
hand members of the first set of equations (8:5) are the components 
of a contravariant tensor of rank one. A similar statement cannot 
be made immediately for the second set, since neither the *J(t) 
nor the are themselves the components of a tensor. However# 
their sum is a covariant tensor# as will nor be shown* 
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In order to see this we form the absolute derivative 
DSj/dt, the fundamental function being g = g(y,P). We have from 
equation (3s5) 

(8«6) D2j/dt « dZj/dt - z^n^^dyk/dt * ZfcC^ 

But since z^ = 6^(y#P) it follows from (4:4) that z^i^h a 0# 
Moreover, with P in place of y* 1 in the function g, we see from 
(1:4) that z fc * anci 1161100 Ration (8s6) becomes 

(8:7) Dz ± /dt = dz ± /dt - P J r* ljh P\ 

When equations (3:7) are multiplied by pJ and P 11 and summed it 
follows from the homogeneity properties (1:4) that 

(8:8) Dz t /dt « dz^dt - gyi(y,P). 

Hence we have the result: 

THEOREM 8:1. The left - hand members of the 2n +1 canonical 
dlfferentlal equations (8:5) of Wren may be expressed in the form 

T 1 ' “ H Zl (y,z), DSj/dt, H(y,z) * 

Si® flrat fa»o seta of n funotlona are the oomponenta , respectively , 
of a oontravarlant and a oovarlant tenaor . The laat function , 
H(y,z), la an Invariant, 
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INVARIANT MULTIPLE INTEGRALS IN THE CALCULUS OF VARIATIONS 


Introduction * The calculus of variations problem with 
which we are concerned is that of minimizing & multiple Integral 
of the form 


/ 


f(ti# •«•i t m i x # 


*••9 3^1 * i # ••• 


dt 


in a class of admissible n-dimensional spaces x « x(t)# for each 
of which the integral has a well defined value# and all of which 
pass through a fixed (n* 1)-dimensional bounding space L in tx- 
space* In this integral x* denotes the unknown function x*(t) 
and x* stands for the partial derivative of x 1 with respect to t a # 
while A is the region of integration in t-apace* 

The theory of fields and their associated invariant inte¬ 
grals for multiple integral problems have been studied from dif¬ 
ferent points of view by Bliss (I) 1 # Caratheodory (II) and Weyl 
(III)* In the paper by Bliss referred to here, he restricts him¬ 
self to double integral problems but# more recently# he has given 
a general definition of a field for the problem here studied* Dr* 
M* F. Smiley# while studying under Professor Bliss# obtained a set 
of conditions which every integrand of an invariant integral must 
satisfy# In this paper we show# by a method analogous to that 
used by Bliss (I)# that these same conditions on the integrand are 


Ionian numerals in parenthesis refer to the bibliography 
at the end of the paper* 
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sufficient to make an integral invariant. We then make a study 
of fields having associated with them invariant integrals of this 
general type. Solutions of certain systems of partial differential 
equations which arise in this study are found by a method suggest¬ 
ed by Hestenes. 

In the first section of this paper we formulate the problem 
in detail, express the Euler and Weierstrass necessary conditions, 
define a field and show what would be needed to make a sufficiency 
proof for minimizing the above integral. In the second section we 
give necessary and sufficient conditions for the value of an in¬ 
tegral of the above type to depend only on the bounding space of 
the class of admissible spaces under consideration. 

It Is well known that when n = m =» 1 every family of ex¬ 
tremals which simply oovers a region P in tx-spaoe defines a 
unique field over P. When n > m =» 1 a family of extremals may 
simply cover a region P without defining a field. However, if 
such a family defines a field over F, it is unique. In Sections 
and 4 below, it is shown that when m > 1 every family of extremals, 
with suitable analytic properties, which simply oovers a region 
P defines a field over P. This field is unique only in case n « 1. 
The form of every invariant integral determined by a family of ex¬ 
tremals of this type is also given. When m > 1, n > 1 the most 
general invariant integral associated with a field is expressed 
in terms of solutions of systems of linear partial differential 
equations of the first order. Solutions of these equations are 
given in the final section. The above results are first obtained 
by specializing the coordinates In the manner described in Section 
3. In Seotion 4, they are interpreted in terms of the original 
coordinates. As a by-product, we obtain the usual necessary and 
sufficient conditions for the formation of a field when n > m « 1. 
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1* Formulation of the problem . Let us consider the m-tuple 

Integral 

(1:1) 1 9 f f(t*x#x*)dt 

T 

where 

t B (t x , •••# tjjj) # X B (x l , •••# 3^) 9 B (x* t *•* 9 3^) , 

dt » atx ... dt^, x* b * xV*t a (a * 1, • *., m; 1 * 1, *•«, n) 
and T is an m-dimenslonal region in t-space* The Integrand func- 
tion f is assumed to have continuous partial derivatives, of as 
many orders as is needed for the arguments of the following pages, 
in a region R of an (m + n + mn)-dimensional spaoe of elements 
(t,x,x t ). 

An m-space defined by functions of the form 

(1:2) x(t) (t In T) 

will bo said to be admissible If the functions x( t) have contln- 
uous partial derivatives of the second order in a bounded closed 
connected region T of t-spaoe and if further all the elements 
(t,x,x t ) belonging to the space are interior to R. 

Let A denote the (m-1) -space in t-spaoe whioh bounds 
T and let L represent a fixed (m-l)-opace in tx-space whose 
projection on t-space is A* The points of A and L are to be in 
one-to-one correspondence* The oalcuius of variations problem 
is then to find in the class of admissible m-spaces (1:2) which 
pass through a given (m- D-sp&ce L, one which minimizes the 
integral (1:1). It is understood that in the integrand of, the 
integral I the variable x* is replaced by x*(t) from (1:2) and 
x a is replaced by dx i (t)/dt a * Here and in the following pages 
the index a with or without a subscript has the range of Integers 



4 


LANDERS: INVARIANT MULTIPLE INTEGRALS 


(182) 


from 1 to m, and the index 1 similarly the range from 1 to n. 

The Euler necessary condition for the above problem may be 
stated as follows (VII, p. 17)t 

THEOREM 1:1. On a minimizing m- apace x « x(t ), (t in T), 
we must have 

(1:3) df i/dt » f i- 

*5. x 

As in tensor analysis a repeated index a or i, with or 
without a subscript# indicates summation over the specified range. 

An admissible m-space which satisfies the Euler equations (Is3) is 
called an extremal e 

Por the above problem the E-function of Weierstrass is 
expressed by the equation 

E(t|X>X|.#X^) »f(t#x#Xj.) - f(t,x#x t ) - (X* - x^) f^(t»x#x^)» 

The Weierstrass necessary condition may be stated as follows:^ 
THEOREM 1*2. At every element (t#x,x t ) of a minimi sing 
m -apace x » x(t), (t in T)# the condition 

E(t#x,x^>X^) a 0 

la satisfied for every X^. such that the matrix ||x* - x* J| i£ of 
rank 1. 

Bliss has given the following definition of a field. jL 
field for the integral lisa region P of tx- space with which there 
is associated a set of slope functions p£(t,x) having continuous 
partial derivatives of the second order in P and an m -tuple integral 

(ls4) I # » / D(t#x,x t )dt 


^McShane (VI# p. 584)* for n * 2, Coral (IV, p. 589). 
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«uch that 

(Is6) D(t,x,p) » f(t,x,p), D x i(t,x,p) a f£(t,X,p) 

and further auoh that the value of I # is the same for all admis¬ 
sible m -spaoea x * x(t) in P with a common boundary L* 

The differential equations of the field are 

(ls6) x*«p*(t#x) (t in T)* 

Every solution of these equations is an extremal# for# if we dif¬ 
ferentiate the first of equations (1:6) with respect to x* and use 
the other equations of (1:6) we find 

D^i(t,x,p) - f^(t,x,p) 

and hence 

(d/dt^fj^tjXfP) -f xl (t,x#p) a (d/dt a )D x i(t#x,p) -D x i(t,x#p) » 0. 

A solution of equations (1:6) is called an extremal of the field * 

Ve see by means of the first equation of (1:6) that on an extremal 
space of the field the values of I and I* are equal* 

If we denote by 1(E) and 1(8)# respectively# the values of 
I computed for an extremal space E of the field with boundary L 
and an admissible m-epaoe 8 of the form (1:2) with the same boundary# 
then 

1(B) - 1(E) « 1(8) - I*(E) - 1(8) - I # {8) ■ f(t - D)dt 

T 

where (t#x#x^) in the Integrand funotion are those belonging to 8* 

It is evident that if there exists an invariant Integral of the 
form (1:4) such that f - D « 0, then S minimizes the integral I* 
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2. Invariant integrals . Let R 0 represent a region of ad¬ 
missible elements (t,*,*^) characterized by conditions of the form 

t in T* X xl (t) < x 1 < X ai (t)j x* arbitrary. 


where X x (t) and X*(t) are admissible m-spaces. We shall give a 
proof of the following theorem: 

THEOREM 2:1# An integral I of the form (1:1) has the same 
value for all m -spaces lying in a region R 0 of the type described 
above and having the same fixed (m - 1) -space L a£ boundary if and 
only if the Integrand f(t,x,x t ) of I is expressible In R 0 In the 
form 


(2:1) f(t,x,x t ) 


B(t,x) + 

r-1 


1 ii 

rl 


,.i 


*(t,x) 


where s is the smaller of m and n, and where 
. _ aax • • • Bu% a x • , .a— 

(2J2) 0/9t a )B lii<> = B li ># i rl (r=0,l, a) 

in which 


(2j3) 


.. .a r g _ ( ^ /3xll)B a x a a ...e r 

"... - 


and the interchange of two a’s or two i»s simply changes the sign 
of the B 1 8 • It jLs understood here that B* 1 * # reduces to B for 


r » 0. 


A proof that the conditions of this theorem are necessary 
was made by Dr. M. P. Smiley while a student in a class conducted 
by Professor Bliss. For the sake of completeness this proof is 
given below. It will be proved, by a method analogous to that 
used by Bliss for the double integral problem (I, pp. 6-8), that 
these same conditions are sufficient. 
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In order to prove the necessity of the conditions stated 
in the theorem, we first note that for every prescribed set 
(t,x,Xfc,x t fc) 0 with (t,x,x t ) 0 in R 0 and t 0 Interior to T there is 
an admissible m-space x = x(t) passing through the prescribed set* 
Let L be an (m - l)-space, of the type described in the preceding 
section, on this admissible m-apace and having the point (t,x) 0 in 
the interior of the region bounded on the space x(t) by the set L. 
Since the Integral I has the same value on all m-spaces through 
the (m-1)-space L, it follows that all such m-spaces are minimiz¬ 
ing spaces. In particular the m-space x = x(t) constructed above 
has this property and the Euler equations (Is3) must be satisfied 
on it. These equations may be written in the form 


f. +x^f. * + x£ f i pfi, 

x*t & xtxJ oa xtxl x 1 


Here and in the following pages it will be convenient, at times, 
to use some or all of the letters b and c in place of a*s with 
subscripts and j, k and h in place of i»s with subscripts. Since 
the set (t,x,Xfc,x tt ) 0 can be selected arbitrarily it follows that 
equations (2:4) hold at every set (t,x,Xt-,x tt .) with (t,x,x t ) ad¬ 
missible and (t,x) in R 0 . Hence 


<2,5> ■ 0 

for (t,x,Xfc) admissible and (t,x) in R 0 . It follows from equations 

(2:5) that f ^ ^ vanishes whenever indices a or i are repeat- 

x„ ••.x r 
ai a r 

ed, and consequently that f is of degree at most s in x*, where s 


is the smaller of m and n. Thus for (t,x,x^) admissible and (t,x) 
in R 0 , the integrand function f has the form given by equation (2:1) 
where the B*s in tills equation are functions of t and x with con¬ 


tinuous partial derivatives of as many orders as are possessed by 
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t in R 0 - It ia evldant from the form of aquation (2:1) that for 
(t>x) in R 0 > 


(2,6> f t i r (t,x,o) - b£;;;£u,x). 

x ax** #x »r 

It follows from equations (2:6) and (2:6) that the interchange of 
two a»a or two i f a aimply ohangea the aign of b£****J£ with r > 1 
and hence further that these same B*s vanish identically for two 
a's or two i'a equal# In particular* all of theae B'a in which 
r > a vanish identically# Examination of the identities (2*3) 
shows that these same properties apply to It follow* 

that whenever m £ n the equations (2:2) with r • a are always 
satisfied* since at least two of the i f s in the set (i*i x *..,*l fl ) 
are equal. 

From equation (2:1) we find that 

~ __a 1 is ir» _aa* • • «Sr» 

f *a " Bl S **»••• x *r 


By means of theae equations and the relation (2:1)* equations (2:4) 
become 


s/stjBft ^ Ts^rrr*!;••• ^ 


* *i i < »/»**>< ♦ -i‘ t ^hn <■••• *£< 


- (d/axi)B - £ ix* 1 ... xj^( a/ax 1 )Bj 1, "fr - o. 

r#=l r * *r ix...i r 

In the first summation* we replace r by r + 1 and then rename the 
indices a rfl and ip^# respectively* a x and lx# In the seoond 
summation* we may bring in the preceding term by Including r * 1# 
rename a as a x and change the form as indicated below so that the 
factor l/rt will appear# Using the function* defined by relations 
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(2:3) we now have 

( >/>*.«{ - (. ± J, >/»*.>•£::£ 

• £ :::y - »• 

Since these equations must hold for (t#x) in R 0 and x* arbitrary# 
the equations (2:2) follow at onoe# thus completing the proof of 
the necessity of the conditions stated in the theorem# 

When the integrand function f has the form described in 
the theorem# we let 8* and 3a be two admissible m-spaces in R 0 
with the same bounding (m- 1)-space L and defined by the equations 


X 1 ■ x li (t). 


X 1 - X #1 (t) 


(t In T). 


The function s(t) will be defined by the equations 
(2:7) s*(t) - x* l (t) - x 11 ^). 


The family of admissible m-spaces 

x* » x li (t) + es*(t) 

then oont&lna S x for e * 0 and 3a for e * 1. The derivative of the 
m-tuple integral 

1(e) » / f(t,x + es#x t + ez t )dt 
T 

with respect to e has the value 

!'(•) “ f 1 + , a f x i)dt * 

Since the Euler equations (1:3) for the integrand funotlon f are 
by hypothesis identically satisfied it follows that this derivative 
has also the value 
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I * (e) - f [d^f^/dtjdt. 

By means of an extended Green's Theorem^* this last integral is 
equal* except perhaps for sign* to the (m-l)-tuple integral 

(2:8) / s 1 t i d a t (d a t» dt x ••• dt a . x dt a+l ••• dt^). 

A a 

Since the two admissible spaces Sj. and S* have the same boundary 
L* equation (2:7) shows that a* vanishes identically over A and 
hence the value of the integral (2:8; is zero. Thus 1(0) and 
1(1) are equal* and since S x and S a can be selected arbitrarily 
from the class of admissible m-spaces in R 0 having the same fixed 
(m-1)-space L as boundary, the theorem is proved* 

In order to show more clearly the nature of the conditions 
(2:2)* we shall write them in more detail for a few special cases* 
When s * 2, the conditions (2:2) become 

(2:9) 8B[/it a = JB/Jx 1 

(2:10) a b**/ at a « a Bj/a x 1 - a b£/ 

(2:11) a Bjj/axi + aB^/axJ + SB*j/ax k - o 

If ra = 2 and n > 2, these conditions may be written 
aB^/at x + aB^/at, » aB/ax l 

a B "/at x =. aBj/ax 1 -aBj/dxi, a^J/at, - a B J/axJ-aBj/a* 1 

dBjy ax 1 + »B”/axJ + a B ”/ax k - o 

^ P. Franklin* Multiple Integrals in n- space * Annals of 
Mathematics* Second Series* vol. £4 (1922-SS) * p* jfl.7* 
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If n a 2 and m « 2, the remarks below equations (2:6) show that 
equations (2$11) are always satisfied* In this case* equations 
(2:9) and (2:10) may be written 

» B */dt a « dB/dx l , dB/3x* 

SB^/dt a « - dB*/dx* . 

In particular, in this last oase when m « 2, we have 

dB X /Bt x + »B/dx\ BB X /at 1 + dBj/at, - Bb/3x # 

dB^/ita- dB x /*x*-*B X /ax l , Bb£/ at!- 3B*/ dx 1 - dB*/3x\ 

When s * 3, the conditions (2:2) become 

BB^/at a - dB/ 3 x 4 

dB*J/dt a » dB^/dx 1 - 9bJ/3x J 

® B ® + &B^/dx^ + 3Bij/3x k 

dB jto/ ixt * dB Si/ dxJ ♦ &B hij/ dxk “ dB ijk/ 8xh * °* 

3* Investigation of fields by the use of specialised 
coordinates * Let the equations 

(3:1) x 1 » X 1 (t,o) C(t,c) in 0] 

be a family of extremals depending upon n parameters o«(o l | # .*, c n 
such that the functions X*, X* belonging to the family have con¬ 
tinuous partial derivatives of the third order at points (t,o) in 
a region 0 whose projection in (t x , • *., t^,)-space is convex* 

The extremals (3:1) are said to simply oover a region F of points 
(t,x) if to each point of the region there corresponds one and 
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only one solution (t,o) of equations (3:1) In the region 0, and 

if furthermore the determinant \*A is different from sero At 

oJ 

eaoh such solution* These solutions then define a set of single- 
valued functions o*(t # x) vhioh hAve continuous psrtiAl derivatives 
of the third order in F# The functions 

P a (t,x) » X^[t,c(t,x)] 

are called the slope functions of the family in F. 

By placing 

(3:2) y 1 « c 1 

in equations (3:1) ve have a transformation 
(3:3) x 1 - X 1 (t,y) 

by vhioh the coordinates (t,x) are changed to (t,y)# Differentiation 
with respect to t a of these equations with y* * y*lt) gives 

(3:4) 

Under the transformation (3:3) let 

(3:6) f(t,x f xt) » g(t,y,y t ), DttfX^) * D # (t,y,y t ) 

where x^. and y^ are connected by the relations (3:4)* Equations 
(1:1) and (1:4) become respectively 

(3:6) I ■ g(t,y,y t )dt 

(3:7) X* ■ J D # (t,y,y t )dt. 

The family of extremals (3:1) is now replaced by equations (3:2) 
and the slope functions of F become 
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(3i8) (&(t,y) * 0. 

The Euler equations are 

dg^i/dt* - gyl , 

which can he written 

V.t. * Hv.yl * ’ V 

When the family of extremals (3:2) Is substituted In these equa¬ 
tions one obtains the relations 


(3:9) 


g 4 . (t#y#0) « gi(t,y,0). 

y^^a * 


In order that the region F be a field* ve must have an invariant 
integral of the form (3:7) with the integrand satisfying the 
equations 


(3:10) D # (t,y,0) « g(t,y,0), D^(t,y,0) « g yi (t,y*0). 

Prom Theorem 2tl we see that the Integrand of this invariant 
Integral must be of the form 

D # (t,y,y t ) - C(t,y) ♦ x£<£;;;£(t,y) 

with the C f s satisfying the equations 


, _ j v aai • • »Am a x * • «Am 

(3ill) O/d...l r * C 1 1 ...lpl (r» 0,1, 

where analogues of the identities (2:5) and all properties of the 
B f s hold for the 0 f s« Using equations (3:10) we have 


(3:12) C(t,y) ■ D # (t,y,0) «g(t*y,0) # C*(t,y)■ D^tt^O)« g 1 (t f y,Q^ 

*a 3* 

The integrand function D # becomes 
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and the conditions given by (3:11) are 


(3:14) 


g i. (t,y,0) = g i(t,y,0), 
y a^a 7 

_aai.•«&« _ai,.«d« 


(3:15) (r - ... 

Equations (3:14) are identical with equations (3:9) and by hypoth¬ 
esis are satisfied. 

We shall now prove two theorems the first of which is the 
following: 


THEOREM 3:1. If m > 1. every region P of tx- space which 
is 8imply covered by an n- parameter family of extremals, in the 
sense described above , has associated with it an invariant Integral 
I* ^hloh it forms a field for the Integral I specified in 

(1:1). If the coordinates are transformed as described above the 
extremals of the field will be given by equations (3:2) and the 
slope functions by the equations (3:8). There will be an invar¬ 
iant Integral I* of the field in which the Integrand function Di* 
is 

(3:16) Dt(t,y,y t ) = g(t,y,0) + y*g y i + jj-I-ijy^ , 

where 

= «4 a[K 31 + iAF5l ]dt a b[K iJ + sy^j ]dt b ' 

(3:17) b 

K lj * gyJL y 3 (t,y, 0 ) - g y j y i(t,y,0), 

and . Is obtained from bjr replacing t a b£ Furthermore. 

A 4 

the integrand D* of every Invariant Integral I associated with P 
must be of the form (3:13) with 


(3:18) c ltr.!lr * + (r a 


ax 


Here the functions ^ are solutions of the equations 
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(3:19) 


(3:20) 


with the 


(r a 2,««»,s)f 


K ii...igi = 0 


that the interchange of two a>s or two 1*8 


simply changes the sign. Here 


a i*•* a p 

4i...i r i 


3 a i*•» a r 
—r . A 


“5y 


3 aia»...a r 
riT K i l,...l r " •** 


3 «x...*r-l a r 

^ 1—W * 


The function L*j Is defined by (3:17) and when r ^ 2 the funotlon 

la defined by the formula 
ill • # • lp ' " ' 1 ' - -* 

T a ai...a r _ /^a a x ...a r /^ai a ag.w.ap 

mL iix« • # ip " L ii...lrl dt a * ^ L iii«*..ipi dt a x 

(3:22) a ft. ax..^.!* Rl 

. Jv L ii...l r _il r i d S » 


(3:23) L Rl, **t r 1 - K? x ** , ? p 1 + F-^-^•**i r 1 (^ £ ), 

l x ...l r l li...l r l lx...l r l 

the function K* x *“i£i(t^) is obtained from K**"*i£i Dj replacing 
k of the values t ai , by the corresponding values F ai , •••, 

and the sum is taken over all possible replacements ^ of this 


r 

type in which k = r. 

Here and elsewhere the a*s used in the limits of integra¬ 
tion are not to be summed. 

In order to prove the first part of the theorem we must 
show that the conditions expressed by equations (3:15) are satis¬ 
fied by the coefficients a ^ij* ^l x ..*ip ** ® 

equations (3:16). These conditions take the special form 


(3:24) 


^ ab b 

— L ij " k ji ' 

^ L 1.1 _ 3L kj _ 3L lk 
by^ 3y* 3yJ 


(3:25) 
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ab a 

The equation (3:25) holds with Lj^ replaced by K i; , as is seen by 

a 

the use of the definition (3:17) of In view of this fact it 

ab 

follows from the definition (3:17) of Ljj that equation (3:25) must 
also hold. To establish equation (3:24) we need the equations 


(3:26) 


* °» 


_a a 

K ij a ■ K ji » 


which are easy consequences of equations (3:14) and (3:17). Prom 


equations (3:17) it is found that (a not summed) 

at. 


t dt b 
a 


(a ^b) # 
(a « b). 


Summing for a one obtains, by equations (3:26), the relation 


7>L. 


ab 


rnK 


ji' 


i b h b r d Hd , 

m ■—-i - (m - l)K jt + Kjj - [K^ - K ±J J 

as was to be proved. 

In order to establish the second part of Theorem 3:1 we 
observe that the equations 


(3:27) 


(r >2), 


. . 3 a i *,. a_» 

(3:28) 


-2-k* !■•••£, = 0 

St iile.*.i r l 

3 r . 


3yk Jci«..#ir x 9^1 

hold, by virtue of equations (3:19) and (3:21). Using equations 
(3:28) and (3:23) it is found that equation (3:28) holds when 
K u!!!l£l 18 r «P lac ® d by L Ui!!Ii£» Pro “ thiB faot lt tollomn that 


,ai...a r a l .,.a I , 


(r > 2) 


when equation (3:18) holds, the right member being obtained by 
equation (3:21) by replacing K by C. By the use of this result 
and equations (3:18) and (3:19), the equations (3:15) reduce to 
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(3 :29) 


St. 


.Wl# * 


4i*..i P i 


(P 55 


When the integers a x , • ••, ^ are not distinct, the right and left 
members of this equation are automatically zero, in view of the 
symmetry properties of the K*s and the L*s relative to their upper 
indices* When r * s the first member of (3:29) is zero since the 
upper or the lower indices cannot all be distinct in this case* 

The equation (3:29) then follows from equation (3:20)* It remains 
to discus 8 the case when r < s and the integers ai, •••, ap are 
distinct. Since 4ii.**i£ « 0 when a is one of the values a x , •••, 
ALp, the sum in (3:29) can be taken over the m - r integers from 1 
to m with a x , ap deleted* Summing over these integers it is 

found, by formula (3:22), that 


(3:30) 


^ T aax#.*a r / *- a i«** a p /^a 3 a a 8 ***&p 

m * (m " r)L li...l r l - 57 - L iil«...l r l dt ai 


-X' 


,#r L. 


• a r-l a 


dt. 




In order to compute the value of the first integral in (3:30) we 
observe that in equation (3:27) the sum may be taken over the 
m - r + 1 values distinct from a 8 , a r * Using this fact 

together with equations (3:23) and (3:27) and summing for a dis¬ 
tinct from a x , •••, apWe find by integration that 


X 


a . -s T a a 8 

t a aL ixla...i r l 


(3:31) 


------ - dt ai = 

Bt a 1 t 

[_a x .**a r kl * ar fJsl ** 

j^ii...i r i ^ ( m -i) •••(m-k) ll###i r 1 ' x 9 

where ^ denotes that k of the values t fta , •••, t^ have been 


replaced by the corresponding values T, 


a** 

* 


*, TT-, and the sum 
*r 


is taken for all possible replacements of this type* By the 
use of formula (3:31) and similar ones for the remaining integrals 
in (3:30), it is found that the equation (3:30) reduces to (3:29), 
except for the factor m. The equation (3:29) therefore holds and 
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the theorem is proved* 

Corresponding to Theorem 3:1# when m * 1# we have the 
following theorem* 

THEOREM 3:2. If a ■ 1, every region P of the tx -spaoe 
which is simply covered by an n- parameter family of extremals # in 
the sense described above # has associated with it an Invariant 
integral I * with which it forms a field for the integral I 
specified in (1:1) if and only if # when the coordinates are trans¬ 
formed as described above # the equations 

(3:32) g^j(t#y,0) m g^j^(t,y,0) (i, J * 1,.. .,n) 

are satisfied . Then , the extremals of the field will be given by 
(3:2)# the slope functions by the equations (3:8) and there will 
be an invariant Integral I # of the field in which the Integrand 
function D # is 

(3:33) D # (t,y,y t ) m g(t,y,0) ♦ . 

If m * 1# equations (3:15) with r * 2# *••# s do not appear 
and, by means of equations (3:12), equations (3:16) with r * 1 
reduce to equations (3:32), hence the theorem* In this theorem 
it is evident that equations (3:32) are always satisfied for n « 1* 

4* Results expressed in terms of the Original coordinates * 
In the last section we obtained results in terms of specialised 
coordinates (t#y), which are related to the coordinates (t#x) by 
the transformation (3:3)* We shall use the Inverse transformation 

y* ■ Y i (t#x) 

in expressing these results in terms of the original coordinates 
(t#x)« ' 
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We shall now derive several sets of identities* Substitu¬ 
ting equations (3:3) into relations (4:1), and vice versa, we find 

(4:2) y 1 ■ x 1 » 

Differentiating these identities with reapeot to t R we have 

(4:3) 0 « X* - X* jP J, © ■ A ♦ 

Differentiating the first group of identities (4:2) with respeot 
to y^ and the second group with respect to xi we obtain 

(...) «; ■ . .5.1^‘j, 

i i - 

where Sj = 1 when i » j and 8 ^ * 0 for I f» J* 

Differentiation with respeot to t a of equation (4:1) with 

xJ a x^(t) gives 


A - + A A • 

Using the first group of identities (4:3), these equations become 
(4:5) ■ (x£ - p£)Y*j. 

By means of equations (3:3), (3:4) and (3:5) we find 


6 (t,y,y t ) ■ f(t,X,X t ♦ X^). 

Making usa of aquations (3:1), (3:2) and (4:6), va obtain th* 
relations 

(4:7) g(t,y,0) « f(t,x,p), g i(t,y,0) ■ X^.f ,(t,x,p). 

n r *: 

Prom relations (4:4), (4:5) and (4:7) wo find 

y^g ,(t»y,0) ■ (x* - pj^f^tt.Xjp). 

TZ a 


(4:8) 
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Undsr the transformation (4:1) let us set 


(4:9) C 


lx* • *lj> 


(t,Y) 


y J) •> J r . i, > > . 

x yli *•* x y lr A ii...j r ( t * x ) (** ■ 2 » 


• s) • 


By means of equations (3:5), (4:4), (4:7), (4:8) and (4:9), we 
now have the following lemma. 

LEMMA 4:1* The integrand function D of an invariant 
integral I* of the form (1:4) must have the form 


(4:10) 


where 


D(t,x,x t ) ■ f(t,x,p) + (x| - p|)f,i(t,x,p) 

*a 

* 5 - ■£> - <*£ - 

, a l* • *^ 1 */ 




On transforming back to the original coordinates (t, x). 
Theorem 3:1 becomes 


THEOREM 4:1. If m > 1, every region P of tx- space which 
is 8imply covered by an n- parameter family of extremals (3:3), in 
the sense described at the beginning of Section 3, has associated 
with it an invariant integral I* with which it forms a field for 
the Integral I specified in (1:1). The slope functions of the 
field will be given by the equations 


(4:11) 


p*(t,x) = x£[t,Y(t,x)J. 


There will be an invariant integral I* of the field in which the 
integrand function D is of the form (4:10) with the A 1 s for which 
r > 2 Identically zero and 


A ftb 

U 




ab 


where is given by formula (3:17) with 

K ij “ 3^ Cx yl fxk(t,x,p)] - ^f^lt.x.p)]. 
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Furthermore the Integrand of every Invariant Integral I* asso¬ 
ciated with F must be of the form (4:10) with 

ab k h , ab ab. 

A lj “ Y X 1 Y X J l*kh + ^ 

and for r « 3, s 

a! x —^ - [y j j x ••• Y ir iv ] [k* x —* r + L‘ l —^*J, 

where the V* and the L*s are the functions defined in Theorem 3:1* 
Here, as elsewhere, 1, J, k and h, with or without sub¬ 
scripts, range over the integers 1 to n, Similarly a and b range 
from 1 to m. Any of these letters used in indicating limits of 
integration are not to be summed. 

By means of relations (4:7), the equations (3:32) become 

X k i( 3/»yJ)f k(t,x,p) = X h j(3/ay i )f x h(t,x,p). 


These relations may be written 


XylxXy}i( 3 / & * Kl )f *<*»*»?) = X “j 1 X yli (3/3xnX)f x h(t * X * p) 


h „hi 


7 7 


7 Jl 7 


On multiplying by and using the relations (4:4) we have 


(4:12) 


(3/3 x J)f l(t,x,p) = (3/3x 1 )f j(t,x,p). 


Theorem 3:2 can now be stated In the following manner. 

THEOREM 4:2, If m = 1 every region F of tx- apaoe which Is 
simply covered bj an n- parameter family of extremals (3:3), In the 
sense described at the beginning of Section 3, has associated with 
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it an invariant integral I # with which It forma a field for the 
Integral I specified in (1:1) if Mid only if the equations (4:12) 
are satisfied * Then# the slope functions of the field will be 
given by the equations (4:11) and there will be an invariant 
integral I # of the field in which the Integrand function D la of 
the form (4:10) where all of the A*s are identically zero # 

6 . Certain systems of partial differential equations * We 
shall first consider a determinant of the form 


(5:1) 


3/3t 

a 

duV d t a 


(a«l,...,mj q=2,...,m), 


where the U's are arbitrarily selected functions having continuous 
partial derivatives of the second order with respect to t* The 
elements 3/3t a of the first row are differential operators and 
they operate on the elements of their cofactors according to the 
usual rules for differentiating a determinant or a product* We 
shall prove the following lemma* 

LEMMA 6:1. Any determinant of the form (6:1) has the value 

zero * 

To prove this lemma, let us expand the determinant in terms 
of elements of the first row* The determinant (5:1) is then equal 
to 


^(-D a ’ x ( a/3t a )| duVatx... atrVat^ auVatJ. 

By operating with the element d/dt ft on the oolumns of its minor, 
in accordance with the usual rules for differentiating a deter¬ 
minant, then moving the column on which we have operated over the 
ones which precede it, the value of the determinant (5:1) is a sum 
of terms of the form* 
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(-l) a * 1 + b-1 [ aW( 3t b 3t a ) 3U q / dt,j 


for b < a, 


plus a svun of terms of the form 


s » (-1) 


a-l+b-2 


AV( dtt at a ) aW3t, 


for b > a, 


with e ranging over the integers 1, .m excluding a and b. For 
every possible pair of values of a and b giving a term M there is 
a corresponding term N obtained by interchanging the values of a 
and b, and conversely* Moreover, these corresponding values of M 
and N are equal but opposite in sign# Hence the value of the 
determinant (5:1) is zero and the lemma is proved* 
le shall now prove the following theorem* 

THEOREM 6:1. The equations 


(5:2) (d/at a )K aa9M,ar c 0 (a«< *•«<a^) r« 2, •.• > s<m) l> 


in which the Interchange of two a's simply ohanges the sign of the 
K*s, S£1 satisfied if we £et 

(6:3) K *i*" a r (a x < •.*< a^ 

equal fro (-l)* 1 * * 1 * multiplied by the determinant of the 

matrix which remains when the rows a T ,*.*,a r are deleted from the 
(m »r) -rowed matrix 

( a«l,...,m» v«r+l, *..,m), 

where the U*s are arbitrarily selected functions having continuous 
partial derivatives of the second order with respect to t* 


Let us consider the determinant 
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3 

4 

(5:4) V a (&> l,...,m> d = 2,...*r> v» r+l,...,m), 

»tjV »t a 

where the V's are arbitrarily selected functions independent of t. 

This determinant has the value zerot since it is of the form (5:1) 

with U 4 a V 4 t . We shall denote by V„ the determinant form- 

a a a®«• # a^ 

ad by selecting the columns a a , • •. >a r from tha matrix of V 1 * where 
a a < .•• < ap* When the elements of the first row operate on the 
V*a the result is zero since the V's are independent of t. 

We shall now expand the determinant (5:4) in terms of 
minors of the first r rows and then expand these r-rowed minors in 
terms of their first rows. Using the functions (5:3) the value of 
the above determinant, except perhaps for sign, becomes 


■ V a 8 ...a r (a/d V K&1 ”* ftr + •“ + V ax...*r-i( d/*t ) K a r a »*-- ft r-» 


O/dtJK 1 * 9 -* 4 *, 

&a • • • »i» * 


where in these summations a without a subscript is not restricted 
but the a*s with subscripts range only over sets of values satisfy¬ 
ing the conditions a x < ... < Thus we see that the coefficients 
of the determinants ^^^^9 whose elements are arbitrarily select¬ 
ed functions independent of t, are the left sides of equations (5:2) 
with the K*s having the values given by the functions (6:3). Since 
the value of the determinant (5:4) is zero, as observed above, and 
sinoe the V*s are arbitrary, it follows that equations (5:2) are 
satisfied by the functions (5:3) and the theorem is proved. 
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We shall now determine K»s whioh will satisfy the conditioa s 
of Theorem 3:1* Since the interchange of two a*s or two i’s simply 
changes the sign all of the K ( s with indices a 1 #*.« f a r and i x *#,.#i r 
are completely determined by those for which a x < • < ap and 

i x < mi < l p > all of the equations (3:19) are satisfied when tho© 
for which a a < ..♦ < ap and i x < are satisfied and all 

of the equations (3:20) are satisfied when those for which 
a x < • •• < a & and i < i x ,.♦ < i fl are satisfied* 

It is convenient to consider first K*s which satisfy 
equations (3:19) when s < m. In this case a * n and it can readily 
be shown from the properties of the K's that equations (3:20) are 
always satisfied# The equations (3:19) when a < m will be satis¬ 
fied by K's chosen according to the following theorem, 

THEOREM 5:2# The equations 

(5:5) (d/dtjK? „ o (a a < l x <...<l r j 

in which the interchange of two a*s or two i»s simply changes the 
sign of the K*s, are satisfied if we set 

(5:6) % x ,.,ip ( a i ^ ••• ^ ^*i ••• ^ ip) 

equal to (-l)* 1 *"'** 1 ’ multiplied by the determinant of the matrix 
which remains when the rows a x *..#,a r are deleted from the (m - r)- 
rowed matrix 

(v-r + i, 

where the U*s are arbitrarily selected functions having continuous 
partial derivatives of the second order with respect to t and as 
many other continuous partial derivatives as are needed for the 
calculus of variations problem under consideration . 
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For a fixed set of values of i 1# • •«, i r the equations 
(5:6) are of the form (6:2) and the functions (5:6) are of the 
form (5:3)* Hence, this theorem follows at ones from Theorem 5:1. 

In determining K'a which will satisfy the conditions of 
Theorem 3:1 with s » m =* n, as before, we observe that equations 
(3:20) are always satisfied. Equations (3:19) with r* 2,...,s - 1 
will be satisfied by K'a chosen according to Theorem 5:2# We can 
select K f s that will satisfy equations (3:19) with r « s » m « n 
by means of the following theorem. 

THEOREM 5:3. When a * m ■ n, the equations 

(5:7) ( d/a t a) K i 1 i a## ,i fl * 0 (m <•••<•*! i x < ••#< i*), 

in which the interchange of two a's or two i'a simply changes the 
signs of the K'a, are satisfied if we set 

m 

(6:8) ^...i, - v i x ...i a Ui < ••• < i a ># 

where the V's are arbitrarily selected functions Independent of t 
having continuous partial derivatives of as many orders as are 
needed for the calculus of variations problem under consideration . 

This theorem follows at once since the left sides of 
equations (5:7) all vanish when the K'a from equation (5:8) are 
substituted. 

We shall now oonslder K's which will satisfy the conditions 
of Theorem 3:1 when s ■ m < n. Equations (3:19) with r ■ 2,...,s-l 
will be satisfied by K's chosen according to Theorem 5:2. Equations 
(3:19) with r ■ s * m will be satisfied by K's determined by means 
of Theorem 5:3 but we must make these same K'a satisfy equations 
(3:20). This oan be done by the use of the following theorem. 
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THEOREM 5:4. When e ■ m < n, the equations 

(8:9) . 

d/dy x «)V. . . * 0 (l<lx< ...<1 ), 

where the Interchange of two i»s a Imply changea the sign of the 
V^s, S£1 SQ-tlafled If we set 


(5:10) 




(ii ^ #• • < l a ) 


equal to the determinant of the matrix obtained by selecting the 
rows 1 1 , *.*, 1 8 from the ar rowed matrix 

||( d/dyi)W^ ^ || (j®l,..*,nj u>1>m.|B)i 

where the W»s are arbitrarily selected functions independent of t 
having continuous partial derivatives of the second order with 
respect to y and as many other continuous partial derivatives as 
&TQ needed for the calculus of variations problem under consider¬ 
ation* 

To prove this theorem let us consider a determinant of the 

form 


( 6 : 11 ) 


a /a/ 

(a/a/)*? . 

ll•# 


(f 53 i»ll» • • • Iig l 
U = 1, ..., S )• 


This determinant is of the form (5:1), with W*s and y»s in place 
of TJ 1 s and t's respectively, and hence it has the value zero* 

Let us expand the determinant (5:11) in terms of elements 
of the first row* Making use of the functions (5:10), the deter¬ 


minant becomes 
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1 !.*•••♦ (-!)■( 


We see that these expressions and the left sides of equations (5:9) 


are equal, since the interchange of two i»s simply changes the sign 
of the V•s. As observed above, the determinant (5!11) has the 
value zero and hence the functions (5:10) satisfy equations (5:9), 


thus proving the theorem. 

The conditions which the K*s in Theorem 4:1 must satisfy 
are the same as those which the K ! s in Theorem 3:1 must satisfy. 
We have shown how these conditions can always be satisfied by 
choosing the K*a in accordance with Theorem 5:2, Theorem 5:3 
and Theorem 5:4. 
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THE HAMILTON-JACOBI THEORY FOR THE PROBLEMS OF BOLZA AND MAYER 


1* Introduction . The problem of Bolza In non-parametpic 
form la that of finding in a class of arcs 

(1:1) y^t) (1 = 1» .... n» ti < t < t») 

satisfying the differential equations and end-conditions of the 
form 

1^^ (t,y,y') » ° (<■ 0,l,...,n < n-1), 

"'|^[t 1 ,y(t 1 ),t B ,y(t B )] = 0 (/*• = p = 2n + 1), 

one which minimizes a sum of the form 

ft a 

J = gCt x ,y(t x ) ,t B ,y(t B )] + / f(t,y,y*)dt. 

i/t a 

The symbols y and y* represent the set (yi>y8, • y n ) and its 
derivative (yiSys 1 # • ••> Yn*). 

In parametric form the problem Is that of finding In a 
class of arcs 

y^t) (i » If ...» n> t^ tS t 8 ) 

satisfying the differential equations and end-conditions of the 
form 

(1:2) ff p (y^y 1 ) ■ 0 (p « 1, m < n - 1), 
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(If3) Cy(ti) ,y( ta )3 * 0 (=■ If «••, Pa 2n), 

* f 

one which minimises a function of the form 

, r t# 

(1:4) J = g[y(tx),y(t*)] + I f(y,y')dt. 

The functions 0 ^ and the function f are assumed to be positively 
homogeneous of order one in the derivatives y* in order that the 
solutions of equations (1:2) and the integral in (1:4/ will be 
Independent of the parameter t. 

The parametric problem in y-space may be considered as a 
non-parametric problem in ty-space if, to equations (1:2) and (1:3), 
there are adjoined, respectively, the equations 

(1*5) 0o(y>y') * 0(y>y*) - l =» o, 

(1*6) Y o - t x - 0, 

which define the parameter t uniquely. The funotion ff is a con¬ 
veniently chosen funotion of the variables y and y 1 , positively 
homogeneous of order one in y* • 

These three formulations of the problem of Bolza will be 
referred to as problems A, B, C, respectively . The theory of 
problem B will be deduced from that of problem C, which is a 
special case of problem A* 

The problem of Mayer with variable end-points in non- 
parametric form as formulated by Bliss is the problem A with its 
integrand function f identically zero. It reduces to the classical 
problem of Mayer when the expression to be minimized is the function 
g ** yi(y and the end-conditions 0 are t x - x » y lx »^ 

a t B - 38 yj a - a 0, (i a 1, .n* J = 2, ..., n) the *a 

and ft ! a being constants. Similarly, the problem of Mayer with 
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variable end-points In parametrio form is the problem B with Its 
Integrand funotlon f identically zero* It reduces to the classic¬ 
al problem of Mayer when the expression to be minimized is 
8 s yi(t*) and the end-oonditions * 0 are y^t*) ~ P ± x 

« y^ta) - - o. 

It is the purpose of this paper to extend the known 
Hamilton-Jacobi and field theory for the problem of Lagrange in 
parametric and non-parametrie form to the problems of Bolza and 
Mayer in parametrio and non-parametrio form* In general, the 
theory for the parametrio problem is deduoed from that of the non- 
parametrio problem by a method analogous to that used by Teach (X) 
Throughout the paper the emphasis is placed upon the Hamilton 
function H and, in particular, the field theory is based upon the 
definition of a field in terms of the canonical variables given 
in Section 6* The corresponding theory in terms of the function 
P defined in Section 3 is readily obtained with the aid of the 
definition of the function H given in Section 4* 

The analytic basis of the problem is given in Seotion 2* 
The multiplier rule and its usual corollaries are given in Section 
3 for both problems A and B* It is shown that along a minimizing 
arc for problem C the multiplier to associated with 0 O has the 
value zero* This result agrees with that obtained by Teach for 
the problem of Lagrange and was deduced by the same method* 

In Seotion 4 the imbedding theorem for the extremals of 
problem B is deduced from the corresponding theorem for problem A* 
The Hamilton function H is defined, and some of its properties are 
determined* The homogeneity of the function H for the problem of 

y— - - 

Roman numerals in parentheses refer to the bibliography 
at the end of the paper* 
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Mayer in parametric form and ita effect upon the imbedding theorem 
are deduced from the theory developed for the non-parametric problem 
by Blisa and Heatenea (III), The neceaaary conditions of leier- 
atraas and Clebach are given in regular and canonical variables in 
Section 5. 

In addition to the definition of a Mayer field for problem 
A in terms of regular variables due to Bliss, a second definition 
of a Mayer field in terms of the canonical variables and the 
Hamilton function H is given in Section 6. The field theory de¬ 
veloped in this paper is based upon the second definition. 

The next two sections are devoted to a discussion of trans¬ 
versal surfaces of a Mayer field for problem A, the construction 
of fields from a 2n-pararaeter family of extremals, and the rela¬ 
tions between the extremals and a complote integral of the Hamllton- 
Jaoobi equation. In Section 8 a necessary and sufficient condition 
for the non-appearance of some of the parameters in the functions 
defining the extremal arcs of a field is given in terms of the 
function defining the transversal surfaces of the field. This 
result enables us to obtain at once from the Hamilton-Jacobi theory 
for the problem of Bolza further results for the problem of Mayer 
and other problems whose extremals are abnormal on every sub¬ 
interval* 

Fields for the problem of Mayer have some unusual proper¬ 
ties on account of the homogeneity of the Hamilton function H. 

The form which they take for the non-parametric problem is dis¬ 
cussed in Section 9. In particular, it is shown that the extremals 
of a field lie on its transversal surfaces and that each transversal 
surface satisfies the definition of a field given by Kneser (IX, 43) 
for the problem of Mayer. A method is given for constructing an 
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n-parameter family of Mayer fields from a 2n-parameter family of 
extremals. It is also shown how to determine a 2n-parameter family 
of extremals from a complete Integral of the Hamilton-Jacobi equation 
Finally* the theorem deduced in the previous section for problem A 
concerning the non-appearance of some of the parameters in the 
functions defining the extremal arcs of a field is applied to this 
problem. 

Two definitions of a Mayer field for problem B are given 
in Section 10 which are analogous to those given in Section 6 for 
problem A. The field theory for problem B is based upon the def¬ 
inition of a field in terms of the canonical variables and the 
Hamilton function H, This section also includes the definition 
of the transversal surfaces of a field and a discussion of their 
properties. 

The form which the field theory for problem A assumes for 
problem C is given In Section 11. The only fields for problem C 
which are important for problem B are those which are independent 
of the parameter t. It is shown how to construct such fields 
from a 2n-parameter family of extremals, using a method suggested 
by the proof of a similar theorem by Bliss for a parametric problem 
(V, 241). In Sections 12 and 13 the theory for problem B and the 
problem of Mayer in parametric form analogous to that developed in 
Sections 8 and 0 for the corresponding non-parametrie problems is 
deduced from the theory developed in Section 11 for problem C. 

The relation between the foregoing theory for the problem 
of Mayer in parametric and non-parametric form and the theory of 
Kneser (IX) is discussed in Sections 14 and 15. In particular, it 
is shown that a Mayer field as defined by Bliss consists of a one- 
parameter family of fields as defined by Kneser, and that every 
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field of the latter type can be imbedded in a one-parameter family 
of such fields which form a field as defined by Bliss. 


2. Analytic basis for the problem . The following defi¬ 
nitions and assumptions will be made in order to carry through 
the analysis that follows: 

For the problem A it is assumed that the functions 0^ 

and f have continuous partial derivatives of at least the first 

three orders on a (2n ♦ 1)-dimensional region Di of points (t>y # y f ) 

and that the matrix 110 .11 has rank m+1 on this domain. The 

^ y l 

functions g, are assumed to have continuous second derivatives 
on a region Da of (2n + 2)-dimensional points [tj^yftj.),t a ,y(t a )3 
and to be such that on this domain the matrix 


has rank p+ 1. An arc in Dj. is an arc of type (111) which is 
continuous and oonsists of a finite number of sub-arcs on each of 
which the functions y^OO have continuous derivatives and whose 
elements (t,y,y ! ) are all interior to D x . An admissible arc is 
an arc in D x with its end-element It x ,y(t x ) #ta#y(t 8 ) | interior to 
Da. On every such arc the functions 0^ , g and J have well- 

defined values. 

For the problem B it is assumed that the functions 0^ 
and f have continuous partial derivatives of at least the first 
three orders and are positively homogeneous of order one in y* 
on a 2n-dimensional region of points (y,y*) which is such 
that if (y,y») is in then (y,ky») for k positive is also in 
and Yj[yJ 0 0. The matrix 110 .11 is assumed to have rank 

m on this domain. The functions g, are assumed to have 
continuous second derivatives on a region Ra of 2n-dimensional 
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points Cy^, yj, a l and to bo such that on this domain the matrix 
II has ranl£ p# The definitions of an arc In 

and an admissible arc are analogous to those made for problem A* 
For the problem C, which is a special form of problem A 
obtained from problem B as described above, the region <©i corres¬ 
ponding to Dj. is taken to be the set of all elements (t,y,y f ) 
such that (y,y*) is in JR 1# The function 0(y,y*)> appearing in $ 0 9 
is chosen to be positive and to be positively homogeneous of order 
one in y 1 on to i. Moreover, this function is selected so as to 
have continuous third derivatives and to be such that the extended 

matrix I I 0 ,11, ( c( = 0, 1, ..., m), has rank ml on For 

* yi , i / 2 

example, the function i * (yiy|) / has these properties. The 
region J5a ia taken to be the set of all points Ct 1 ,y(t 1 ),t a >y(t 8 )l 
such that Cy(t x ),y(ta)] is infla* 

Every admissible arc for problem B, satisfying the equations 
JZf^(y,y*) « 0 and the end-conditions = 0, can be changed 
uniquely by altering the parameter into one for problem C with the 
same properties, with t x « 0, and satisfying the equation 

= ^(y»y*) -1=0. Hence, problem B is equivalent to problem C 
In the sense that there exists a one-to-one correspondence between 


their admissible arcs satisfying the differential equations and 
end-conditions such that corresponding arcs give to J the same 
value. It should be observed, however, that if E and E* represent 
corresponding arcs for problems B and C, respectively, then not 
every arc K in a neighborhood of E can be transformed into an arc 
K* lying in a prescribed neighborhood of E*. This is readily seen 
If the parameter t represents arc length since then the arc K can 
be chosen so that the length of K f exceeds that of E* by an 
arbitrary amount. The theory deduced for problem B is independent 
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of the particular parameterization of the arcs used, but in this 
paper whenever the two problems B and C are being compared it will 
be understood that corresponding arcs have the parameterization 
determined by problem C. 

A set ^ 0 , ^?i(t)* where $ i* represent constants, 

is called a set of admissible variations along an admissible arc E 
for problem A provided that ^j±( t) possesses the continuity proper¬ 
ties of an admissible arc. The equations of variation of the 

functions $ , *>J/’ along E are given by the equations 

* 


(2s 1) 

lr^Tilx + ^yfil’ 0 

(^sa 0,1, m), 

(2:2) 


(^° 0>1# • • • 9 P) 9 

where 




♦ <%t. * n. 

For problem C, *^ 0 3 ? i ® 0. 

Similar definitions hold for problem B except that constants 
$2 are not present. Equations (2:1) and (2:2) take the forms 

(2S3) l ■ 0 ((J= 1, .... m), 

(2s4) ^ r - = 0 (d-- 1, .... p). 

The functions^(t) for problems B and C are understood to have 
the same parameterization. It should be noted that if E is an 
admissible arc for problem B defined by functions y^(t) having 
continuous second derivatives for t x < t < t a and if the functions 
"^(t) form a set of admissible variations satisfying the equations 
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(2:3) along E# then# on account of the homogeneity of the functions 
, the functions ^ ^(t) * i + ^(t)y^(t), where $ (t) possesses 
the continuity properties of TJ^(t), are also solutions of equa¬ 
tions (2*3). This property will he used in the proof of the follow¬ 
ing lemma. 


LEMMA 2:1. Let E be an admissible arc for problem B de¬ 
fined by functions y^t) having continuous second derivatives on 
the interval ti $ t £ t s « If ~>|i(t) ijs * set 2L admissible vari ¬ 
ations satisfying the equations 12*3) along E, then ^ lf $ a , 
^ t (t) = j.(t) - $(t)y^(t), whara 

$(t) - * ^7i)« + O, 


forms a set of admissible variations satisfying the equations (2:1) 
along the corresponding sire E 1 for problem C• Conversely # if f x # 

^ fl # £ ^(t) is a set of admissible variations satisfying equations 
(2:1) along E 1 , then the set *^i(t)®^i(t)«f £(t)y^ ia a set 
of admissible variations satisfying the equations (2:3) along E# 
where ^(t) is an arbitrary funotlon having £(t x ) » 

£ (t 8 ) =* $ a and continuity properties like those of ^ ^(t)# In 
either case ^(t) satisfy equations (2:4) if and only if the set 

$ 19 ^^(t) satisfy the equations (2:2) for problem C. 

This result can be established by substitution with the 
help of the remark preceding this lemma. 

An admissible arc E for problem A satisfying the equations 

0^ « 0 is said to be normal relative to the end - oonditlona # and 

designated simply as normal # if there exist for it p+ 1 sets of 

admissible variations I 1V # $sv> ^iv(t) satisfying equations 

(2:1) such that the determinant I different 

Z' 

from zero for {ju, 9 v * 0, 1, •••# p). Similarly# an admissible 
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arc E for problem B satisfying the equations ft _ a 0 is said to 

P 

be normal if there exist for It p sets of admissible variations 
^ lq (t) satisfying equations (2:3) such that the determinant 
is different from zero for (*", q = 1, pj # 

LEflaMA 2:2. Let E be an admissible arc for problem B de¬ 
fined by functions y^(t) having continuous second derivatives on 
the interval t x ^ t £ t ft . Then E i£ normal if and only if Its 
corresponding arc for problem C is normal . 

Corresponding arcs for problems B and C have the same 
continuity properties since, as indicated previously, when the 
arcs are being compared they are assumed to have the same para¬ 
meterization. 'If an admissible arc E* for problem C having the 
continuity properties stated In the lemma for the arc E is normal, 
a determinant of the form 

+ + + $B Y yJ(t a j) 

(2:5) 


(v * 0, 1, pj C = 1, ...,p) 


must be different from zero. It may be assumed without loss of 
generality that $ io ** i# ^iv = 0 (v / 0), Then the determinant 
(2:5) is equal to the determinant 

* ^<ry l8 ^iq (t8) + *»q7l (t » );, | (<r,q- 1,...,p). 

But the seta ^q* ^ iq(t) + ^q(t)y^» described In the second 

part of Lemma 2:1, are p sets of admissible variations satisfying 
equations (2:3) along the corresponding arc E for problem B. The 
arc E, consequently, is normal. Conversely, if the determinant 
| '$ r tf .(°?lq)| 18 different from zero for p sets of admissible vari¬ 
ations lq (t) satisfying the equations (2:3) along an arc E for 
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problem B, then $ 10 = 1, $ ao = 0, ^ l0 * 0 end f iq , $ B q» ^ lq » 
where the latter sets are related to '’J lq as described In the first 
part of Lemma 2:1, are p+ 1 sets of admissible variations satis¬ 
fying equations (2:1) along the corresponding arc E 1 for problem 
C for which the determinant (2:5) is different from zero. The aro 
E 1 , therefore, is normal. 

It will be assumed throughout this paper that the minimiz ¬ 
ing aro for the problem under discussion is normal . 

3. The multiplier rule . Prom the theory of the problem of 
Bolza it is evident at once that a normal minimizing arc for problem 
A must satisfy the following multiplier rule with a unique set of 
multipliers (XV, 26)# 

THEOREM 3:1. If E is a normal minimizing arc for problem 
A, there exist a unique set of constants c, c^, e^ and a unique 
function 


(3:1) ( <4 = 0,1,...,m) 


such that the equations 


(3:2) F-yjF y j ■ F t dt+c, F y J = f^dt+ o t , (^(t.y.y') »0 

hold along E, and furthermore such that the transversality condition 
(3:3) L(F-y;[F y Odt + F y j dy^ + dg + w^d^ 




holds at the ends of E for every choice of the differentials dt 1# 
dt», dyjL x , dy i# . Along every sub aro of E between corners the 
multipliers (t) are continuous . If f a 0, the multipliers /*(t) 
£££ either identically zero or else do not vanish simultaneously at 
any point . 
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The functions P - y^F t and F , are continuous along a 
minimizing arc E* On each auharc of E between corners they have 
continuous derivatives 


(3;4) d(F - y^F ( )/dt = F t , dP,/dt - F . 


The equations 


(3:6) 


dF ,/dt * F , 0 » 0 (t,y,y») 


V 

(1 * 1, n») 

( 0, X, ...» m) 


are called the Euler - Lagrange equations . If the arc E consists of 

H 

a single arc without corners and with continuous derivatives y^(t), 
J|(t) # then the first equation In (3:4) Is a consequence of 
equations (3:5) (IV,32). If the matrix 


(3:6) 


Fy K 


ry i 


(iyk= 1* • • •, n) 

( o <# 'Y S3 Oyly • • • |Xn) 


has rank n + m + 1 at a point of a subarc of E between comers, 
then the functions y^(t), /^(t) belonging to the arc have con¬ 
tinuous derivatives of at least the first order with respect to t 
at that point* 

THEOREM 3:2* For problem C, the equation 
(3:7) = y’F . - V 

holds identically where F is the function for problem C correspond ¬ 
ing to the function P for problem A and X 0 is the multiplier of 
0o * 0 - 1 in F. Along a minimizing arc E 1 , the multiplier Xo is 
equal to zero * 

The function F is given by the equation 
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F(y>y*#X) - Xo(X - l) + F, 

P(y#y , ^)»f(y#y | )+^ p(t)jfp(y,y«) (|3= l, m). 

Prom the homogeneity relations F(y, ky 1 , X) = kF(y, y 1 , X) 9 
0(y, ky*) = k#(y, y*), where k > 0, it is found by differentiating 
with respect to k and setting k = 1 that 

(3:8) F-yjF,' ' 

h h 

and hence that F=Xo(0-l)+F = y^F , - Xo* This proves the 

y i 

identity (3:7). Since F^ = 0, the multiplier Xo has a constant 
value along a minimizing arc E f satisfying the equations $ ^ = 0 
and the first equation in (3:2). The tranaversality condition for 
E* requires that the coefficient of dt in (3:3), namely - Xo(t fl ), 
must be zero. Hence, along E* the multiplier Xo is identically zero. 

The function F along a minimizing arc E 1 for problem C is 
independent of the choice of X and is equal to F. It is now 
possible to state the following multiplier rule for the correspond¬ 
ing arc E for problem B # 

THEOREM 3:3. If E la a normal minimizing arc for problem 
B, there exist unique constants cj_, e and a unique function 

F(y#y'»n = f(y»y') + Xp (t)0^ (y»y') (pii ...» m) 

such that the equations 

F i - f F at ♦ c 1# ^^(y.y') = o 

y i hi y i P 

hold along E, and furthermore such that the tranaversality condition 
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holds at the ends of E for every choloe of the differentials dy^ x , 
dy i# * Along every subarc of E between corners the multipliers 
t p (t) are continuous and do not vanish simultaneously at any 
point * 


This result follows from Theorem 3:1, Theorem 3:2 and 



minimizing arc have continuous first derivatives* The theorem Is, 
however, true as stated, but we shall not pause to establish it 
at this time* 

The functions F f are continuous along a minimizing arc 
7 i 

E* On each subarc of E between corners they have continuous 
derivatives dF./dt * F w . The equations 

y; 


(3*0) dP_,/dt - P , 0 ■» . (y>y') 

y J y l P 

are called the Buler-Lagrange equations for problem B. The matrix 
for problem B, corresponding to the matrix R in (3:6) for problem 

A, is 


(3jl0) 


v l i 

7 l y k 




0 


(l,k =1, n) 

(/ 3 9 * a 1# • •*, m). 


Its rank is less than n + m along an arc E satisfying the equations 


& p “ 0 beoause of the homogeneity of the functions F and 0 ^ and 
the identities 


(3:11) 


yjF, 


ytyf 

Vk 


0 


whioh are obtained by differentiating each of the first n identities 
in (3:8) with respect to y^. Along an arc E* for problem C for 
which Xo * 0, * 0, the matrix R in (3:6) assumes the form 



(227) 


THE MULTIPLIER RULE 


IS 


(3:12) 


D » 


V T ' 

y l y k 



^ y i 


(if lc 8 If «««i n) 

(oc.nra 0,1, ..., m). 


THEOREM 3:4# Let E be an arc for problem B satisfying the 
equations $ ^ 8 0 which corresponds to an arc E* for problem C 
satisfying the equations X ^ « 0 and having the multiplier to 
equal to zero# Then if the matrix }f{ in (3:10) is of rank n + m- 1 
along E, the matrix D in (3:12) la of rank n+ m +1 along E*, and 
conversely # 


If D has rank less than n+m + 1, there exist constants 




not all zero satisfying the equations 



v< 


■ 0. 


If each kth one of the first n equations is multiplied by y^ and the 
n equations are added, the equationy*- 0 8 0 la obtained becuaae of 
the conditions (3:8) and (3:11)# It follows that the matrix 


1$ ...* n) 

1, #••, m) 

0,1,•••, m) 

must have rank leas than n+m. Applying this same process to the 
columns of any matrix obtained from this one by deleting one of 
the first n or one of the last m rows. It Is found that the rank 
of the matrix K must be less than n + m-1# On the other hand, if 
the rank of is less than n+m -1, by adjoining one row and one 
oolumn to obtain D, it Is possible to increase the rank by at most 
two# Hence, the rank of D would have to be less than nimil* 


y i y k 

I 

« y i 


k 


jH 
( « 8 
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THEOREM 3:5. The differentiability condition . On each 
aubaro of a normal minimizing aro B for problem B on which the 
functions y^(t) defining E have continuous derivatives and the 

y*> 

belonging to B have continuous derivatives of at least the first 
order with respect to t. 

This result follows from the differentiability condition 
for problem C by means of Theorem 3:4 and the last statement in 
Theorem 3:2. These theorems are applicable here since this result 
is independent of normality. 

4. The extremals and the canonical variables . An extremal 
for problem A is defined to be an aro without comers in D* and 
a set of multipliers 

(4:1) y t (t), X d (t) (1 = l,...,n; a 0,1,...,m| 

t x £ t £t a ) 

for which the functions y^(t), (t) have continuous partial 

derivatives and satisfy the Euler-Lagrange equations (3:5). For 
an extremal, the first equation in (3:4) is a consequence of the 
equations (3:5) (IV, 32). An extremal is said to be non - singular 
if along it the matrix R in (3:6) has rank n+m + 1. An extremal 
for problem B is defined to be an arc without comers in and a 
unique set of multipliers 

(4:2) y^ (t), X ^ (t) (i = 1> • • • #n| ^ — 1,. •. ,mj tj^ t^ t^ 

for which the functions y£(t), /^(t) have continuous derivatives 
and satisfy the Euler-Lagrange equations (3:9). It is said to be 
non - singular if along it the matrix ft in (3:10) has rank n+m-1. 


matrix ft in (3:10) has rank n + n-1, the functions y^t). 
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In Section 8 of his lectures on the problen of Bolza (IV)# 
Bliss gives & method of imbedding a non-singular extremal arc E 
for problem A in a 2n-parameter family of such extremals by intro¬ 
ducing the canonical variables (t,y,z) related to the variables 
(t,y,y*,X) by the equations 

(4:3) z t 3 (tiy^ySTf)* o « $ . (t,y,y») (1=1, 

1 y i ^ 4=0,1, • • • ,m) • 

Along B these equations define functions z±(t) with continuous 

derivatives on t x t a and the functional determinant of the right 

members with respect to y 1 , X Is the determinant of the matrix R 

in (3:6). By the usual implicit function theorems there exists 

a neighborhood N of the solutions U,y,z) belonging to E in which 

the equations (4:3) have solutions 

(4.4) y^ = P^(t,y,z), X ^ * L^(t,y,a) (1*1, • • • ,n> 4 =0,1,»• • ,m) 

reducing to y^(t), jf^(t) at each point [t, y(t), z(t)] belonging 
to E, and which are such that P^, L ^ have continuous derivatives 
of at least the seoond order. In the neighborhood N every solution 
of the aquations 

(4:5) y^ ■ Pi(t,y,z), z£ « Fy^Ct, y, P(t,y,z), L(t,y,z)J 

defines by means of equations (4:4) functions L^(t) with which 
it satisfies equations (4:3) and hence the equations (3:6). 

In the neighborhood N the Hamilton function H(t,y,z) 
may be defined by the equation 


(4:6) H(t,y#z) « ZiPj,(t,y,z) - F(t,y,P,L) 


which is the function into which the expression y,F t 

i 7i 

formod by the substitution of the values of y^ and X ^ 


- F la trana- 
from equ at lexis 
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(4:4). From equations (4:3) and simple calculations it follows 
that the partial derivatives of the function H have the values 


(4,7) H t - -F t , - -P yi , ■ 

Hence, equations (4:5) are equivalent to the system 


(4:8) yj » H z ^, z i * " ny • 

These are called the canonical equations of the extremals . Some 
of the consequences of the above theory are summarized in the 
following theorem, proved by Bliss (IV, 36). 

THEOREM 4:1. The imbedding theorem for problem A. Every 
non-singular extremal E for problem A is embedded for values 
ti ^ t ta, to* *io# •••# *no# ^io# •♦•# bn 0 in a 2n- parameter 

family of extremals defined by functions of the form 


(4:9) 


7 j > (t,t 0 ,a,b), z^(t,to,a,b) 


iiiSL functions y^* y^# z ±» ^ ave continuous partial derivatives 
of at least the second order in a neighborhood ojf the values (t,a,b) 
defining E, and the matrix 


7l \ 



(i,k a l, .,,, n) 


hu rank 2n along E. 

With the aid of equations (4:8), the following property 
of the function H is readily established. 

THEOREM 4,2. Along every solution y^t), s^t) of equations 

(4,8), 


(4,10) 


dH/dt « H t 
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For, If each 1-th on© of the first n aquations In (4:8) 

Is multiplied by zJ and the second n by - and if then the entire 
set is summed, the equation 0 « Hy^y^ + ®2t Z l * rom 

which the equation (4:10) follows, 

THEOREM 4:3. Along every solution y^t), ^(t) of equations 
(4:8) for problem C, the equation 

(4:11) H(y,z) * L 0 (y,z) 

holds ldentlaally : furthermore , H(y,z) has a constant value not 
identically zero . 

The relation (4:11) follows from condition (3:7). The 
last part of the theorem follows from the first equation in (3:4), 
as well as from Theorem 4:2, and the hypothesis that y^y^ 4 0. 

THEOREM 4:4. In the functions (4:9) for problem C, one of 
the parameters b pan be taken equal to H. 

By theorems 4:3 and 4:1, the equation to * H(a,b) is 
satisfied by the values (a,b,/ 0 ) belonging to E, Sinoe not all of 
the functions H ZjL vanish at any point of E, there is a neighborhood 
of the values (a,b) defining E in which one of them, say H^, 
remains different from zero. By implicit function theory the 
equation to s H(a,b) may be solved for bn in the neighborhood just 
described, and 

(4:12) b n » b n (ai, •••, an, b x , .hn-i* Xo)» 

THEOREM 4:5. The extremals for problem B satisfy the 
equations 

z l ■ -n yi (y*»)* 


y I " 
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Thia theorem follows at once from Theorem 4:3 since the 
extremals for problem B are the projections in the y-space of 
those extremals for problem C for which L 0 (y>z) is equal to zero, 
THEOREM 4:6. The imbedding theorem for problem B. Every 
non - singular extremal E for problem B in y- space la imbedded for 
values t^o s t ^ tso# A*o t •••> * 0 * B^o* •••, ^n-xpo in a 

(2n- 2)- parameter family of extremals defined b y functions of the 
form 


Y 1 (t,A,B), Z 1 (t, A, B). 


The functions Y*, Y it , have continuous partial derivatives 

of at least the second order in a neighborhood of the values (t,A,B) 
defining E and the matrix 


(4:13) 


Y i ^ *iB k 

z l H ^ 


has rank 2n -1 along E. 

By Theorem 4:4, the functions (4:9) for problem C may be 
written in the form 


y^Ct.a.B.bj^a.B.H)] ■ ^(t.a.B.H) 

(4.14) 

^[t.ajB.b^a^H)] « Zj,(t,a,B,H), 

in which the symbols a, B represent the set (a*,.. .^.bj,... .b^). 
The projections in the y-space of the 2n-parameter family of 
solutions of equations (4:8) for problem C, for which L 0 (y»z) a 0, 
form a (2n-2)-parameter family of curves in the y-space. For, if 
an extremal projection in the y-space intersects a sub-apace 
*i * SiUi, ..., A n-]L ), having continuous second partial derivatives 
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in a neighborhood of the intersection and is not tangent to it, 
then every other projection near the extremal will also intersect 
without being tangent to it. Hence, the point of intersection of 
each extremal with the sub-space can be taken as the initial point 
^ of the extremal for t = t x0 * Since the only projections 
important for problem B are those for which to - 0 and since 
to 3 I»o(y> z ) * H(y,z) is a constant not identically zero along 
every extremal for problem C, the number of essential parameters 
is further reduced by one. The extremals for problem B are then 
defined by functions of the form 


(4*15) Y 1 (t,A,B), ^(t^B) 

obtained from (4s 14) by replacing a^ by ••«, A n-1 ) and 

setting H = 0. 

Because of the identities 

®i 3 ^i(^) 3 ^i(tio*A,B )y Bj = Zj(t 1 o>A|B), 

b n t S(A),B] * Z^tjoiAjB) 


and the following relations deduced from them by differentiation 
with respect to the variables Aj and By 

^ = *iy <>-*ry 

bn 1 ?1A J " S’ bnB J = ZnB j' 

it is seen that at t a t x0 the matrix (4|13) is equal to the matrix 



(i ■ 1, ..., n) 

(j#k,r * 1, •.n - 1) 

< Syj. ■ 1, S plc « 0 if r 4 It) 
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which h&s rank 2n -1 sinoe the determinant I ^ | ia dif¬ 

ferent from zero at t * t 10 . It follows that the matrix (4:13) 
must have rank 2n -1 along E. F or, if the rank were leas than 
2n-l at a point t * t 1 on E there would exist constants c, e^# 
d^ not all zero such that at that point 

(4:16) oYj + °kY 1Ak + djjYiB k a 0, ©zj +© k Z 1Ak + - 0. 

Moreover, since ths functions in (4:16) satisfy the equations In 
Theorem 4:5 identically in t# A# B# the columns of the matrix 
(4:13) are solutions of the linear, homogeneous equations 

'll - w * V^' ( l ■ "WU - Vk 5 k- 

The functions 

-n.ct,.* v iV <!(»• ■ * v 1Ak . 

are also solutions of these equations and sinoe *^(tx) ■ C^ttxJaO 
and ^^(ti) * C ti) « 0, it follows that ^(t) * 0 ■ $ (t) • 
Hence# the relations (4:16) would also have to hold at t » t 0 which 
is impossible since it has been proved that the matrix in (4:13) 
has rank 2n - 1 at that point. 

For toe Problem of Mayer it will be assumed that the set 
of multipliers jf*(t) associated with an extremal aro E do not 
vanish simultaneously. Since the matrix ||f^ y ^|| has rank m, 
this assumption is equivalent to the assumption that the functions 
z^t) associated with E do not vanish simultaneously. Hence# not 
all the constants b^ 0 in Theorem 4:1 are zero at the initial dement 
on E. A similar remark applies for the problem of Mayer in para- 


metrio form 
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Bliss and Hestenes (III, 309) have proved that for the 
problem of Mayer in non-parametric form the functions PjL<t,y,z) 
and L^(t,y,z) in (4:4) satisfy the homogeneity conditions 

(4:17) P l (t,y,kz)»P 1 (t,y,z), L^t.y.kz) = kL^(t,y,z) (k/0). 

These conditions imply the following theorem* 

THEOREM 4:7. For the problem of Mayer in non - parametrio 
form the Hamilton function H in (4:6) satisfies the condition 

(4:18) H(t,y,kz) = kH(t,y,z) (k 4 0), 

and for proper choice of the parameters the functions in (4:9) 
satisfy the conditions 

(4:19) y^t^kb)* y^t^b), z^t^kb) * kz^t^b) (k 4 0). 

The condition (4:18) follows from the first set of con¬ 
ditions in (4:17) and the fact that the function F in (3:1) for 
the problem of Mayer is identically zero along an arc satisfying 
the equations ff ^ « 0. The last statement in the theorem (III, 

310) is a consequence of the conditions (4:17) and 

F(t,y,y',kn = kFU.y.y',*) (k 4 0). 

THEOREM 4:8. For the problem of Mayer in parametric form 
the Hamilton functi on H in (4:11) satisfies the condition 

(4:20) H(y,kz) - kH(y,z) (k/o), 

and for proper choice of parameters the functions in (4:15) satisfy 
the relations 


(4:21) Y 1 (t,A,kB) = YjU.A.B), Z^t.A.kB) - kZ^t.A.B) (k 4 0) 
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Prom the condition (4:18) for the corresponding non-para- 
metric problem, it follows that the condition (4:20) must hold and 
that the function bn in (4:12) satisfies the homogeneity condition 
h n (a,kb 1 , • • • > kb n-I ,kXo) 8 kbj^(a,b^, . ••, ^n*i*^o)* By virtue 
of the conditions in (4:19), the functions in (4:14) must satisfy 
the homogeneity relations 

y 1 Ct,a,kB,b n (a,kB,kX 0 )] » V±» 

(k 4 0) 

\ Ct,a,kB,bn(a,kB,k^o)] ® kZj_Ct,a»B,b n (a>B,Xo)3 • 

Since these relations are not affected by replacing a^ by ^(A), 
the conditions given in (4:21) must hold for this ohoice of para¬ 
meters « 


6. The necessary conditions of Welerstrass and Clebsch . 

In this section the necessary condition of Weierstrass is given, 
both in the ordinary and the canonical variables, for problems A 
and B, as well as the special forms this condition assumes for 
the corresponding problems of Mayer. Further properties of the 
Hamilton function are developed and, finally, the condition of 
Clebsoh for the problems A and B is given both in terms of the 
ordinary variables and the canonical variables. 

THEOREM 5:1. The necessary condition of Welerstrasa for 
problem A. At each element t,y,y‘, X of a normal minimizing extremal 
arc E for problem A, the inequality 

(5Jl) d(t,y,y',*,Y')«F(t,y,Y',X) -P(t,y,y',X) - - yi)F y j(t,y,ytf)* 0 

must hold for all aeta (t,y,Y') 4 (t,y,y') Interior to the region 
D x and satlafylng the equatlona 4 ^ a 0. 
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This theorem has been proved by Bliss using a method of 
Graves (IV, 58). 

THEOREM 5:2. The necessary condition of Weierstrass for 
problem B. At each element y, y 1 , / of a normal minimizing ex * 
tremal for problem B, the Inequality 

£(y,y',X,Y') »F(y,Y',^) - F(y,y' ,X) - (y { - yJjFy^y.y'.*) > o 

must hold for all sets (y,Y ! ) 4 (y>y') interior to the region $ x 
and satisfying the equations 0^ = 0. 

This theorem is a consequence of Theorem 5:1 for problem 
C. Since, along a minimizing extremal arc E* for problem C, the 
multiplier to must be equal to zero by Theorem 3:2, the <£ -function 
(6:1) for this arc is independent of 0. Hence, its projection E 
in the y-spaoe, which is a minimizing extremal for problem B, must 
satisfy this theorem. 

THEOREM 5:3. The necessary condition of Weierstrass for 
problem A in canonical variables . At each element t,y,z of a 
normal , non-singular , minimizing extremal arc E for problem A, the 
inequality 

(5:2) £(t,y,z,Y f ) = F(t,y,z,Y») + H(t,y,z) - Y^z A £ 0 

must hold for all sets (t,y,Y*) 4 (t,y,H z ) interior to the region 
Dx and satisfying the equations $^ = 0. 

This theorem is an immediate consequence of Theorem 5:1 
and conditions (4:6), (4:7) and (4:8). 

THEOREM 5:4. The necessary condition of Weierstrass for 
problem B in canonical variables . At each element y, z of a normal s 
non-singular minimizing extremal arc E for problem B satisfying 
the equation H(y,z) » 0, the Inequality 
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(6:3) <?(y,z,Y«) « F(y,z,Y') - Y^ £ 0 

must hold for all sets (y,Y') 4 (y>H z ) Interior to the region Six 
and satisfying the equations ^ ** 0. 

This theorem follows at once from Theorem 6:3 for problem 
C with the aid of Theorems 3:2, 3:4 and 4:3. 

Along an admissible arc for the problem of Mayer in non ¬ 
par ame trie form satisfying the equations X ^ = 0, the function P 
in (3:1) is identically zero* Prom the homogeneity relation (4:18), 
it is found by differentiating with respect to k and setting k « 1 
that 

(6:4) *iH z * H* 

Por this problem,condition (5:2) becomes 

£(t,y,z,Y') = z^H^ - r[) > 0. 

Similarly, it can be shown that condition (5:3) for the 
problem of Mayer in parametric form becomes 

£(y,z,Y') - -y^ £ o. 


THEOREM 5:5. The necessary condition of Clebsch for 
problem A. At each element t, y, y*, X of a normal minimizing 
extremal arc E for problem A, the inequality 


(6:5) 


Fyjy^t.y.y'.jOlT^k; > 0 (i,k » 1 


, • • •, n) 


must be satisfied for every set (TT X , ..., TT n ) / (o, ..., 0) 
satisfying the equations 


(5:6) » 0 ( <* « 0, 1, *.., m). 

If E ijs non - singular , the equality sign in (5:5) holds only in case 
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(TT) * (0). 

The first part of the theorem has been proved by Bliss 
(IV, 65)* If the equality in (5:5) holds for some value (7T) 4 (0) 
satisfying the equations (5:6), then from the theory of minima 
for functions of n variables (IV, 40), it follows that there exist 
multipliers such that 


F. 


y*y f k 
y i y k 


^ K y* 
U 



0 

0 . 


This is possible only in case the determinant of the matrix R 
in (3:6) is zero, 

THEOREM 5:6, The necessary condition of Clebsch for 
problem B. At each element y, y*, % of a normal minimizing ex ¬ 
tremal arc E for problem B, the inequality 


(£>j7) Pyiy^y.y'.X)^^ > o (i,k = X, .... n) 

must be satisfied for every set (TT 1# ...,TT n ) / (0, 0) 

satisfying the equations 


(5:8) 0^ yi^ y,y *) " 1 “ 0 < (3 « 1, ..., m). 

If E is non - singular , the equality sign in (5:7) holds only in case 

(If) = (py»). 


This theorem is a consequence of Theorem 5:5 for problem 
C whioh states that for every set Tf ^ satisfying the equations (5:8) 
and also 0oy^(y*y t )7Ti * 0, the condition (5:7) must be satisfied. 
But to every set IT ^ satisfying the equations (5:8) there corres¬ 
ponds a set TT^ - py^, with p « 0^\ TT^, satisfying the equations 
(5:8) and also the equation 0 O y^(TT^ - py^) ■ 0 on account of the 
homogeneity of the functions 0 q and 0 . For this set TT^ - py^. 
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F yi»4 7, i 7r k = \^ { ff i " py i )(Tf k - P*i> 

because of the homogeneity of F, The last expression is 5 0 on 
account of the Clebsch condition for problem C. If E is non- 
singular, its corresponding arc E* for problem C has the same 
property,as shown in Section 3. Along such an arc E 1 , by Theorem 
5:5, the above expression is zero only in case ( TT - pyi) = (o). 

In the following lemma and its proof certain properties 
of the Hamilton function H will be deduced which will be useful 
in stating and establishing the Clebsch condition in canonical 
variables, 

LEMMA 5:1, Along a non - singular extremal arc E for problem 
A, the matrix 


(5*9) X 


0, 1, n) 

(j = 1, • • • , ®) 


has rank n + m + 1. Furthermore , the matrix | |Lj, z I ! has rank m + 1 

J 

<tn4 the matrix | ►H z ^ 2k l | has rank n - m - 1 along E. 

Since, by hypothesis, the matrix R in (3:6) has rank 
n+m+1, the linear equations 


i.») 

(5:10) 3 1 

® ~ y^ C* j = •••» n)» 

can be solved for TT^ and f or arbitrary values of e», ...» e n . 

In order to state the solutions explicitly, it is observed that 
if the variables yj = H^t.y,*), % * » (t,y,z) are substituted 

in equations (4:3) and the resulting identities are differentiated 
with respect to then 
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(5:11) . _iH * 0, 

M 7 i A 

where = 1 and = 0 if i / k. Hence, 


FtiH tL = S 

Vj z j z k * y i Mz k lk 


(5:12) 


w * ' Vi* 1 ' 


A* V'i 


are the solutions of equations (5:10), 

If then ^3 9 0 by equations (5:12) and (5:11), 

and it follows from the first group of equations in (5:10) that 


(6:13) Lj, = S* (e(jjtaO,l, ...» m). 

By means of these equations and equations (5:11), it is found that 
the product of the determinant of the matrix R in (3:6) and that 
of the matrix X in (5:9) is 




Fy i y j L>Z J 




(i*k,J * 1, • •«, n) 

( °<f * * 0,1, . •,, m) • 


Hence, the matrix X has rank n + m+1. It follows at once that 
the matrix II L M - II must have rank m + 1 since otherwise the 


matrix c£ could not have rank n+m+1. Similarly, the rank of 
the matrix || II roust be > n-m-1. But tlio first set of 

equations in (5:11), which represent m+1 linearly independent sets 

of relations among the rows of this matrix, show that its rank 

must be < n-m-1. Hence, the rank of the matrix 11 H z z 11 is 

J * 


■j 


exactly n-m-1. 

THEOREM 6:7. The necessary condition of Clebsch for problem 
A in canonical variables . At each element (t,y,z) of a normal non - 
singular minimizing extremal arc E for problem A, the inequality 


Hz i*k ei6k > ° 


(I# k* 1, ..«, n) 
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muat be satisfied for every aet (« 1( ..e n ) 4 (0, • • •> 0) satis ¬ 
fying the equations 


(5:14) 




[ v a 0, 1, • • •, m) . 


Lot OjL be a solution of equations (5:14) • If TT^ are de¬ 
fined by the expressions it follows from the first group 

of equations in (5:11) that tt^ satisfy the equations 
Conversely, let Tf 1 be a solution of the equations 0 i tt. a o. 

Then if e. are defined by the expressions P • i 77 , it is seen with 

y i 7 J J 

the aid of the equations (5:10) and their solutions (5:12) that 
must satisfy the equations (5:14). Furthermore, the numbers TT^ 
are all zero If and only if the corresponding numbers e^ are all 
zero, since the determinant of the ooeffioients in the equations 
(5:10) is different from zero along a non-singular arc. It should 
be noted that equations (5:12) and (5:11) show that e^ 4 h *^yJ 
since otherwise (TT) = (0). This condition on the sets (e) is 
implied by the equations (5:14) on account of the conditions (5:13). 
It is now seen with the aid of equations (5:10) and their solutions 
(5:12), that for every set ( n) 4 (0) satisfying the equations 
“ °» there corresponds a set (e) 4 (0) satisfying the 
equations (5:14), and conversely, for which 

H. „ e.e», * p | .TT. TT 

“i z k 1 k yjy£ 1 k 

The present theorem now follows from Theorem 5:5. 

THEOREM 5:8. The necessary condition of Glebsch for problem 
® \ n canonical variables # A t each element (y,z) of a normal non— 
singular minimizing e_xtremal arc E for problem B, the inequality 

(5:15) 


0 , 6 %^ > 0 

*l 8 k 


(t,k — 1, mi n) 
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must be satisfied for every set (e 1# ..., e n ) 4 (ptfLt * •••*P?L») 
- y n 


satisfying the equations 


(5:16) L^ ^ 88 0# ( p = 1, •••* nO 

where the function f! is; the function appearing in the function tf 0 
defined by equation (1:5). 

This theorem is a consequence of Theorem 5:7 for problem 

C which states that for every set (e 1# • «., e n ) 4 (0, ..., 0) 

satisfying equations (5:16) and also L^^e^ » 0, the condition 

(5:15) must be satisfied. But to every set e^ satisfying the 

equations (5:16) there corresponds a set e< - ptf i with 

Yi 

p ■ L 0Z ^6 j c , satisfying the conditions (5:16) and also the equation 



\z , e l*k 
i k 


H z z 
ik 


I “ ^ ^ e k 


" P ^oy^ 


because of the first group of equations in (5:11). The right 
member of the last expression must be positive for (e - p 4 0 yt)4 (0) 
by Theorem 5:7 for problem C. 


6. Mayer fields for problem A* A Mayer field, as defined 
by Bliss, is a region in ty-space containing only interior 
points and having associated with it a set of slope functions and 
multipliers p^(t,y), J^(t), having continuous first partial 
derivatives in &*, defining elements Ct,y,p(t,y)] which lie in 
the region D x and satisfy the equations tf ^ » 0 for every (t,y) 
in eft *, and making the Integral 
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independent of the path in The arguments of F and its 

derivatives in the integrand of I* are [t,y,p(t,y),X(t,y)] • 

Bliss has shown that the solutions of the equations 
y* a p^t^y) are extremals with multipliers X^[t#y(t)], called 
the extremals of the field (IV, 103)* It should be noted that 
for the problem of Mayer the function F(t,y,p,)0 vanishes identical¬ 
ly in 3*' and the integral I* has the value zero along every ex¬ 
tremal of the field* 

Let S be a region of points (t,y # y* # ^) with (t,y,y*) in¬ 
terior to the region D x described in Section 2 and so related to 
a region N of points (t,y,q) that to each point (t,y,q) interior 
to N there corresponds a unique solution (t,y,yS?f) of equations 
(4:3) with (t,y f y',Z) interior to D and the determinant of the 
matrix R in (3:6) different from zero. The equations (4:3) with 
^ have as before single-valued solutions with continuous 
second derivatives over the interior of N, and every solution y^(t), 
z^(t) « q^(t) of equations (4:8) in this region defines an ex¬ 
tremal. A set (t,y,q) interior to N will be called an admissible 
set * 

A aocoftd definition of a Mayer field is a region & of ty- 
space containing only interior points with which are associated 
functions q^(t,y) having continuous first partial derivatives inc?', 
defining elements [t,y,q(t,y)] interior to the region N for every 
(t,y) in 5 * , and making the Integral 

I* * ^q^t,yjdy* - H[t,y,q(t,y)]dt 

Independent of the path in <3^ # 

THEOREM 6:1* If the integral I # is Independent of the path 
in fr f the equations 
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(6:1) -BH/ayi® a^/st, ~a%/-d 7 X 

(i,k =1, • • •, n) 

hold identically In the variables (t,y). 

Prom the hypothesis of the theorem, it follows that every 
arc in cf 1 is a minimizing arc for the integral I* and hence must 
satisfy the corresponding Euler-Lagrange differential equations 
for I*. In order that this be true, equations (6:1) must hold* 
Along an admissible arc y^ = y^ft) in & , the identity 

(6:2) q^/'dt + 3H/^y 1 = dq^/dt 4- H n * VV v 

is readily seen to be true since 

3 H/ 3 yi = H yi + H Zk q kyi = H^q^, dq^dt = qit + q^^. 

THEOREM 6:2. Every solution y^(t) in the field $ of the 
equations 

(6:3) dy^/dt » H Zi [t,y,q(t,y)] 

is an extremal with Zi(t) =* q i [t,y(t)] • 

The sets Ct,y,q(t,y)] are Interior to N for (t,y) in 
and equations (6:1) and (6:2) show that along an arc satisfying 
equations (6:3), the equation 

dqi/dt 4- H y * 0 

must hold. If Zi(t) is defined to be qiCt,y(t)l, then y^t) 
and Zi(t) satisfy the equations 

dy^/dt = H e ^(t,y,z), dz ± /dt = - H y ^(t,y,z), 

which are the canonical equations of the extremals. The arcs 
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satisfying the equations (6:3) with z^(t) =» qj_[t # y(t)3 are called 
the extremals of the field . 

THEOREM 6:3. Through each point of the field gpr there 
passes one and only one extremal of the field . 

This theorem follows from the fact that the equations 
(6:3) are of first order. 

A Mayer field as defined by Bliss is a field according to 
the second definition, provided that the sets Ct,y,q(t,y)] de¬ 
fined by points (t,y) in 3& 1 , where q.ftjy) = F_i [t,y,p( t,y) ,^(t,y)] , 
are interior to the region N. Every field of the second type Is 
a Mayer field as defined by Bliss with p i (t,y) =* H z ^[t,y,q(t,yj] 
and J^(t,y) = L^ [t,y,q(t,y)] . 

7. Transversal surfaces of a Mayer field for problem A. 

Let 3* be a field defined by functions q^(t,y). An n-space 
W(t,y) = constant is called a transversal surface of the field 
if at each point of the n-space the equation 

q i (t>y)cly i - H[t,y,q(t,y)]dt = 0 

is satisfied by every set of differentials dt, dy^. which satisfy 
the equation 


W y t d ?i + W t dt » 0. 

It is evident that a necessary and sufficient condition that am 
n-apacc W(t,y) = constant be a transversal surface of a field 5^ 
is that at each point on the n-space in <5? 

(7:1) W y ^ » kq<, W t = -kH 

where k is a proportionality factor. 



(247) 


TRANSVERSAL SURFACES FOR PROBLEM A 


35 


THEOREM 7:1. In every field & the Hilbert Integral 
defines a function W(t,y) having continuous second partial deriva¬ 
tives in Sf 4 # satisfying the Hamllton - Jacobl partial differential 
equation 

(7;2) W t + H(t,y,W y ) a 0, 

and such that the surfaces of the family W(t,y) = constant are 
the transversal surfaces of the field . Conversely ! let W(t,y) be 
a function which has continuous second partial derivatives and de¬ 
fines only admissible elements (t,y,q) =* (t,y,W y ) In a region Sb 
of ty- space . Then if W satisfies equation (7s2), the region 5b Is 
a field with 

(7:3) q^(t>y) = W y ^, 

and the surfaces W(t,y) a constant are the transversal surfaces of 
the field* 

In a field Sh determined by a set of functions q^ft^y), 
the function 

, v P (t#y) 

(7:4) W(t,y) « / qi(t,y)dy 1 - H[t,y,q( t,y)Jdt, 

‘AWo) 

where (t 0 *yo) is a fixed point in B, has the properties described 
in the first part of the theorem since its derivatives are given 
by equations (7:1) with k = 1. The equations (7:1) with k = 1 are 
clearly equivalent to equation (7:2). 

Conversely, every solution W of equation (7:2) with the 
properties described In the theorem defines functions q^ by means 
of equations (7:3) which with W satisfy the equations W t = -H(t,y,q) 
q i 3 w y 1 * Th6 Hilbert integral I* formed with the functions 
^ * W yi ia the int0 gral ot dW and hence is independent of the path. 
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Thus the region & is a field with functions q.^ » according 

to the second definition in Section 6* 

The following well-known properties of a field are easily 
eatabUahsd for a field cf 4 . In a fleld J I*(C ia ) = W(t,y)£ for 
any two points 1 and 2# Therefore, for every arc C ia on a trans¬ 
versal surface, I*(C ia ) is identically zero. From this it 
follows that, if the extremals of the field do not lid on the 
transversal surfaces, then two transversal surfaces intercept arcs 
on the extremals of the field along which the integral S (ZjH Zl - H)dt 
has a constant value. 

8. Construction of fields and relation s between extremals 
and a complete Integral of the Hamilton - Jacobi equation for 
problem A* In this section conditions are given under which it 
is possible to construct an n-parameter family of fields from a 
2n-parametor family of extremals. The complete integral of the 
HamiIton-Jacobi equation is determined with the aid of a 2n-parameter 
family of extremals, and conditions which this integral must satisfy 
if some of the parameters do not appear in the functions y^ de¬ 
fining the extremals are derived. Finally it Is shown how to de¬ 
termine a 2n-parameter family of extremals from a complete integrd. , 
and conditions are given which imply the non-appearance of some of 
the parameters in the functions y^ defining the extremals. 

THEOREM 8:1. Suppose that a non - singular extremal arc E 
£og problem A is a member for values t 10 S t t a o> a 10 > ..., a^, 
bio> • • b no 2l Bl 2n- parameter family of extremals defined by 
functions of the form 

(8:1) yi(t,a 1 , a n ,b x , ..., bn), z^(t,a x , ..., a n ,b 1# ...,b n ) 

whlch are such that tlie functions y^, y^, z^, z^^ have continuous 
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first derivatives In a neighborhood $ of the values (t,a,b) be¬ 
longing to E. Suppose further that for each set (t,a,b) In 63 
the determinants 



hold identically. Then for fixed values of (b) in 63 the family 


of extremals defined by the functions (8:1) form a Mayer field 
over a neighborhood of the points (t,y) on E. Furthermore , the 
functions q^t^b) for each field have the determinant 


(i,k * 1, n) 


different from zero . The functions Qi(t,y,b) are defined by the 
equations 


(8:5) qj_(fc#y#h) * Zj^rtfa(t#y*b)jbl* 

and the functions a jL (t,y»b) are found by solving the equations 

( 8 * 6 ) 53 yj[(t,a,b). 

Since the determinant I y iajc | is different from zero for 
(t,a,b) in the system of equations (8:6) has a unique solution 
*1 “ for (b) in 03 and (t,y) in a neighborhood cf* of 

the points (t,y) on E) the functions a^(t>y#b) have continuous 
second derivatives for (b) in S3 and (t,y) in & since the right 
members of equations (8:6) have such derivatives. It follows 
from conditions (8:3) that for each fixed set (b) in 03 the family 
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of extremals defined by the functions (8:1) form a Mayer field 
over the region cfr with funotions q^(t,y # b) defined as in (8:5) 

(I, 595). There is a family of such fields depending upon the n 
parameters (b). 

In each field the determinant (8:4) must be different from 
zero. For# the differentials of the equations (8:5) and the 
identities y^ « y 1 Ct # a(t,y,b),b] with respect to bj satisfy the 
equations 


0 - ♦ yib^v 


(1* j s 1# .••p n) 


where da^ =» a^ dbj. If the determinant (8:4) were equal to zero 
at a point (t,y) In 3 and (b) In 83 , there would exist values 
dbj not all zero satisfying the equation q^ dbj « 0. For such 
values of dbj* the second determinant in (8:2) would have the value 
zero which 1s contrary to hypothesis. 

The following theorem (II# 268:VIII, 146) indicates 
conditions under whioh an extremal satisfying the hypotheses of the 
previous theorem exists. 

THEOREM 8:2. Let E be a normal non-singular extremal for 
problem A for which there exists a conjugate system ^ 

of solutions of the canonical accessory equations 

(s,, » ■ H V i> * Vk 4 *' 


whose determinant l^j^t) I i®, different from zero along 2. Then 
K la a member of a 2n- parameter family of extremals of the type de¬ 
scribed in Theorem 8:1. 

The equations (8:7) are derived by Bliss in his lectures 
on the Problem of Bolza (IV, 75). To establish the theorem let 
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(8s8) o 

E i " o4l, •••* *n> p-' •••* (^ n ) 

be a 2n-parameter family of extremals containing E for values 
°^i s °*io' * (^io # * 10 ■ ^ * tao 8U °k toe P^a^tors 

^i # ^i 81110 tl16 Vftluea toe functions Y^# Zj[ at t»t 10 # the 

functions v *it» Z^i having continuous first and second 

partial derivatives in a neighborhood of the values (t,tf, @) be¬ 
longing to E* The 2n-parameter family 

(8i9) 7 i* yi(t#a 1 ,*..,a n# b 1 ,... # b n ), z 1 (t,a 1 , ...,a n ,b 1 , *..,b n ), 

obtained from the family (8:8) by substituting for («<,(3) the 
functions c((a), ^3(a,b) defined by the equations 

(8|10) °<i(a)®«( l0 + ^(a^b) a ^ io + ^^(txoiajj-*-b^> 

contains E for (a,b) a (0,0) and can be shown to have the properties 
described in Theorem 8s1* For, by differentiating the identities 

y^tio* t) = ®j[(txo# b) = ^(a, b) 

with respect to a k , b fc it is found that at t® t 10 > 

(8»11) ^ ik^io)* *18^“ yib k = °* z ib k = ^lk 

whore $ laL ■ 1 and = 0 if 1 / 1c. Hence, along E 

yi^ = 7ik (t) ' Z ia k - C ik< t) 

since along E the right and left members of these equations are 
solutions of equations (8:7) with the same initial values at t = t 10 . 
The determinant t y^l 1® therefore different from zero along E» 

It follows that the first n equations in (8:9) have unique solutions 
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a a^(t,y»b) will oh are continuous and have continuous first 
and seoond derivatives for all (t#y»b) suoh that (t,y) la In a 
neighborhood & of points (t,y) on B and (b) In a neighborhood © 
of (b) = (0). For each fixed set (b) in ® and (a) in a neigh¬ 
borhood of (0), 


Fia^laj ' *1^*1^ “ ^ij(tio) - 7i J (ti°) ^lk^io) 

on the hyperplane t ** t 10 « The right members of those equations 
have the value zero ainoe ^ ik a 00n j u S at ® ayatem of 

aolutions of the equationa (8:7) (IV # 80)* Since the left members 
of these equationa are oonatant along each extremal of the family 
(8:9) for (t,a,b) in a neighborhood of the let (t#a,b) bn E (1# 

595), it follows that condition (8:3) of Theorem 8:1 is satisfied* 

VIth the aid of equations (8:11) it is seen that the second deter¬ 
minant in (8:2) la different from zero at t » t l0 on E and hence 
must be different from zero along E (IV, 37)* Therefore, there 
ia at least a neighborhood of the values (t,a,b) belonging to E 
in which the 2n-parameter family of extremals (8:9) satisfies the 
hypotheses of Theorem 8:1* 

A complete integral of the Hamilton-Jacobi partial differ¬ 
ential equation will now be determined with the aid of a 2n-parameter 
family of extremals* 


THEOREM 8:3* If a non - singular extremal arc S for problem 
A is a member of a 2n- parameter family of extremals having the 
properties described in Theorem 8:1, then there is a neighborhood 
of E in which , with an arbitrary additive constant , the function 
, P (t,y) 

W(t,y,b) - / <li_(t*y»b)dyj > -H(t*y*q)dt 

t '(t 0 »yo) 


with q^ daflned bj equationa ie a complete Integral of the 
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Hamllton - Jaoobl partial differential aquation W b + H(t,y*Wy) » 0 
and has the determinant | Wy^l * 1* ♦ ..* n) different from 
aero* 

This theorem follows direotly from Theorem 8il and the 
first part of Theorem 7s1* 

The theorem of Jaoobl on the determination of the extremals 
from a complete integral of the Hamilton-Jacobi equation will now 
be given, 

THEOREM 8:4 • If W(t*y^* • ••* • ••# bj^) has con ¬ 

tinuous second partial derivatives with the determinant 


( 8 : 12 ) 



(i*k « 1, n) 


different from zero for all points (t,y,b) satisfying conditions 
of the form (t*y) in a region & # (b) in a region <0 * and the sets 
(t*y*q) » (t,y,Wy) corresponding to these arguments admissible * 
and if furthermore W satisfies the Hamilton - Jacobi partial differ¬ 
ential equation 


(8:13) W t + H(t,y,W y ) « 0 

identically in (t,y,b;, then the aquations 


(8:14) W bl (t,y,b) a W bi (t 0 ,a,b) 

define a 2n- parameter family of extremals 

y 1 (t # t 0 >a,b>* *^1t*t 0 *a*bj 

with properties similar to those described in Theorem 4:1* the 
functions »j i (t*to#a*b) being defined by the equations 


(8:15) 


*1 " W 7i Ct#y(t,t 0 #a*b),b3 
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Since the function W satisfies the equation (8:13) 
identically in (t,y,b)# it follows that 1 must satisfy the equations 

(6.16) « ttl * %v,i - 0. *t n * » 71 * Via ■ 

found by differentiating the equations(8:14} with respect to b^ 
and y^# respectively* 

It will now be shown that every admissible arc E interior 
to , having no comers, and satisfying the equations (8:14) for 
particular constant values a^ o9 b io is an extremal* For# the 
functions y^(t> (t x ^ t < t 8 ) defining K with the functions z^(t) 
defined by means of (8:15) satisfy the equations 

(8* iv) w blt ♦ - 0 , *i»V + Vk y ^ 

found by differentiating the equations (8:14) and (8:15) with 
respect to t* The equations (8:16) and (8:17) show, with the aid 
of the condition (8:12)# that the functions y i (t)# z^(y) satisfy 
the canonical equations (4:8) and hence that E is an extremal. 

The values (t,y#t 0 #a#b) belonging to E form a set satisfy¬ 
ing equations (8:14) on which the determinant (8:18) is different 
from zero. Hence# equations (8:14) have solutions y^ * y^t^o 
which, substituted in (8:15), define functions z ^ * z 1 (t,t 0 #a,b). 
For a fixed value of t 0 # these functions define a 2n-parameter 
family of extremals 

(8:18) y 1 (t,a,b), 2 1 (t,a,b) 

including E for the parameter values a^ « a^, b^ * b^ 0 and having 
continuous partial derivatives of at least the first order in a 
neighborhood of these values since the left members of equations 
(8:14) and the right members of equations (8:15) have such 
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derivatives. Since, from the discussion above, the functions in 
(8;18) satisfy the canonical equations (4:8), it follows that 
y it* z it also have continuous first derivatives* By substituting 
the functions (8:18) in equations (8:14) and (8:15) and differ¬ 
entiating the resulting identities with respect to aj, b^, it is 
readily seen that the product of the determinants 


V 

yjy 



is the determinant 


y ka 

ka 


7kb j 

2 kb. 


(l,J,k « 1, ...» n) 


W b (t 0 ,a,b) 

l y j 



(t 0 ,a,b) 


*b 1 b^ t,y,b) 


0 


- W b (t.y.b) 

T i J 


and hence that the value of the functional determinant of (y,z) 
with respect to (a,b) has rank 2n. This establishes the final 
property of the family (4:9) as belonging also to the family (8:18). 

For certain problems of Bolza some of the parameters (b) 
do not appear in the first n functions (8:1) defining a 2n-parameter 
family of extremals for the problem* For the problem of Mayer, for 
example, at least one of the parameters (b) is non-essential in 
the first n functions in (8:1) as shown by the homogeneity relatlois 
(4:19)* A similar condition holds in the case of the problem of 
Lagrange with finite side conditions transformed by differentiation 
of the side conditions into a problem of Lagrange with differential 
equations as side conditions (VI, 11). It should be noted that in 
the first of these problems the order of abnormality (IV, 52) is 
at least 1 and in the second it is equal to m + 1. In the following 
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theorem a condition la given which is necessary and sufficient 
for the non-appearance of some of the parameters (b) in the first 
n functions in (8:1)• 

THEOREM 8:5* If the last s of the parameters (b) do not 
appear in the functions y^t^b) in (8:1) of Theorem 8:1, where s 
la one of the numbers 1, m + 1, then the function W described 

in Theorem 8:3 satisfies the additional equations 

(8:19) ^ z k z i^yi^ P * ^ ( f* m n-s+1, •••#n> i,k=l,..., n) • 

Conversely , if the function W(t,y,b) having the properties described 
in Theorem 8:4 has continuous third derivatives and also satisfies 
the equatlona (8:19), then the last a of the parameters (b) do not 
in the functions y ± (t,a,b) in (8:18) defining the extremals . 
To establish the first statement in the theorem it should 
be noted that if the last s of the parameters b x , b n do not 

appear in the functions y^t^b) in (8:1), then the functions 
*i(t,y,b) described in Theorem 8:1 are independent of these 
parameters also* Differentiating the identity 

w yi (t>y,b) h ^[tfaft^bbb] 

for bp , it is found that W y ^ b ^ * z lb p • Moreover, from the re¬ 
lation 

7 1 (t,a,b) ® H Zi Ct,y(t,a,b),z(t,a,b)] 

one finds by differentiating for b p that H z±Zk * kb ^ « 0 since the 
functions y^(t,a,b), y^(t,a,b) are independent of b p • Equations 
(8:19) follow easily from these relations. 

To prove the last part of the theorem let W(t,y,b) be a 
solution of the Hamilton-Jacobi equation (8:13) as described in 
Theorem 8:4. By the latter part of Theorem 7:1, the region <3k in 
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X 


dy k - H dt) - W(t,y,b) - W(t 0 ,a,b). 


ty-space for each fixed set (b) in 6 is a field with functiona 
qj.(t,y,b) b Wy^(t,y,b) and with extremals of each field defined 
by the functiona (8:18) in whioh the parameters a^ are assumed to 
be the values of the funotions y^ at t = to* The Invariant Integral 
(7:4) from a fixed point (t 0 «a) to a variable point (t,y) in 
is given by 

(t,y) 

(to»a) 

It follows that 

P (t,y) 

(8:20) W b (t,y,b) - W b (t 0 ,a,b) + / q kh (dy k -H- dt), 

1 1 ^(to.a) KD 1 K k 

/°(t,y) 

W bl b j “ ^bj^ 0 ' 6 ' 13 ^ + ^k^bj^yk " H z k dt) 

* 8 ' 21 * “ (l,j,k,h« 1, ...» n). 

If the functions y^ft^b) are substituted for y^ In the equations 
(8:14) and the resulting identities are differentiated for bp, it 
la found with the aid of the identities obtained by making the 
same substitution in equations (8:21), (8:19) and b 
that 

C (t>y) 

W b y y 1b 58 * L v Q k b b (dy k * H z dt >* 
i y j JD f ^(t 0 ,a) “i D p * z k 

In view of the fact that the functions y^(t,a,b) define an extremal 

of the field passing through the point (t 0 >a), the invariant line 

integral above may be evaluated along this extremal* When this is 

done, It Is found to have the value zero* Accordingly, one obtains 

the relations W b v y 1h = 0. Since the determinant in (8:12) is 
i y J J f 

different from zero for (t,y) in 3* and (b) in #3 , it follows that 
the functions y^(t,a,b) in (8:18) must, therefore, have the form 
stated in the theorem* 
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9* Fields for the problem of Mayer In non - parametrio form# 
For this problem# as stated in Theorem 4s7# the Hamilton function 
H(t,y,z) is homogeneous of order one in z# Because of this fact# 
the fields for this problem have certain peculiar properties which 
will be discussed in this section# It will be recalled also that 
it was shown in Section 4 that the multipliers (t) associated 
with an extremal arc E for this problem vanish simultaneously if 
and only if the functions z^t) associated with E have this 
property# 

THEOREM 9*1# The Integral I* has the value zero along 
every extremal of a field • Furthermore # every extremal of a 
field lies on one of its transversal surfaces l(t,y) =* constant 
and the values are not all zero # 

Along each extremal of a field# the integrand of the in¬ 
variant integral I* is equal to the expression z^H^ - H which 
is identically zero on account of the condition (6*4)# It follows 
that each extremal of the field lies on the transversal surface 
W(t#y) = W(t 0 #y 0 ) defined by the function (7*4) where (t 0 ,y 0 ) is a 
fixed point on the extremal# The values are not all zero sinoe 
they are the values of the functions z* belonging to the extremals 
of the field# 

THEOREM 9*2# Lot E be a non - singular extremal arc for the 
problem of Mayer having the properties described in Theorem 8*1# 
Suppose further that the functions y 1 (t#a,b), z 1 (t,a,b) in (8*1) 
satisfy the homogeneity conditions (4*19)# Then the functions 
Qj^(t#y#b) defined in (8*6) satisfy the conditions 

(9:1) <J 1 (t,y,kb) - kqjttjy.b) (kj/O). 
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This theorem follows from the fact that the functions 
a^(t,y,b) described in Theorem 8:1 would, under thelypotheses of 
this theorem, satisfy the conditions a^(t,y,kb) ■ a^(t,y,b) (k 4 0)• 
THEOREM 9:3. Let E be a non - singular extremal for the 
problem of Mayer having the properties described in Theorem 8:2. 
Then E is a member of a 2n- parameter family of extremals of the 
type described in Theorem 9:2* 

Since the parameters (5^ in the functions Y^(t,o* , (3) # 

Z^(t, , @) in (8:8) are the initial values of Y^, Z^ at t » t© 

these functions satisfy the relations (4:19) and not all the 
parameters belonging to E are zero (III, 310). In order to 

preserve this property for the functions y^(t,a,b), z^(t,a,b) in 
(8:9), the expressions for (3^ in (8:10) are replaced by the 
following expressions which are homogeneous of order one in (b): 

n ^rk^®^ a k^n + ^r 1 a ^nk^^^k^n* ^no^n # (r* 1,.. .,n-l) 

where it is assumed that the functions y^, z^ in (8:8) have been 
renumbered, if necessary, so that @no 4 0 and the functions 
^(a) in (8:10) are unchanged. The family (8:9) now contains 
the extremal arc E for a^ =» 0, b r » (? ro , b n « 1, and the functions 
yj L (t,a,b), z^(t,a,b) in (8:9) satisfy the relations (4:19). The 
proof given for Theorem 8:2 with a slight modification in the last 
set of equations in (8:11) is valid for the parameters (@) re¬ 
placed by the expressions given above. 

THEOREM 9:4. If E la a non - singular extremal arc for 
the problem of Mayer satisfying the hypotheses of Theorem 9:2, 
then the function W described in Theorem 8:3 without the additive 
oonstant can be put into the form b n TT(t,y x ,...,y n ,o x ,.. .,c nwX ), 
and the number a described in the first part of Theorem 8:5 is at 
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least equal to one. Conversely # if a function U(t,y 1# ...#y n , 
Ci#.. ** c n -*) *££ continuous second partial derivatives with the 
determinant 



(1 38 l#...#n# J =* 1,... #n-l) 


different from zero for all points (t,y,c) satisfying conditions 
of the form (t,y) in a region c# * (c) in a region C, and the sets 
(t#y#q) = (t,y,Uy) corresponding to these arguments admissible # 
and if U satisfies the Hamilton - Jacobl equation (8:13) identically 
in t, a, c, then W « b n XT(t,y 1 ,.. .,y n ,o x ,.. ., 0 ^) for bn 4 0 is 
a function possessing the properties of the function W described in 
Theorem 8:4. I£ U also has continuous third derivatives # then the 
number a described in the last part of Theorem 8:5 is_ at least 
equal to one . 

The first part of the theorem follows from the conditions 
(4:18) and (9:1). The final statement in the theorem is a con¬ 
sequence of the homogeneity of the function H given in (4:18). To 
prove s > 1 9 we use the identities * 0, H z ^ (t,y,kz) 

« (l/k)K Zi ^(t,y,z), obtained by differentiating the equation (4:18) 
first with respect to z^ and the resulting equation with respect 
to k and with respect to Zy With the help of these identities 
and z^ = it is found that 


= S” H ZiZ k (y,u y )u y k " °* 

The number s is accordingly at least one by Theorem 8:5. 

THEOREM 9:5. Each transversal surface W(t,y) = c of a 
field & > determined by functions q^t^y), contains an (n-1)- 
parameter family of extremals of the field defined by funotiona 
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of the form 

(9*2) M »| I • • • f « 

At each point on the transversal surface , the equations 

(9:3) Qi(tiy)yi^ =s 0 (1 * 1>• • • k s l,«««#n—1) 

are Identically satisfied by the functions yi(t,a,c) In (9:2)« 

Let the extremals of the field be given by the equations 

(9:4) y^ = Y^(t>a 1# •.. ,a n ) # = Z^(t,a x , • • • ,8^ 

where (a) lie in a region Q~ and are the values of Y^ at some 
point t « t 0 on the Interval t x $ t £ t 8 * Then, by the first part 
of Theorem 7:1, the transversal surfaces are determined by the 
equation W(t,y) = constant, where 

r (t,y) 

(9:5) W(t,y) ■ / q. (t,y)dy, - H[t,y,q(t,y)]dt. 

J (t 0 ,yo) ^ 

In view of Theorem 9:1 one has the identity 
W[t,y(t,aj] » W(t 0 ,a). 

Since the values W_ are not all zero, we can infer from the 
y i 

equation W(t 0 ,a) = o, that the parameters a x , ..., can be 
replaced by new parameters one of which is the constant c* We 
may denote these new parameters by a x , a n-x , o and hence 

express the extremals of the field by functions of the form 9:2# 
The equation (9:3) is obtained by differentiating the identity 

W[t,y(t,a x , • • •,a^^,c)1 * o 

with respect to a^ and replacing by its value q^(y). This 
proves Theorem 9:5* 
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10. Mayer fields and transversal surfaces for problem B. 

A Mayer field as defined by Bliss, is a region 9* 1 of y-opaoe con¬ 
taining only interior points and with which there is associated 
a set of slope-functions and multipliers p^(y), Xp(y) having con¬ 
tinuous first partial derivatives in defining elements (y,p) 
which lie in the region and satisfy the equations $ p » 0 for 
every (y) in £fi ', and making the integral I* * J ^ inde¬ 
pendent of the path in 9* 1 when the arguments of the function F y » 
are y, p(y), X • 

It should be noted that if a set p^y), X^(j) has the 
properties described above, then every set Myjp^ty), X^ (y) 
for k(y) a positive function with continuous derivatives for (y) 
in o b % also has these properties on account of the homogeneity of 
the functions F and ft ^ and the fact that the region x contains 
the point (y,ky*) for k positive if it contains the point (y,y»)* 

In particular, I* is unchanged, and it will be shown later that the 
extremals of the field remain the same. Since the function 0 
appearing in the function Xo for problem C has the properties 
prescribed for k(y), the slope functions of the field & can be 
replaced by p(y)/0[y,p(y)l and in this form they will satisfy the 
equation ft 0 » 0. Furthermore, the corresponding cylindrical region 
31 * of (t,y)-spaoe with slope functions and multipliers p^(y)/^Cy,p(yfl, 
Xo m 0, Xq (y) is a Mayer field for problem 0. Whenever the 
problems B and C are being compared it will be assumed that the 
functions p^(y) for problem B have been replaced by p i (y)/^Cy,p(y)] 
although, as noted above, the results for problem B will be in¬ 
dependent of this transformation. Since the solutions of the 
equations yj * Pi(y)/^Cy,p(y)l are extremals of the field 3i x with 
multipliers Xo * 0, X^[y(t)], their projections in y-space are 
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extremals for problem B with multipliers XpCy(t)]. By the 
method of Section 4, the initial values for the functions y^ can 
be expressed in terms of n -1 independent parameters* By replac¬ 
ing the parameter t by T0(y,p) it is evident that every field 9* 
for problem B is simply covered by an (n - 1)-parameter family of 
extremals satisfying the equations .y^ a p^(y). On an extremal arc 
E of a field I # (E) * 1(E) since along suoh an arc the integrand 
of I # reduces to F and 1(E) ** / F dt. 

S tx 

Let “ be a region of points (y,y',^(3) with (y,y*) interior 
to the region dftj, described in Section 2 and so related to a 
region *YL of points (y,q) that to each point (y,q) interior to 
there corresponds a unique solution (y,y',Xo* ) of the equa¬ 

tions (3:6) for problem C with (y>yS^p ) interior to £ and suoh 
that the determinant of the matrix R in (3;6) is different from 
zero* Let the region N for problem C#corresponding to the region 
N for problem A described In Section 6, be the region of points 
(t,y>q) such that (y,q) is in'T't; similarly, let the region E 
for problem C,corresponding to the region E for problem A,be the 
region of points (t,y,y ! ,to»t q ) such that (ytySX^) is interior 
to & . The equations (4:3) with z^ a q i have as before single¬ 
valued solutions with continuous second derivatives and to 3 H(y,q) 

= constant over the interior of N* furthermore every solution 
y^(t), zi a q^(t) of equations (4s8) in the region N defines an 
extremal for problem C whose projection in the y-space is an ex¬ 
tremal for problem B with ty(t), q(t)] interior to the region 
A set (y,q) Interior to 71 will be called an admissible set. 

A 88Con< * definition of a Mayer field is a region & of 
y-space containing only interior points with whioh are associated 
functions q^ty) having continuous first partial derivatives in 9* 9 
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defining elements (y,q) which lie in the region 7l and satisfy 
the equation H(y,q) =* 0 for every (y) in S& , and making the 
integral I* » q^(y) dy^ independent of the path in 9 s • 

If ^ is a field for problem B, then the corresponding 
cylindrical region of (ty)-space is a field & for problem C 
with the same functions q^(y) and the same invariant integral 
since H[y,q(y)] * 0. The region N for problem C is the region of 
points (t,y,q) such that (y,q) is in 7£ and t is arbitrary* 

THEOREM 10si* If the integral I* is Independent of the 
path in &•, the equations 

Sq t /*y k 3 (l*k = 1, n) 

hold identically in the variables (y)• 

This theorem follows at once from Theorem 6:1 for problem C* 
THEOREM 10:2* Every solution y^(t) in the field £t o£ t* 16 
equations 

(10*1) dy^/dt a H z ^[y,q(y)] 

la an extremal with js^t) = Cy(t)] . Through each point of the 
field there passes one and only one extremal * 

This theorem follows from Theorem 6:2 for problem C* 

Every solution yj^t) in the field & of the equations (10:1) with 
* ± (t) e q^ry(t)] satisfies the equations 

(10:2) dyj/dt * H Zl (y,z), dzj/dt - -H yi (y,s), H(y,e) = 0, 

which are the canonical equations of the extremals* The projections 
in the y-space of the arcs satisfying the equations (10:2) are 
called the extremals of the field & • By the method of Section 4 
the n parameters in the solutions of equations (10$1) can be 



(265) 


MAYER FIELDS FOR PROBLEM B 


53 


expressed in terms of (n- 1) independent parameters in such a 
way that through each point of & there will pass one and only one 
extremal of the field. 

A field 9* determined by functions q^(y) is a Mayer field 
as defined by Bliss with P*(y) = H 2i [y#q(y)l> tp * Cy*q(y)}. 

A Mayer field defined by functions p^(y)# Xq( y) is a field accord¬ 
ing to the second definition provided that the sets Cy> q(y)] de¬ 
fined by points (y) in , where q^(y) = F i[y,p(y),X(y)]* are 

*i 

interior to the region 1Z and satisfy the equation H(y,q) = 0* 

Let ^ be a field defined by functions q^(y)• An n-space 
W(y) = constant is called a transversal surface of the field if at 
each point (y) on it the equation 

qiCyJdyjL =* o 

is satisfied by every set of differentials dy^ which satisfy the 
equation 


It is evident that a necessary and sufficient condition that an 
n-space W(y) * constant be a transversal surface of a field is 
that at each point on it in J 

w 7l = k <u(y) 

where k is a proportionality factor. 

THEOREM 10:3. In every field &i the Hilbert Integral de¬ 
fines a function W(y) having continuous second partial derivatives 
in & , satisfying the HamiIton - Jacobi partial differential equation 


(1023) 


H(y,W y ) - 0, 
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and such that the surfaces of the family W(y) * constant are the 
transversal surfaces of the field . Conversely , let W(y) be a 
function which has continuous second partial derivatives and defines 
only admissible elements (y,q) « (y,W y ) in a region & of y- apace . 
Then if W satisfies the Hamilton - Jacobi partial differential 
equation (10*3), the region ffi is a field with 

qi(y) = w yi> 

and the surfaces W(y) * constant are the transversal surfaces of 
the field . 

This theorem follows at once from Theorem 7*1 for problem 
C with the aid of the remarks preceding Theorem 10*1* 

The following properties are easily established for a 
flold & 1 . In a field!I*{C 1 ,) ■ «(y)l* for any two points 1 and 2. 
Consequently, for every arc C ia on a transversal surface, I*(C X a) 

Is identically zero. Prom this it follows that. If the extremals 
of the field do not lie on the transversal surfaces, then two 
transversal surfaces Intercept arcs on the extremals of the field 
along whioh the integral Sz^E z dt has a constant value. 

11# Construction of special fields and the relations be¬ 
tween extremal8 and a complete Integral of the Hamllton-Jacobl 
equation for problem C. In this section it is shown how to construct 
fields for problem C for which the functions q^ are independent of 
t, and the special form which the theory developed in Section 8 
assumes for this problem is given. 

LEMMA 11*1. If y^(t), z^(t) is a solution of equations 
(4:8) for problem C and the equation H(y,z) * constant, then every 
set of toe form = oy^, * oz^, where c is a constant , is a 

solution of the canonical accessory equations (8*tf) and the equation 
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(liu) + H ri ? ! = 0. 

This statement Is readily verified by dlreot substitution* 

THEOREM 11:1. If, in Theorem 8:2 for problem C# the con ¬ 
jugate system of solutions of equations (8:7) is of the form 
y i* z i* ^i r (t), 5 lr (t) (r « 1, .. .* n- 1) wid satisfy the equation 
(11:1), then by proper choioe of the parameters the functions 
for each field are Independent of t and the Hamilton function H(y#q) 
associated with each field is a constant to • The invariant integral 
described in Theorem 8:3 has the form 

r (y) 

(11*2) W(t,y, A,Xo) = I ^(y.fl^oJdyi-Xot " W(y»@»Xo)- tfot. 

' ^(yo) 

The theorem will be established by a method suggested by 
the proof of a theorem due to Bliss (V, 241)* Let B 1 be a member 
for values t x0 = t * tao* ^ 10 # b io of a 2n-parameter family of 
extremals 

(11:3) =» y 1 (t-t 0 ,a,b), * 1 = z^t-toja.b) 

where the parameters a^# b^ are the values of the functions 
ZjL* at t « t 0 * B y Theorem 4:3 the Hamilton function H(y*z) has a 
oonstant value H(a,b) along each extremal of the family (11:3). 

The functions y^# y^, are assumed to have continuous 

first and second partial derivatives in a neighborhood of the values 
(t*a>b) on E 1 . The parameter t 0 appears only in the difference 
t-t 0 alnoe the right members of equations (4:8) for problem C do 
not contain t explicitly. It is proposed to construct a Mayer 
family of fields containing E* for which the functions associat¬ 
ed with eaoh field are independent of t. To do this# a function 
is defined by the equation 
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(11:4) U(4,P)«| C lr (t 0 )7 lj (t 0 ) 0( r o < j + « p P y (r= l,...,n-l) 

and the parameters b^ are determined as functions of , f3, 

Xo by means of the equations 

(i = 1, • • •,n) 

(11x5) )»a l0 +7 lr (t 0 )^ r 

,n-l) 

(11x6) ^i°^ij^°^ ** ^ir(^o)^|^j(to)°^ j %♦ H[a(®0 ,b] =* Xo* 

These equations are satisfied at the special values 
( K j# ji^offlifbi) * C 0 >bjL O / Yij(t o )iXo(E , )#aioibiol• For these 
special values the functional determinant of the left members 
of equations (11:6) with respect to the variables b A is the deter¬ 
minant |-y 13 (t 0 ) yj I which is different from zero along E* by 
hypothesis. Hence, equations (11:6) have solutions , (3 ,t 0 ) 

In a neighborhood of values C°<ro» Pro'^o(E')] - C0,b lo 7 lr (t o ),lfo(E')) 
which are such that b ± Le<o, (S 0 , Xo(E*)] = b lQ . 

If the functions a( °( ), b(o( , ^ ,Xo) are substituted in 
equations (11:6) and the resulting identities are differentiated 
for cc y , it is seen that 

(11:7) b^^tto)- ^ix.^oJ'^jtto). h U r E z x m “ H y 1 T |ir (to) 

(11:8) = 5 rJ , b 1?r H 8i - 0, 0, 

b l* 0 H Zl - 1, 

where S rr « 1 and S rj = 0 if r ^ J. Since along E» the solutions 
*1* z l'» ^lj^J 01 equations (8:7) and (11:1) are assumed 

to form a conjugate system. It follows with the aid of equations 
(11x7) that along E 1 

Chief - ^i r (to)]7i 3 (to) o 0, [b lc< - ^(totfyi - 0. 

r p <■ 
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Since the determinant l^ijlto) y^ I 18 different from zero on 
e) the equations * C ^ r (to) must hold identically on E*. 

i 

Furthermore, from equations (11:8) with E z ^ ■ y^, it is seen that 
at t » t 0 on E 1 

bj a I I S j 0 

<u,9 » ^ -hiji^i ’ll ■ „ i •*• 

and hence that the first determinant is different from zero* 

The 2n-parameter family of extremals 

(11:10) y^ =* Y^(t-to, 13 Z^tt-to, ^ r #Xo) 

(r » 1, • •*, n-1) 

obtained from equations (11:3) by substituting a^( °( ) ,b^( , (S 9 % 0 ) 

for a^ and b^ contains the extremal E 1 for (t 0 , «< r , (? r , to) 
s [too, 0 , bio*^i r (t 0 ), Xo(E')] and can be shown to have the 
properties stated in the theorem* 

By the method used in the proof of Theorem 8:2, it is 
readily established that at t = t 0 the variations of the family 
(11:10) with respect to the parameters are 

^lto 3 -yl' ” z i' 2 lW r = ^ 

(HUD 

\to " °* Y l, r * °» Z lXo ” b ho’ Z l? r B b lf r ’ 
and hence, that on E* 

(11«12) Y l* r 

From the relations (11:11) and (11:9) it follows that the second 
determinant in (8:2) is different from zero at t 0 and consequently 
different from zero along E 1 * From the equations (11:12) it is 
seen that along E f , I Y±t 0 Y 1<( I * I -y^ 'T|i r (t)l, and the 
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latter determinant la different from zero. It follows that the 
first n equations In (11:10) can he solved for t Q , °< r as functions 
of t, (3 , to • If these solutions t 0 (t, (5 ,Xo) > r (t, ,Xo) 
substituted in the first n equations in (11:10), and the resulting 
identities are differentiated for t, one obtains the relation 

0 » Yj(l - to) + 

Since the determinant I Y^ Y ± ^ I is different from zero for 

r 

(t,t 0 * * in a neighborhood Si of the values on E*, it 

follows that ti » 1, o( ^ ,B 0* Hence, the functions t 0 (t,(3,tfo)* 
o( r (t , (3 ,Xo) are of the form 

(11:15) t 0 * t - t(r,(Z,Xo)» °( r * °< v (Y>p $Xo) 

for l(}>Xo) in J3 and (t,y) in a neighborhood of the values on 
E 1 . V/ith the aid of equations (11:13), functions q^(t,y, ft ,Xo) 
are defined by the equations 

(11:14) q 1 * Z ± Ct{j, (3,Xo)f °/(y# (3,Xo) >@>Xo'} 

obtained by substituting the relations (11:13) in the last n 
equations in (11:10). It is clear that the functions q^ are in¬ 
dependent of t. With the aid of the last equation in (11:6) it 
follows that 

(11:15) H(y,q(y, ,Xo)l 83 Xo 

is identically satisfied for each fixed set (,Xo) In 20 and 
(y) in <f* • On the hyperplane y^ *= a io + i r ( to) » on account of 
the relations (11:5), (11:6), (11:11) and (11:15) the integral I* 
is independent of the path since 

X* - J c vy lr (t 0 )d« r - H[.(4 )*b(<^ » ^ j^ 0 ) Idt* (TO - X 0 t. 
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The Integral I* la therefore Independent of the path in the whole 
neighborhood V, 106) and for each fixed set ((3, to) ia #3 
the region is a field with the functions q^(y, p >to) defined 
in (11:14). The value of the integral I # taken from a fixed point 
(t 0 >yo) in t0 a point (t,y) has the form given in 

(11:2) on account of the definitions (11:14) and the identity 
(11:15). 

THEOREM 11:2* In each field c7< described in Theorem 11:1, 
the function W in (11:2) with an additive constant is a complete 
integral of the Hamilton-Jacobi differential equation 

W t ♦ H(y, W y ) » 0 

and has the determinant I n v I (r =» 1, ..n - 1) 

-Ji P r yi/o 

different from zero . 

This theorem follows from Theorem 11:1 and the first part 
of Theorem 7:1. 

THEOREM 11:3. If^ W(t>y^, ... $ y^# ^n—i) has the 

properties described in Theorem 8:4 for problem C and is of the 
form W(t,y,(3 ,to) a W(y, p ,to ) - to t* then the equations 

*p r (y.p.)fo) = r [a(*),p ,Xol» 

W^ o (y»|3,Xo) - W^ 0 [a(=O,^ ,x 0 ] + t - to (r-l,...,a-l) 

define a 2n -parameter family of extremals of the form (11:10) 
with properties similar to those described in Theorem 4:1 and 
which satisfy the equation 

(1U16) H(y,W y ) = to 

Identically In t, y, p , % 0 , the funotlona z&-UA,fy,to) associated 
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with these extremals being defined by the equations 

Vt.pA). 

The functions a^ (<* x ,. •., o< n-1 ) are required to have continuous 
second partial derivatives for (°<) In a region CL and the de ¬ 
terminant 

(H* 17) |h z ^ ^1 (i a 1» * • r 3 I; • • »^n * 1) 

different from zero , where the arguments in H Zi are (<*), 

W yi La(<K ), (3,Xol. 

This theorem follows from Theorem 8:4 with a^ = a^(<=0 
and t 0 variable. With the aid of equation (11:16) and the fact 
that the determinant (11:17) is different from zero, it can be 
proved, using a method analogous to that used In the proof of 
Theorem 8:4, that the functional determinant of the variables (y,z) 
with respect to the parameters (t Q , @ ,^ 0 ) is different from 

zero. 

THEOREM 11:4. Lf the last s of the parameters (^ ) do not 
appear in the functions Y 1 (t- t 0 ,* ,£ ,Xo) in (11:10) of Theorem 
11:1, where s is one of the numbers 1, ..., n-1, then the function 
W(t,y, @ ,Xo) = W(y, £ ,t 0 ) - Xot described in Theorem 11:2 satisfies 
the additional equations 

(11:18) H ZiZk w 7k H ziZk W yk0 p = 0 ( f a n - 8 ' •••* n “^‘ 

Similarly , if the parameter Xo does not appear in the functions 
Y A (t - t e >°< p (3 ,Xo) 9 then the function W satisfies the equations 

(11.19) H *l z k^7k^o * Hz iZi c W y lc ^ 0 3 °* 

If the function ff(t,y,0 ,X 0 ) = W(y,(3 ,X 0 ) - X 0 t described in 
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Theorem 11:3 has continuous third derivatives and satisfies the 
equations (11:18), then s of the parameters ( ) do not appear in 

the functions Y^(t - t 0 # °< , P $Xo) in (11:10) defining the extremals ♦ 
Similarly , If the function W satisfies equation (11:19) then the 
parameter Xo does not appear In the functions Y^ in (11:10)• 

This theorem follows from Theorem 8:6 for problem C with 
a^ * a^( <* ) and t replaced by t - t 0 # 

THEOREM 11:6# Let W(y 1# •. .#y n # $ •. •# (3 n-1 ) be a solution 

of the Kami It on - Jacobi equation + H(y,ly) = 0 for problem C, 
having continuous first and second derivatives for values (y) in 
and ( (3 ) In & and such that the matrix I I ^ 11 (r* 1,. ♦.,n-l) 
has rank n - 1. There exists a solution of the Hamilton-Jacobi 
equation for problem C of the form 

W(t,y,(J,* 0 ) - W(y,p,Xo) - * 0 t 

having continuous first and second derivatives for all values of 
(t,y, 0 ,Xo) with (y) In d 4 $ ( @ ) in 38 and Xo near Xo m 0, at 
least If the domains 9< and Si are taken sufficiently small . 
Moreover , the matrix 11 Wy^ ^ ^7^Xo * * rank n In this 

domain and W(t,y,,0) »W(y, (3)# 

To prove this let . * n-i) be funotions having 

continuous first and second derivatives and such that the deter¬ 
minant 

| H^WoO.WyCaU),^]) a^J 

is different from zero and the values a^ are in 3 1 9 Such funotions 
always exist if the domains S& and 43 are sufficiently small# Let 
bi = b^(o< , § $Xo) to® solutions of the equations 
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H[*( el ),b] ■ to, b l*l<>' r * C®( 01 )# ( 33 • 

Tha function W(t,y,p ,t 0 ) may be determined aa follows. Lot 
y^(t •• • toift#b) 


ba & 2n-parameter family of extremals for problem C containing 
the extremals of the field defined by the functions q^(y#(3) 

* ly^y^p) for values b* * W y ^[a(o<)* fi]> the values a*# b^ 
being the values of the functions y^(t - t 0 #a,b )$ *^(t • t 0 #a,b) 
at t * t 0 * As in the proof of Theorem 111 1, it is seen that the 
equations 


y i “ lift - t 0 #a( o( ),b(* ,(3#Xo)] 

have solutions of the form t 0 » t-t(y # £,Xo)# °< r * * r (y> (3 $to) 
and that the function 

, /*( t,y) 

W(t,y, p,* 0 ) * / q 1 dy 1 - H(y,q)dt, 

Mto^yo) 


where q^(y* p $Xo) wo the values of the functions t 0 >a(<* )*{}#Xo] 

when t 0 = t-t(y # @,Xo)> * p * * P (y# p>Xo)» has the properties 
described in the theorem* 


12* Construction of fields and the relations between ex ¬ 
tremals and a complete Integral of the Hamilton - Jacobi equation 
for problem B. An analogue of Theorem 8s2 for problem A is given 
in the following theorem* 

THEOREM 12:1* Let B be a non - singular extremal for problem 
B f££ which there exists a conjugate system y£, $ Tf lr # £ 

(r* 1# *««i n-1) of solutions of the canonical accessory equations 
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li ■ \tS> K * \'S r < ■ V, • V „ 4 k 

and the equation 

(l>k « li n) 

with the determinant I 7^ ir (t) ^ different from zero along E* 

Then B Is a member of a (2n -2)- parameter family of extremals 


( 12 : 1 ) 


= Y^(ti «< x, ^ n .x> (^i* •••# ^n-i^ 
* Z^(ti ®*n-x # • • •# ^n-i) 


which are auch that the matrices 

i 




» 






^Pi 


(r 3 1)«i fin**!) 


have ranks n and 2n - 1 respectively for (t, ^ ) in a neighbor* 

hood of the values on E. Furthermore , for fixed values ( fi ) In 
a $» the family (12:1) forms a Mayer field over a neigh " 

borhood 3* of points (Y) on E, and the functions (Y,p) associat¬ 
ed with each field have the matrix 


iiv.ii 

of rank n- 1. The functions q i (Y# @ ) are defined by the equations 

U2:2) q 1 (Y,g ) » Z^ttY,^), «((Y,^)^) f 

and the functions t(Y, (3 ), q((Yj (8) are found by solving the first 
n equations in (12:1)* 

This theorem follows from Theorem 11:1 with Xo B 0. The 
field 3* for fixed values ( ^) In 23 Is the projection in the y-space 
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of the field ^ l> described In Theorem 11;1, and the extremals 
(12s1) are the projections in the y-space of those extremals in 
(11:10) for which Xo a 0 and the parameter t -1 0 has been replaoed 
by a new parameter t. 

THEOREM 12:2* Let B be a non - singular extremal for problem 
B which the hypotheses of Theorem 12sl are satisfied ♦ Then 
there is a neighborhood of E in y- spaoe in whioh, with an arbitrary 
additive constant, the funotion 

r(Y) 

for q^ defined by equations (12:2) is a oomplete integral of the 
Hamilton - Jacobi partial differential equation H(Y,W Y ) a 0 and has 
the matrix 11 ^11 (r « 1,. • .,n- 1) of rank n - 1. 

This theorem follows from Theorem 12s1 for the oase Xo * 0 
and t - t 0 replaced by a new parameter t. 

THEOREM 12:3. If W(Y X , •. .,Y n , @ lf • •., (3 n _ x ) has continuous 
second partial derivatives with the matrix 


U2,3) ||* YlPr || (i = r - l,...,n-l, 

of rank n -1 for all polnta (Y, ^ ) satisfying conditions of tho 
form ( y ) iS £ re g lon & In y- spaoo ( @) In a region iff , and th. 
eots (¥»q) * (Y»Wy) oorresponding to those arguments admissible , 

«nd If furthermore W satisfies the Hamllton - Jaoobl equation 

(13:4) H(Y,»y) ■ 0 


identically In (Y,^), then the equations 
< 12s5 > W ?r (Y,g) - We r [a(*),p] 


define a (2n- 2j -parameter family of extremals 
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(12s6) Y* » Y t &>,»(* ),£], Z x =» Z^Ct.af* ),@1 

with properties similar to those described in Theorem 4:6, the 
functions associated with these extremals being defined 

by the equations 



The functions a^( * 19 ..., <* n-1 ) are £23£*£2$l £2. have continuous 
second partial derivatives for (q<) In a region CL and the de¬ 
terminant 

| H Zi ai* ^ | (r =» - 1) 

different from zero, where the arguments in H z ^ are ( °Z ), 

% 1 U(W ) # (3 ] • 

This theorem follows at once from Theorem 11:3 with the 
aid of Theorem 11:5. The extremals (12:6) are the projections 
In the y-spaoe of these extremals for problem C for which Xo = 0 
and t- t 0 is replaced by a new parameter t. 

THEOREM 12:4. If the last s of the parameters ( (3 ) do not 
appear In the functions ) in (12:1) of Theorem 12; 1, where 

8 one £f the numbers 1,..., n - 1, then the function W(Y, 0 } 
described In Theorem 12:2 satisfies the additional equations 

(12:7) H *lZk W ^ic (V * ° ( P « n- a, ..., n-1). 

If the function W(Y,£ ) described In Theorem 12:3 has continuous 
third derivatives and also satisfies equations (12:7), then the 
last s of the parameters ( (3 ) do not appear In the functions 
Y^Ct,a (<0,(33 In (12:6) defining the extremals . 
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The first statement follows at once from the first part 
of Theorem 11:4 by setting^ = 0 and replacing the parameter t - t 0 
by a new parameter t in the right members of the equations(11:10). 
With the aid of Theorem 11:5, the final statement in the theorem 
follows in a similar way from the last part of Theorem 11:4* 

13* Fl^ds for the problem of Mayer in parametric form * 

The theorems in this section are analogous to those for the non- 
parametric problem in Section 0* 

THEOREM 13:1. The Integral I* has the value zero along 
Q-Yory extremal of a field 3* • Furthermore , every extremal of a 
field Hea on one of its transversal surfaces W(y) = constant 
and the values are not all zero * 

The first statement follows from the homogeneity of the 
funotion H given in (4:20) and the fact that HCy,q(y)] is identical¬ 
ly zero by the definition of a field for problem B. The final 
statement in the theorem is a consequence of the first part of 
Theorem 10:3 and the fact that are the values of the functions 
zX belonging to the extremals of the field. 

THEOREM 13:2. Let E* be an extremal arc for the problem 
of Mayer in non- parametrlo form corresponding to an extremal arc 
E for the problem of Mayer in parametric form and having the 
properties described in Theorem 11:1* Then by proper oholce of 
of the parameters the family of extremals in (11:10) will satisfy 
the homogeneity relations (4:19) and the functions q 1 (y,(3 ,Xo) 
describe d in (11:14) will satisfy the conditions 


(13:1) 


q 1 (yik^,kXo) = k qi (y,|3,*o) 


(k it 0). 
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The proof is like that of Theorem 11:1 if the function 
^(^*{3) in equation (11:4) is replaced by a suitable function 
of similar type that is homogeneous of order one in the parameters 
jS x , • • o |3 n-1 * It should be noted that not all of the expressions 
bio‘7Ji r (to) oan be zero. This is a consequence of the condition 
(3:7) which reduces to the form z^y^ = to s 0, the relation 
Zi*7|i p (t) « constant which follows from the equations ^ ^ =* 0 in 
(2:1) with the aid of the Euler-Lagrange equations (3:9)(111,307), 
and the hypothesis that the determinant I y| 'YJ ip (t)| is differ¬ 
ent from zero along E 1 . It may be supposed, therefore, that 
b io^)io (fco > not zero * Tllen tlie Unction 

tn<l,p) = | x (3 1+ "taft 

(r,J*1|...,n-l)s = 2,...,n—1), 

has the required properties. The condition (13:1) can be estab¬ 
lished by the method used to establish the condition (9:1) in 
the proof of Theorem 9:2. 

THEOREM 13:3. Let E be a non - singular extremal arc for 
the problem of Mayer in parametric form having the properties 
described in Theorem 12:1. Then by proper choice of the parameters 
the family of extremals in (12:1) will satisfy the homogeneity 
relations (4:21) and the functions q^(Y/(9) defined in (12:2) will 
satisfy the conditions 

q^kp) - (k 4 0). 

This theorem follows at once from Theorem 13:2 and 
Theorem 12:1. 

THEOREM 13:4. If E la a non-singular extremal arc for 
the problem of Mayer satisfying the hypotheses of Theorem 13:3, 
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then the function W described in Theorem 12:2, without the additive 
constant , can be put into the form @ ^ U(Yi* • • • #Y n #• • • ,c n -a) 
hy proper choice of the parameters and the number s described In 
the first part of Theorem 12:4 Is at least equal to one * Conversely , 
if a fiinction U(Y 1 ,...,Y n ,o 1 ,...,c n ^) has continuous second 
partial derivatives with the matrix 




(i=*l, • ♦. ,n; j 3 l, • * • ,n**2 ) 


of rank n- 1 for all points (Y,c) satisfying conditions of the 
form (Y) in a region & , (o) in a region £ , and the sets (Y,q) « 
(Y,Uy) corresponding to these arguments admissible , and if U 
satisfies the Hamllton - Jacobl equation (12;4) identically In (Y,c), 
then W = j3 xU(Y^, • • •,Y^, , • • •,c^,^) f or / 0 lfl a functlon 

possessing the properties of the function W described in Theorem 
12:3* Lf U also has continuous third derivatives , then the number 
8 described in the last part of Theorem 12:4 is at least equal to 1* 
The first part of the theorem is an immediate consequence 
of Theorem 13:3* The final statement of the theorem follows from 
the homogeneity of the function H given in (4:20) and its easily 
deduced consequence 3 0* 

THEOREM 13:5. Eaoh transversal surface W(y) = c of a 
field determined by functions q^(y) contains an (n - 2) "parameter 
family of extremals of the field defined by functions of the form 


(13*3) y^(b, °(i,..., ,c), (t, i, • • •, °l n-a ,c) • 

At eaoh point on the transversal surface , the equations 
U 3 * 4 ) = o (i=l,...,nj 2 ) 
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are identically satisfied, by the functions y^(t, «( ,c) in (15:3). 

By Theorem 10:3 the transversal surfaces of the field 5^ 
are defined by the equations W(y) « constant, where 

W(y) q 1 (y)dy 1 , 

in which y 0 is a fixed point of cT' and q^(y) are the functions 
defining the field. The extremals of the field are given by 
functions 


Yiffc* °^i »••• * °* n-i) * 


Zi(t, n-1 )i 


having continuous first and second derivatives such that the de- 

.i . , 

terminant I y. y. . I (r = 1,..., n-1) is different from zero 
rL r 

in o' * In view of Theorem 13:1,we have the identity 
WCy(t,o< n m W[y(t 0 ,o< )] 


where t 0 is a fixed value of t. Moreover the values 

U3:5) w yi ry(t,o<)]y lo<r 

are not all zero at t = t 0 . To prove this, recall that the rela¬ 

tions 

z i = w yi (y>* *iyi = 8 i H *i ( y* z) ■ h » o, 

hold with yj « yi(t,o< ), z 1 = Zj^t.o* ). sine* the s'a are not all 
zero it follows that if the values (13:5) were all zero at t « t 0 # 
the determinant I y] y^ I would vanish at t = t 0 which is not 
the case. 

By means of the equations W[y(t 0 *°( )] « c it is seen that 
the parameters cti,*.., <H n-1 can be replaced by a new set of n - 1 
parameters one of which is the constant o. We may accordingly 
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suppose that «( » c. This proves the first part of the theorem. 

The second part is obtained by differentiating the equation 

W[y(t, *!»•••# °)3 ■ c for °<k (k 3 n " 2 ^ and re * 

placing W yi by q^ty). 

14. Relation of Kneser field theory for the problem of 
Mayer in non - parametrie form to the field theory developed in 
this paper . Let E be a non-singular extremal which is a member 
for values t x it t ^ t 8 , a x0 > ...> * 11 - 1,0 of an (n -1)-parameter 
family of extremals 

(14:1) y^ = y^(tia x , • • • ,a n-1 )» z i = z i(t#a x >. •. ,a n « x ) 

which are such that along each extremal the matrix 
(14:2) ! lyia^l I (i * 1,.. .,n> k * 1, • • .,n- 1) 

has rank n - 1 and the equations 


(14:3) = Py.yi^ = 0 

are Identically satisfied. Then the family of extremals (14:1) 
definesa field in the sense of Kneser (IX, 43). 


Since along each extremal the function F for the problem 
of Mayer is identically zero, it follows readily with the aid of 


the Euler-Lagrange equations (3:5) that F y^Yiaj c s conata nt along 
each extremal (III, 307). Hence, if the oonstant is zero at the 


constant along 


intersection of the extremal arcs in (14:1) with a sub-space 
defined by the equation t » t(a x ,...,a n-1 ), then the condition 
(14:3) is satisfied along each extremal of the family. 

THEOREM 14:1. Along each extremal of a Kneser field , the 
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(P - yi p v J )(Xt + F y ,dy l 88 0 


holds identically where dy^ * y^dt + y^^da^* F^tkorpore > the 
extremals of a Kneaer field lie on a surface which satisfies the 
Hamllton - Jacobl partial differential equation W t +H(t # y#Wy) » O. 

The first statement is an immediate consequence of the 
definition of a Kneser field and the fact that the function F is 


Identically zero along each extremal. The analogue of this con¬ 
dition for a Mayer field in the sense of Bliss is the vanishing of 

it 

the integral I along each extremal of a field. The second state¬ 
ment in the theorem is readily established by the method Kneser 
used for the parametric problem (IX> 44), The surface is obtained 
by eliminating the parameters from the first n equations in (14:1). 
This last result also follows readily from Theorems 9*1, 9s5 and 
the following theorem. 

THEOREM 14:2. A Mayer field in the sense of Bliss consists 
of a one-parameter family of Kneaer fields. 
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(14:4) * •* ) a (* ) 

and denote their values at * p « * ro by Ho 9 b io* respectively. 

Prom the definition of Kneser fields it follows that 

(14:5) BjA j ^ * 0 (r=*l,.*#,n — 1), 

A r 

and the matrix iK * II has rank n- 1. As was seen in Section 4 
the extremal E can be imbedded for values t ie ^ t < t 90 , a^, b io 
in a 2n-parameter family of extremals 

(14:6) y 1 * y^t^b), z ± * z 1 (t,a,b) 

of the type described in Theorem 4:1, where a^, b^ are the values 
of y 1# z A at t * t 0 and the parameters b^ do not vanish simultaneous¬ 
ly* 

Let 2n functions a^^c), b 1 ( * ,c) be defined by the 
equations 

(1 4 *7) ^(oc ,c) « A 1 ( ) + cB^* ), 

(14i8) b i (A l* r + oB ik ) “ °> Vl - B^t ^C* ), 

where are the functions in (14:4). With the aid 

of conditions (14:5), it is seen that the equations (14:7) and 

(14:8) are satisfied at the special values (*,c,a,b) » 

£ w Po # ^ ,ft io , ^io 9 ®l(* ro^ • The functional determinant of the 

left members of equations (14:8) with respect to the parameters b^ 

is the determinant lA^* 4- cB. * Bel# For the special values 

r r 1 

given above, this determinant is different from zero. For, if it 
were equal to zero, there would exist constants dp, d not all zero 
such that dpA^,^ 4 dB^ * 0. Multiplying each of these equations 
by and adding the equations, one finds that d a 0 on account 
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of the conditions (14s5) and the fact that 4 0. It follows 
that dpA m p * 0 for constants dy not all zero. This contradicts 
the hypothesis that the matrix I | A^ ^ II has rank n- 1* Hence, 
for («c,c) in a neighborhood of (<* ro >0), the equations (14:8) 
have solutions b^ = b^(«r,o) which are such that bj.(«* ro *0) ** 
and b^(, 0) *» B^t 0 * )• The n-parameter family of extremals 

y ± » y ± [t,A(* ) + cB(* ),b(<* , C )J = Y 1 (t,<< ,o), 

(14:9) 

z i = *!&**<* ) + )#&(* *c)J « Z^t,* ,c), 

obtained from the family (14:6) by substituting a^(rt ,c), b^(* ,o) 

for a^, b^, respectively, contains E for <* p » ot pQ , c = 0, and 

will be shown to have the properties required for the theorem. 

It will first be shown that the determinant |Y^ « r Y lo' 

is different from zero along E. If this determinant were equal to 

zero at a point on E, there would exist constants dy, d not all 

zero such that d„Y 4 . + dY 4 =0. Multiplying each of these 

r l * r io 

equations by 2^ and adding, one obtains the equation 

d r Z i Y i <* r + “i Y io = °* 

The expressions ZjY^ Z^Y^q are constant along each extremal 

(III, 307) and since the first set vanishes at t » t 0 on aocount 

of condition (14;5), while the second set does not on account of 

the last group of equations in (14:8), it follows that d = 0. 

Hence, for constants d not all zero, cLY-i* = 0, which contradicts 
r A * r 

the hypothesis that the matrix (14:2) has rank n - 1. 

Furthermore, for values of o< and each fixed value of 0 
in a neighborhood of the values (* ro >0), the family (14:9) defines 
a Kneser field# For, the matrix II Y io< r II has rank n-1 and the 
expressions Z^Yi* p are identically zero on account of the first 
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group of equations In H4;8)« 

Finally, the family (14:9) defines a Mayer field in a 
neighborhood of the values (t,y) on E, with functions 
defined by the equations 

q^<t,y) a Z^Zt, <*(t,y),c(t,y)l, 

where <* r (t,y), c(t,y) are found by solving the first n equations 
in (14:9)* To establish this statement it remains to be shown that 
the integral I* is independent of the path in 9*. On the hyper¬ 
plane t = t 0 > it is seen with the aid of the equations (14:7) 
and (14:8) that 

f q!(t,y)d 7l = f V* + cBi* 3d« r + .cJBjdo 

w G r r 

3 jB^f )c + constant. 

The integral I is, therefore, independent of the path in the whole 
neighborhood cf 1 (IV, 106). 

15. Relation of Kneser field theory for the problem of Mayer 
in parametric form to the field theory developed in this paper ♦ 

Let E be a non-singular extremal which is the member for values 
t = ta, a 10 ,•.•,a n « 8 of an (n- 2)-parameter family of ex¬ 
tremals 
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are identically satisfied. Then the family of extremals (15:1) 

forms a field in the sense of Kneser (IX, 43) 

As in the case of the non-parametrie problem, the function 

F is identically zero, and it follows readily with the aid of the 

Euler-Lagrange equations (3;9) that F i y la = constant along each 

*i 

extremal (III, 307). Accordingly, the expressions on the left of 
equations (15:3) vanish identically if they vanish at one point. 

THEOREM 15:1. Along each extremal of a Kneser field , the 

equation 

F yl d *i = 0 


holds Identically wha» dy* = y{ dt + y^d^. Furthermore , the 
extremals of a Kneser field lie on a surface which satisfies the 
Hamllton - Jacobi partial differential equation H(y,W^) =0. 

The first statement is an immediate consequence of the 
definition of a Kneser field and the fact that the function F is 
identically zero along each extremal. The analogue of this con¬ 
dition for a Mayer field in the sense of Bliss is the vanishing of 
the integral I along each extremal of a field. Kneser showed that 
the surface obtained by eliminating (t,a) from the first n equations 
in (15:1) satisfies the Hamilton-Jacobi equation. This last re¬ 
sult also follows readily from Theorems 13:1, 13:5,and the following; 

THEOREM 15.2. A Mayer field in the sense of Bliss consists 
of a 1- parameter family of Kneser fields . 

This theorem is an immediate consequence of Theorem 13:5. 

The condition (13:4) which must hold on each transversal surface 
of a Mayer field in the sense of Bliss is the condition (15:3) 
for a Kneser field. 


THEOREM 15:3. Every Kneser field can be imbedded in a 
one-parameter family of Kneser fields forming a Mayer field in the 
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aenae of Bliss , at least if the Kneaer field la sufficiently small . 

Let E be a non-singular extremal arc imbedded for values 
txo £ t ^ tao# * po ln ®(n-2)-parameter family of extremals 

y^y^ti * 1 9 • • • > *n-*J 9 z i“ z i^t# •<i>. : • > n-«) 

which form a Kneaer field <h for («) in a region CL* Set 

(15:4) A^*) * y^to,*), z^to,* ) 

and denote their values at t = t 0 , * r a b io* re ~ 

spectively. From the definition of Kneaer fields it follows that 

(15:5) - 0 (r = 1,... ,n - 2), 

and the matrix || y| A^ II has rank n-1# As was seen in 
Section 4 the extremal E is imbedded for values t i8 e t ^ t* 0 # 
a^, to io ln a 2n-parameter family of extremals 

(15:6) y A » y^(t,a,b), z * = z^t^b) 

of the type described in Theorem 4:1 for problem C, where a^, b^ 
are the values of y^, z^ at t * t 0 , the parameters b^ do not 
vanish simultaneously, and H(ai 0 ,bjL 0 ) = 0. 

Let 2n functions aj L (H,c), b^t* ,c) be defined by the 
equations 

(15;7) = A***) + oBj^*) 

(15:8) b^A^ + cB^J-0, b^-B^* )Bj_(®< ), H|>(«t ,cj ,b1 « 0 

(r = 1,...,n - 2) 

where Aj^*), Bj^oc) are the functions in 115:4). With the aid 
of conditions (15:5), it is seen that the equations (15:7) and 
(15:8) are satisfied at the special values 
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= C at ro'0<® 1 o» l5 lo = B i(* ro )3* 

The functional determinant of the left members of equations (15s8) 
with respect to the variables b^ is the determinant 

B i h | 

with = y ±0 For the special values given above, it oan be 
shown that this determinant is different from zero by a method 
analogous to that used in the proof of Theorem 14:3 with the aid 
of the homogeneity condition ZjH z ^ = H. Therefore, the equations 
(15:8) have solutions b^* ,c) for (°< ,c) in a neighborhood of the 
values ( ro ,0) which are such that = b io and b^(<X ,0) = 

). 

The (n- 1)-parameter family of extremals 


yi = + cB(<* ),b(«* ,c)] = ,c), 

(15J9) 

Zj. = z iLt»A( °( ) +c3( « ),b( « ,o)] = Zi(t,<x ,o). 


obtained from the family (15;6) by substituting a^-* ,c), bj^of ,o) 
for a^, b^, respectively, contains E for oC r =3 c = 0, and 

will be shown to have the properties required for the theorem. By 
a method analogous to that used in the proof of Theorem 14:3 with 
the aid of the homogeneity condition = H, the conditions 

(15:5), (15:7) and (15:8), it is possible to show that the deter¬ 
minant I YjLj. I is different from zero along E. Hence, 

the first n equations in (15:9) have solutions 


(15:10) t = t(y), = <* r (y), c » c(y) (r=l,...,n-2 

which have continuous partial derivatives of the first order for 
(y) in a neighborhood of the values (y) on E. 
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The family (15:9) defines a Mayer field in a neighborhood#* 
of the values (y) on E, with functions q^(y) defined by the 
equations 

^(y) ■ Zi_Ct(y)* *< r (y)* o(y)], 

the right members of which are obtained by substituting the functions 
(15:10) in the right members of the second group of equations in 
(15:9). To establish this statement, it is seen with the aid of 
the equations (15:7) and (15:8) that on the surface y^ * AjJ°<}+cBiW 
the integral I* assumes the form 

f qi(y)dYi 3 J V* ’ c)[A i**.*‘ cB i* J doC r* b i ( * 

i/q ^ q TV 

=3 B^( * )B i ( * )c + constant. 

It follows that the Integral I* Is independent of the path in the 
whole neighborhood 5* (V, 215). 

Moreover, for fixed values of c and ( * ) in a neighbor¬ 
hood of the values (*< ro ,0) belonging to E, the family (15:9) 
defines a Kneser field. This statement can be proved with the 
aid of the equations (15:7) and (15:8) by a method analogous to 
that used in the proof of Theorem 14:3. 
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INDEX THEOREMS FOR THE PROBLEM OF BOLZA 
IN THE CALCULUS OF VARIATIONS 


1, Introduction . In the present paper we shall study 
index theorems of the problem In the calculus of variations de¬ 
termined by a functional of the form 

f 

( 1 : 1 ) J( 7 ) ■ 2q( 1 ) + / 2<UJ( n , t )dx 

Jx x 

in (x, ^ i, •••, £ n )-space subject to a set of end conditions 

(ls2) + b ^ih (x,) =0 

(^ * 1, p < 2n) 

and to a set of differential equations 

U*3) 7*2') * s^i(*) 7i ♦ *,> i(*) zi * o 

( ■ 1, •••, m < n). 

In the functional (1:1) the integrand 2<^ has the form 

(1:4) p lk(*) + 2< W x) 7i£k + R ik(*) Zk 

(l,k - 1, n) 


and 2q is a symmetric quadratic form in the end values ^ ^(x x ), 

£ A (x«). A problem of this type is suggested by the study of the 
second variation for the general problems of Bolza and Lagrange 
and is usually called the accessory problem. Ih the present paper 
we shall generally denote this problem by the symbol P. 
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A large portion of the theory developed in the following 
pages Is an extension to the problem of Bolza of the theory 
developed by Birkhoff and Hestenes (I, 200-243)* for the case In 
which the differential equations (1:3) are absent. Some of the 
results here given, particularly those in Section 3, were obtain¬ 
ed also by Hestenes (VI) in an unpublished paper. Frequent use 
has been made of the types of proofs used in these papers. How- 
avsr, many modifications and simplifications have been introduced 
and in many cases the approach is entirely different from that 
of Birkhoff and Hestenes. Most of the simplifications here made 
are a consequence of an effective use of the relationships exist¬ 
ing between problems and sub-problems. A connection between the 
index theory here presented and the index forms used by Morse is 
found in Section 7 below. An excellent discussion of boundary 
value problems and their relationships to index theorems in the 
calculus of variations has been given recently by Reid (XI). 

m Section 2 certain fundamental definitions and assumptions 
essential to the analysis of later sections are given. In Section 
3 the index of the problem P is defined as the dimensionality of 
a maximal linear subspace of the space of arcs under consideration 
on which J( ^ ) is negative definite. Various properties of the 
index are obtained, including its relationships to the natural 
isoperimetric conditions and the minimal sets used by Birkhoff 
and Hestenes. 

In Section 4 the general notion of a sub-problem is 
introduced. By the use of such problems much of the theory of 
later sections is developed, m particular the well-known 

* ' ' -- - 

Roman numerals in parenthesis refer to the bibliography 
at the end of the paper. The Arabic numerals refer to pages. 
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oscillation and comparison theorems given in Section 8 are proved 
by means of sub-problems. The concept of index of a problem with 
respect to a sub-problem is defined in Section 5, 

In Section 6 the one variable end point problem is dis¬ 
cussed and in view of certain abnormality conditions which may 
arise it has been convenient to introduce the notion of focal 
intervals. These intervals play much the same role that focal 
points play in the simple problem. In particular it is shown 
that the index is equal to the number of focal intervals interior 
to the interval XiX*. 

A special type of sub-problem is discussed in Section 7. 
This problem is obtained, in brief, by requiring the arcs associat 
ed with it to vanish at a certain prescribed set of points on Xj.x« 
By properly choosing this set of points and making use of the 
properties of the index of a problem with respect to a sub-problem 
it is shown that the definition of index given in Section 3 is 
equivalent to the definition given by Morse in terms of broken 
extremal arcs. 

JXi Section 9 there is a very brief discussion of the 
boundary value problem including the well-known result that the 
index is equal to the number of negative characteristic values 
of the associated boundary value problem. In Section 10 a 
pseudo-periodic problem is considered and several interesting 
notions including the frequency number are discussed. Also the 
equivalence of the index of repletion as defined by Morse and 
Pitcher (X) and the index of a problem with respect to a sub¬ 
problem is shown. 
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2. Preliminary definitions and assumptions * We shall 
assume in the quadratic form (1:4) that the functions P^ * 
are continuous and the functions and Rj^ * R^ are of elass 
C f on the interval XjXa* By a function being of class c n we 
mean that it is continuous and possesses continuous derivatives 
of the first n orders* Also we assume that the matrix 
|| in (1*2) has rank p, that is, 

that the conditions (1:2) are linearly independent* 

An arc ^ ^(x) will be said to be of class D* if it is 
continuous and consists of a finite number of sub-arcs each of 
which Is of class C 1 • Arcs of class D 1 will be called admissible 
arcs * Let On denote the set of admissible arcs and let J& denote 
the set of all arcs £ in Ct satisfying the differential equations 
(1:3). The functions S „ ^ in these equations are assumed to be 
continuous and the functions of class C 1 . Let £ denote the 

sub class of J& consisting of all arcs £ in Q satisfying the 
end conditions (1:2)* It is to be noted that the set £ Is a 

linear set in the sense that if £ and £ are any two arcs In £ 

and a, b are arbitrary real numbers, then the arc a £ ♦ b £ is 
also in £ . The sets Oc and & also form linear sets in this 
sense* 

The Euler equations and transversallty conditions for 
the accessory problem determined by (1:1) and the set of arcs 

are 

(2jl) v l • Z'» 2* *> ■ Q m °* 

*!x( Z ’ “ q 711 + *>c a x.i “ 7i (x * } * °’ 

(2j2) ‘ C1 

* 1 *( Z * t) - «J lm ♦ ♦ V- 7 'iU.) - o, 

wh.r.i^ ( jr , f) ■ u> ( ^ , jr') ♦ (x) f, %') and the symbol 
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? ii> for stands for A solution ^(x), ^(x) 

of equations (1:3) and (2:1) where tne functions ^i(x) are of 
elass C" and the multipliers Is (x) are of class C* is called an 
accessory extremal or, simply, an extremal s If the determinant 


R « 


R ik T ^ i 


z k 


(i,k =!,*••,n; t, m 


is different from zero then an extremal may be expressed by the 
canonical variables ^ T jL wilere I i 3 ^t'±* canonical 

equations equivalent to (2:1) are 


1 i 3 A ik l k * B ik r k' ^i * c lk l k “ A ki S’ k * 


where the coefficients Ajj£, Bj^, C lk are continuous functions of 
x, (VII, 13-14)• We shall assume throughout the following pages 
that R is different from zero and hence may use the canonical 
variables for an extremal whenever it seems more convenient to 
do so* An extremal which satisfies the transversality conditions 
(2:2) with a set of constants will be called a transversal 
extremal. It will often be convenient to consider only the 
functions 7^(x) associated with an extremal J Such a 

set of functions ^ ^ will be said to form an extremal arc * It 
is important to observe that the terms " extremal arc* and 
"extremal" here defined are used to denote different concepts, 
the extremal arc being the arc ^ ^(x) (x x S x £ x«) associated 
with the extremal jr^fx), f ^(x) (x x S x i x*)* It is also to be 
noted that an extremal arc may be associated with more than one 
extremal f The functions ^(x) associated with a 

transversal extremal will be called a transversal arc* 


The Clebsch condition will be said to hold on XnX* if the 
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(2:3) R lk( x ) ® 

is true for every set of constants (%) (0) satisfying the 

equations 


T„i(x) tc ± * 0, 


where and ^ are defined as in equations (1:4) and (1:3) 
respectively* We shall say that the strengthened Clebsoh condition 
holds if the condition (2:3) holds without the equality sign* 

It may be noted that the accessory problem P can be 
formulated In different ways* For example the functional J( ^) 
may be of the form 

J( ? ,u) ■ b h/ 1 h u X + f x * 2co{ f * < h *^ = 

and subjeot to the conditions (1:3) and end conditions 

8 

‘ 0 lh u h " 0 (1 “ h * « * I. 2 ). 

where the matrix 1111 Is symmetric and u^, o^ are constants. 
That this problem is equivalent to a problem of the type defined 
in Section 1 in a spaoe of n + r + 1 dimensions is seen by adding 
the differential equations u^ » Zn+h 9 °* 

3* Bu* e3C S£ 7 ) £ and minimal sets * Let £ A (x) be 

an arc in £ and define J( £ , £ ) to be the bilinear functional 


(5:1) 


* r. i > 


- fix<Ux + ?l.Vl. 

+ X!’ l?ico ? i + r Wi ,ta * 


The condition 


J( f » l ) “0 
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will be called a natural isoperlmetrlc condition for the function * 
al J( ^ ) on £ • 

We now prove the following 

THEOREM 3:1. An arc J lnxJ, that is, an admleBible aro 
satisfying the differential equations (1:3), is a transversal arc 
if and only if ^ satisfies the condition J( £, £ ) ** 0 for every 
arc in £ » 

For suppose f is a transversal arc and let ^ 

be a set of multipliers associated with ^ such that the equations 
(2:1) and (2:2) are satisfied* Since J( f , £ ) is expressible in 
the form 


+ fx*^ in n + i + x " & 1 r ' r ' } ] 

we have, after adding 1^( f ) to both sides and integrating 
by parts,that 


j(?,?>+ r) - 

+ * !• [ q X la + 1 + * i ( ** j| 



If f is any arc in £ then ( £ ) * 0 and the constants 
may be chosen so that the quantities in the first two braokets are 
equal respectively to the functions T^ x , in (2:2)• With the 
help of equations (2:1) it follows that J(f» £ ) * 0. 

Conversely, suppose J(f, £) * 0 for all arcs \ in £ • 

Let ( «c » l,***,r) be a set of arcs in such that the matrix 
II ( f* )ll has maximum rank r# It follows that the matrix 
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J( £ . ?)» 

r > i ) 

1 1 >• 



also has rank r for all arcs f in. To show this we note 
that there exist constants a^ such that f f ) - 0. 

Hence the arc T + a^ ^ is in £ and J( f + ^ , j7 ) = 0. 

The above matrix accordingly has rank r for every arc J in . 

It now follows that there exist constants b^ such that the 
equation 

J( t . ?) + V F ) = 0 

holds for all arcs £ in . The remaining part of the argument 
is similar to that given by Bliss in the proof of the Multiplier 
Rule for the problem of Lagrange and will not be given here 
(III, 23-26). 

We now establish the result 

THEOREM 3:2. The number of linearly independent arcs in 
a maximal set of arcs in £ , every proper linear combination ^ 
of which gives J( ^ ) a negative value , is the same for every such 
set . 

In order to prove this let ( * « l,*..,k), £ r 

( Y « l,**«,k f ) be two such maximal sets of arcs in E . If k < k* 
there exist constants c r , not all zero, such that j( ^ ,c r >[ r ) = 
It then follows that every linear combination \ of the arcs f t c r 7r 
gives J( £ ) a negative value which contradicts the assumption on 
the f . By symmetry k cannot be greater than k*. Hence k = k». 

If the number of linearly independent arcs in a maximal 
set of arcs in £ every proper linear combination ^ 0 f which 
gives J( 1 ) a negative value is finite, then this number is 
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defined to be the index of J( 7 ) on £. . If the number of •such 


arcs is not finite the index is said to be infinite* In Section 7 
it will be shown that if the strengthened Clebsch condition holds 
then the index is always finite. We shall assume that the index 
is finite in this and following sections except, of course, in 
the proof of the above fact. 

A*set of k natural isoperimetric conditions 

(5:2) J( } ,?)=0 ( * « 1, 

will be called a proper set if the determinant |J( ^ )| is 

different from zero. The set (3:2) will be called a minimal set 
if the inequality J( £ ) « 0 is true for every arc J in C satisfy¬ 
ing these conditions and if there exists no set of the form (3:2) 
with fewer conditions having this property. This differs from 
the definition of a minimal set as stated by Birkhoff and Hestenes, 
however, an examination of the proofs of their theorems shows that 
the definition used is that stated here. If the set (3:2) is a 
minimal set then the set J( ^ , ^) = 0 is also a minimal set 
where f * £ A . , the A’s being constants with |A I / 0. 

p oU j *yy 

As a consequence of this fact we may suppose that the arcs are 
chosen so that 

(3:3) J( £ ' > * 0 ( * +(* % +,{* - l,*",k). 

Concerning minimal sets we have the following useful 
theorems• 

THEOREM 3:3. Let J( , j?) » 0 ( oC * 1, •♦^k) be a proper 
minimal set defined by arcs £ in £ . If there exists an arc J 
in £ such that J( f ) * J( f , f) * 0, then f is a transversal 


are 
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The theorem follows from Theorem 3:1 when it Is shown 
that J( 5 , ^) * 0 for every arc ^ in & . Let ^ be any arc In & . 

If J( £ , ^) * 0 then the equations 

J( , 1 + b f ) - J( £ , T) * M( ^ f) » 0 

hold for all b. Consequently the Inequality 

0 « J( l + b f ) = J( £ ) + M( £, f ) 

is true for all b and hence J( £ * f ) = 0. If J( f , p) j 0 then, 
since |J( f » f. )| / 0, we oan select constants a (<x = l,** # ,k) 

*tL 

suoh that the arc f * £ - ^ satisfies J( ^ # f ) * 0. By 
the preceding argument 

o» j( r, r) * j ( z > r> - a *. j ( 4 > f ) 3 j< t, f )• 

Hence the theorem follows, 

THEOREM 3:4. If the set (3:2) iia a minimal set defined 
by arcs ^ ■ 1 , • •• ,k) in £ , then no arc of the form 

£ » a^ , where the a»s are constants not all zero , is a 
transversal arc . Moreover , the inequality J( f ) £ 0 Is true for 
every arc of this form , and if the set (3:2) .Is _a proper minimal 
set the strict inequality J( J ) < 0 holds . 

To prove the first statement of the theorem suppose there 
exists an arc in £ of the form J a* which is a transversal 

arc. At least one of the a^ , say a^, is different from zero. 

Now let ^ be any arc in £ satisfying the conditions J( £ , £) * 0 

( p « It***# k- 1). Since 

o ■ J( f , 1 ) ■ j( 4 , 2 ) * J( / k*lc* ^ ) ( *- a V» k > 

It follows that J( i 0, Ths set (3:2), therefor, cannot be 
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minimal for the set J( , > 7 ) = 0 contains fewer then k conditions. 

Mow suppose that the arcs have heen chosen so that 

the conditions (3s3) hold and that one of the numbers J( ), 

•*7 J( f k » f k ), !• positive. Let 7 be an arc In £, satisfying 
only the first (k -1) conditions (3 s2) and having J( £ ) < 0. There 
exists a constant b such that 

j(r k ,*?) - w(f k . r k ) - w( r k ). 

The are h - b{ k then satisfies all the conditions (3s2). But 

we have 

J( 7 - b f k ) - J( ? ) - 2bJ( f k. 7) + I k) 

» J( *i ) - b“j( f k ) < 0 

which Is contrary to our assumption that the set (3s2) Is a 
minimal set. If |J( f , L ) I/O and the conditions (3j3) 
hold, then clearly every arc of the form f * has J( f) < 0* 

As a converse to the first part of this the rem we have 
THEOREM 3:5. Let ^ » l,”'^) be i maximal set of 

ares In £ having the following properties ; ( 1 ) every arc of the f orm 
f ■ f^ a «c » where the a»s are constants not all aero , satisfies 
the Inequality J(f ) £ 0, ( 2 ) no arc of the form J - & ** 

(a) ^ (0) Is a transversal arc . Then the set J( , 1 ) * 0 forms 

a minimal set . 

Por suppose there exists an arc ^ In £ satisfying the 
conditions J( £ , 7 ) - 0 and having J( f ) < 0. Then every linear 
combination f of the (k + 1 ) linearly Independent arcs ^ , 7 
gives J( f) * negative value and no proper linear combination of 
these arcs Is a transversal arc since J( 7 ) < 0. This contradicts 
the assumption on the • Hence every arc ^ In <S satisfying 
J( f , 7 ) ■ 0 has J( £ ) £ 0. How suppose there exist linearly 
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Independent aros ^ euch that the conditions 

J( 7 r , £ ) * 0 ( V' * 1#**% < k) form a proper minimal set. 

Since k* < k there exist solutions (b) / (0) of the equations 
J( f )b^ « 0. Hence the arc J e b^ has J( J ) « 0, 

but by assumption J( J ) £ 0. Hence J( f ) * 0. As a consequence 
of Theorem 3:3 the arc J is a transversal arc contrary to our 
assumption. The statement of the theorem now follows. 

As a converse to the last statement of Theorem 3:4 we have 


THEOREM 3:6. If the variations ( a. « 1,••• # k) form a 

maximal set of linearly Independent arcs In f , every proper linear 
combination jr of which gives J( ^ ) a negative value , then the set 
J( f 9 *[ ) B 0 la a proper minimal set . 

By the type of argument used In the proof of Theorem 3:5 


it follows that every arc £ in £ satisfying the conditions 

J ( Kl 9 *1 ^ * 0 hAS J ( ? ) ■ °* Moreover there can exist no minimal 

set with fewer than k conditions for then there would exist an 
arc of the form f = £ a^ having J( J ) £ 0. The set J( f , % ) = 0 
is proper for if it were not the determinant |j( J 9 £ )| would 

be equal to zero and there would exist solutions (b) p (0) of the 

equations J( £ , £ )b^ » 0 which is impossible. 

The following theorem gives a useful relationship between 
minimal sets and the index of J( j ) on t . 

THEOREM 3:7. If the set J( , £ ) = o ( * l,* # *,k) is 

a minimal set , then k is the index of J( ^ ) on £ . 

For, assume that the index of J( j? ) on £ is k« and let 

f { ^ ~ ^»****^*) be a maximal set of linearly independent arcs 

in £ such that every arc of the form £ ® ^ a^ , where the a»s 

are constants not all zero, satisfies the inequality J(^ ) < 0. 

Then every solution J of J( ^ , f) * 0 has J( ^ ) > 0. As a 
consequence of the definition of minimal sets k cannot be greater 
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than k* • If k» > k then there exist solutions (a) / (0) of the 

equations J( f , )a r » 0 ( * * l,***,k). The set J( f , 7 ) «0 

•c •(. '• 

being a minimal set implies that J( ^ ) i 0 contrary to the 

choice of the jy • Hence k * k f and the conclusion of the theorem 
is Immediate* 

COROLLARY 1* The number of conditions in a minimal set 
is alwa Y s the same * 

COROLLARY 2. If the conditions J( £ , £ ) x 0 (* a # 
form a minimal set, then there exists a proper minimal set contain ¬ 
ing the same number of conditions * 

COROLLARY 3. The index of J( £ ) on £ is equal to the 
number of arcs / in a maximal set of arcs in <* every linear 
combination If of which has J( f ) $ 0 but no proper linear combina ¬ 
tion of which is a transversal arc . 

This follows from Theorems 3:5 and 3:7* 

4. Sub - problems , m this section we shall let P be a 
problem determined by a functional J( 7 ) and a set £ of admissible 
arcs defined as in Section 2. If P* is a problem determined by 
the functional J( 7 ) and a set of admissible arcs where £ # 
is a linear subset of £ , then P* is said to be a sub - problem of 
the problem P* Sub-problems P* may be obtained, for example, by 
adding a set of end conditions to the conditions for the problem P* 
As an illustration consider the fixed end point problem determined 
by J( 7 ) and a set of arcs vanishing at x* and xs* It may be 
obtained from the problem P by adding conditions of the form 
X i(*i) * X i(*«) * °* *• shall denote the fixed end point 
problem by P 9 and the set of arcs vanishing at x* and x« by £•* 
Sub-problems p # of P may also be obtained by adding a set of 
natural isoperimetrlc conditions to the conditions for P, or by 
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defining £ * to be the set of all arcs In £ which satisfy the 
conditions A^ 8 m 0 (s » 1,**«, r<n) where the points 

x 8 are on the Interval x^x*. In particular we have the sub¬ 
problem determined by the set of arcs In £ which satisfy the 
conditions £j,(x 8 ) * 0. Unless otherwise stated we shall consider 
the sub-problem P* to be such that the end conditions 
(a s l,***,p) for P are linearly dependent on the end conditions 
=* 0 ( * 1, •**,$*) for P*, that is, a sub-problem obtained 

by adding a set of end conditions to those for P* 

Before considering sub-problems further we establish the 
following result: 

THEOREM 4:1. A necessary and sufficient condition that 
the end points of an arc jr in £ can be joined by an extremal 
arc Is that J( ^ , £ ) » 0 for all extremal arcs | 1n 
that Is , for all extremal arcs vanishing at x x and x«. 

The condition is necessary, for let £ be an extremal arc 
joining the end points of { • Then we have 

°»J(£ - - J< f, f ) - J( f) 

for any extremal arc f In £ •. 

Da order to show that the condition is sufficient let Y 
( * * 1,•**,k) and a set of functions , form a 

maximal set of linearly independent extremals In £°. Then we have 

(4!l) J( £ , £) - J^U.) j 1<t (*«) - ^(*x) r lA .(*x) - o. 

It is well known that for any two extremals f , j* and y the 
expression £ j* - £ jT is a constant and hence has the same value 
at x x as at x* (II, 738)♦ As a consequence of this fact and the 
relation. (x x ) ■ (x.) = 0 it follows that th. condition 

(4*1) holds when the values ^(x*), ^(x.) are the end values of 
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an extremal arc ^ • Let f , J = k+l,** # ,2n) be a set 

of (2n-k) extremals such that the set £ , ■ l f ## *,2n) 

form a maximal set of linearly independent extremals . Since the 
extremals , £ ( ®c ■ 1,•••,k) form a maximal set of linearly 

Independent extremals vanishing at x L and x», the matrix 


F i^ (x*) 

Ux> 


l k +1,• ••,2n) 


must have rank 2n-k. The columns of this matrix accordingly 
form a set of 2n-k linearly independent solutions £^(x*) # ?i( x x) 
of the equations (4:1)* Moreover the equations (4:1) are linearly 
independent since otherwise the extremals could not be 

linearly independent. It follows that the end values £ ±(xi)$ 

£ ^(xe) of an arc £ satisfying equations (4:1) are expressible 
in the form £ *(* 1 ) * f ir ( x i)°r * 1 i( x «) m t± ^( x «)°r "here 

the c f 8 are constants and hence the theorem is established, 

COROLLARY 1, A necessary and sufficient condition that 
the end points of an arc £ in £ can be Joined by an extremal 
arc £ i£ that J( j? , g ) * 0 where the form a maximal set 

of linearly independent extremal arcs in £ • no proper linear 
combination of which is a transversal arc for P, 

This follows readily from Theorem 4:1 since the condition 
j( t 9 f) “ 0 1® 8ural y satisfied for all arcs f in £ * whloh 
are transversal arcs for P ♦ 

COROLLARY 2, A necessary and sufficient condition that 
an arc g in £ be expressible in the form £ * £ x + Za# "here 
£ x is an extremal arc in £ and £» is an arc in is that 

J( jf # f) =0 for all extremal arcs f in Moreover 

J( £ ) * J( 1%) ♦ J( £*) in this case . 
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As a consequence of Theorem 4:1 we have 

THEOREM 4:2. Let £ be any arc in £ whose end points 
cannot be joined by an extremal arc . There exists an arc f In 
£ Jolnlftg the end points of £ such that J( f ) < 0. 

For, if the end points of £ cannot be Joined by an 
extremal arc there exists an extremal arc f 1 n £ # such that 
J( £ , 7 ) / 0. The arc J * £ + b % has the same end values as £ 
and 

J( \ ) - J( £ ♦ b£) « J( 1 ) + 2bJ(£ , i) + b*J( f) 

- J( l ) + 2bJ( £ , 1 ). 

By a proper choice of b the last quantity can be made negative 
and the theorem is proved. 

THEOREM 4:3. Let f ^ » 1*•••***) be a maximal set of 

extremal arcs in £ # no proper linear combination of which is a 
transversal arc for P. Let ^ ( fi « l,»*»,r«) be a maximal set 

of arcs in £ the end points of no linear combination of which 
can be Joined by an extremal arc . Then r x * r*. 

For if r* > r x there exist constants a. such that 
J( ) * 0* By Corollary 1 of Theorem 4:1 the arc 

? ■ l t a oan toe Joined by an extremal arc which is a contra¬ 

diction. If r» < r x there exist constants b^ such that 

9 Ip ) “ 0. It follows that J(b^ , £) * 0 for every 
arc £ in 2 . Hence by Theorem 3:1 the arc / » b^ is a 
transversal aro contrary to our assumption. Therefore r x * r*. 

Concerning sub-problems we have several useful theorems 
one of which is the following : 

THEOREM 4:4. A necessary and sufficient condition that 
*n SEE f £ ^e expressible in the form 
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(4:2) f = s i + r. 

where fi i» an are In £ * and f* la a transversal are for P # 1* 

~ -* 

that J( f , ^) 3 0 for all extremal arcs ^ in c • Moreover 

j( $ > = j( /1) + j( f ■). 

The condition is necessary since the equations 

J( { , % ) * J( ? l + f • * ? ) s J( f • * ?) 

hold for every extremal arc £ in £*♦ By Theorem 3:1 it follows 
that j( £) » o. We first show that the condition is sufficient 
when f is an extremal arc in £ satisfying J( J , £ ) 3 0 for all 
extremal arcs in £*. In order to do this let (•<■« 1, • • •, r) 

be a maximal set of extremal arcs in no proper linear combina¬ 
tion of which satisfies the transversality conditions for P # . 

Let fa ( r = l, M *#r) be a set of arcs in L* such that the 
determinant |J( f , fa ,)| is different from zero* Such a set jy 
exists by virtue of Theorem 4:3. Hence there exist constants a^ 
such that 

( 4 : 5 ) 3 (?-*«./* , ? r ) a S > Ir > " J ( L. ’ " °* 

We now show that f - is a transversal arc for P # . Let jr 

be any arc in £* and let b^ be constants such that 

(4:4) J( £ , [ - ) - J( £ , 1 ) - b r J( ^ , ? r ) = 0. 

It follows from Corollary 1 of Theorem 4:1 that the arc £ - b r f r 
can be joined by an extremal arc f • Since the arcs £ - b^fa 
have the same end values and f is an extremal arc we have 
J( f, £ - b Y fa ) * J( F , i )• Moreover J( f, f ) 8 0 as a con¬ 
sequence of our assumption on f since \ is an extremal arc in £*• 
Consequently J( f , b y ) « 0. By the use of this equation 
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and equations (4:4) it is found that 

J( 7r ?-*>, ?r )? -*r Tr) * °* 

On the other hand 

o - j( f- *r?r ) - j(? - ?) - j(l- %.&, 

It follows from this relation and equations (4:3) that 
J( f - a^ £ , 2 .) * 0. Sinoe £ is any arc in £* we see by the 
use of Theorem 3:1 that the arc J • a < ^ c is a transversal arc for 
P*. The arcs f x * a^J^ , fss f - f x are therefore related 
to f as described in the theorem. The criterion accordingly 
holds for an extremal arc J in <£. 

How suppose f is any arc in £ satisfying J( f , ^ ) * 0 
for all extremal arcs £ in £*. Since we have, in particular, 
that J( f , jr) * 0 for extremal arcs ^ in £• it follows from 
Corollary 2 of Theorem 4:1 that £ is expressible in the form 
f * 2 • + 2 x where £ o is in £ ° and £ x is an extremal arc in £ . 
Moreover sinoe J( f, £) -Owe have J( l x , t) * 0 for all extremal 
arcs £ in £ # . Hence by the preceding argument £ x is expressible 
in the form (4:2). It follows that f is also expressible in this 
form. The last statement of the theorem is clearly true since 
J( f i, fs) * 0. 

THEOREM 4:5. Let ( * m 1, * * *,s x ) be a maximal set 

of arcs in £ no proper linear combination of which is expressible 
£o™ (4:2). Let ^ (z 5 *!, •••,s*)bea maximal set of 
extremal arcs in £* no proper linear combination of which is a 
transversal arc for P. Then s x * i a . 

For, if s x > s« there exist constants a^ such that 

) a °* Since J( •‘u, 9 l ) * 0 for all transversal 
aros jr for P it follows by Theorem 4:4 that the arc f * f a^ 
is expressible in the form (4:2) which is a contradiction. If 
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«i < 8« ther© exist constants b^ such that J( , t b^ ) « O, 

The arc £ * b^ then satisfies the condition J( p, f) * 0 

for all arcs f in £ . Hence £ Is a transversal arc for P which 
is impossible. It follows that 8j * s s . 

THEOREM 4:6. Let f ( * * 1, ### , ©x) be a maximal set 
of extremal arcs in £ no proper linear combination of which is 
expressible in the form (4:2). Let ^ ( p * 1,•**,»•) be a 

maximal set of extremal arcs In C # no proper linear combination 
^ of which is expressible In the form £ « ^ i + f * w ^ ere ? x 
is an arc In £° and £* is a transversal aro for P. Then s x * s«. 

The number a x here is not necessarily the same as the 
number Si in Theorem 4:5. 

As a generalization of Corollary 2 of Theorem 4:1 we have 

THEOREM 4:7. A necessary and sufficient condition that an 
arc ]* in £ be expressible in the form 

(4:5) f ■ fx + /• 

# * 

where f x is an arc in C and f a is a transversal arc for P is 

that J( f, j ) * 0 for all transversal arcs ^ for P* in £,*. 
Moreover J( g ) * J( fi) + J(fa). 

The condition is necessary, for, as a consequence of 
Theorem 3:1 we have J( fi, j?) =0, J( f a, ^) * 0 and hence 
j( ^ 9 y) = 0 for all transversal arcs £ for P* in £ # . As in 
the proof of Theorem 4:4 we first show that the condition la 
sufficient for an extremal arc / in £ . To do this let 
( ** l,***,s) be a maximal set of extremal arcs in such that 

the determinant |J( £* , )| is different from zero. It follows 

that if f is any extremal arc in £* and J( ) ■ 0 then 

j( j) =* o* Let ^ be any extremal arc in £ # and let a^ be a 
set of constants such that 
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(4:6) J( jr - % ' U > " J < t » fcc ) - V J( ' 7-c ) " °- 

The extremal arc u » £ - a^ ^ then satisfies J( ^ ,u) = 0 and 
hence J(u) « 0, as was seen above. We can now show that J(u, f )»0 

for every extremal arc £ in £ *. For, if J( ^ » 2 ) = 0 then 

J( ^ , u + J ) * 0 and hence J(u + £ ) =0. Since 

J(u + £ ) » J(u) + 2j(u, ? ) + J( £ ) « 2j(u, ? ), 

it follows that J(u, f ) a 0 as was to be proved. If J( ^ , ? ) J* 0 
then there exist constants b^ such that J( ^ 9 £ - b^ ^ ) = 0 
( ^ « l f ••*,»)• Hence J( £ - h^ ) = 0, Also we have the 

conditions J( $ u + »T - b^ fy* ) * 0. It follows then that 

0 ■ J(» + f - V ^ ) « 2J(U, $ . bjfy ) m 2J(u, f ). 

As a consequence of Theorem 4:4 there exists an extremal arc f 0 

in £ 0 such that the arc u - ^ 0 is a transversal arc for P*. 

Hence by our assumption on the extremal arc f we have J( f,u- £o)*0. 
Clearly J( f , £o) ® 0 and consequently J( f ,u) <= 0. Since there 
exist constants c^ such that 

J( f - v ?fi ’ u ) ■ J( r» v ^ » u 1 = °» 

it follows that 

J( f" v 3* ’ ? > = J ( f ■ V 3* » 2" V > - J ( f - V £ ,«>, 

the last equality holding because j? - a^ ^ ■ u. On the other 

hand we have that 

J( ¥ - «, Ifi ' u > ■ J ( T » u > - v Jl h» » u) E 0 

by virtue of equation (4:6) and J( f,u) = 0. Prom these relations 
It Is seen that J( f - c* ^ » ^ ) = 0. Since £ Is any extremal 
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arc In £ *, it follows from Theorem 4:4 that there exists an 
extremal arc f 0 In £ ° such that the arc • f a ii a 

transversal arc for P*. The arcs fx = + / o and 

j f x are related to f as described in the theorem. 

It follows that the condition of the theorem is sufficient for an 
extremal arc in £ . 

Now suppose £ is any arc in £ and J( f 9 £) = 0 for every 

transversal arc £ for P* in £ *. If the end points of f can be 

joined by an extremal arc £ x then f = £ 0 + ? i where ? o is an 

arc in £ *. Also J( f * 7 ) 55 J( ?) = ° for a11 transversal arcs 

£ for P* in <S*. Hence by the preceding argument £ x is expres¬ 
sible in the form (4:5). It follows that f is also expressible 
in this form. If the end points of f cannot be joined by an 
extremal arc let ^ ^ = 1,***^) be a maximal set of extremal 

arcs in £ 0 no proper linear combination of which is a transversal 
£ 

arc for P . As a consequence of Theorem 4:3 there exists a set of 
arcs ^ 52 l, # **,t) in C such that the determinant 

|J( ^ )| is different from zero. Hence there exist constants 

d^ such that J(f> » J^)* 0 ' It follows that 

the arc u x = J - d^ ^ can be joined by an extremal arc u* and 

u x * Uo + ue where u 0 is an arc in £ °. Also 

J(U«, £ ) = J( U X , l ) » J( f - fa , z ) - j( f , 2) = 0 

for all transversal arcs £ for P* In C*. Again by the preceding 
argument u 8 is expressible in the form u 8 = v x + v 8 , where v x is 
in C * and v B is a transversal arc for P. It follows that 
f ■ f x + f • where J x * u 0 + v x + d^ ^ is in C # and 

f 8 = v* is the transversal arc for P*, as was to be proved. The 

last statement of the theorem follows readily since J( f x , F 8 ) - 0. 
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THEOREM 4:8, Let (*-*1# •••#•!) b® a maximal set of 

area in £ no proper linear comblnation of which la expressible In 
the form (4:4)* Let ^ * l,***,s*) be a maximal set of 

transversal arcs for P # in £* no proper linear combination of 
which is a transversal arc for P. Then s^ » s*. 

5* The index of a problem with respect to a sub - problem . 

Let P be a problem and P # a sub-problem of P of the type studied 
in Section 4, Denote the indices of P and P # by k and k*, re¬ 
spectively, where by the index of P is meant the index of J( j ) 
on £ . Similarly the index of P # is the index of J( £ ) on £*, 

The difference q # * k - k # will be called the index of P with 
respect to P # . In special instances Birkhoff and Hestenes (I) 
and Morse (VIII) have called a number equivalent to the difference 
q* the order of concavity. In the case of periodic extremals the 
index of repletion as defined by Morse and Pitcher (X) may be 
interpreted as the index of a problem with respect to a sub-problem* 
LEMMA 5:1, Let ^ ( fi * l> # **,g) be a maximal set of 

extremal arcs in £ every proper linear combination £ of which has 
J( £ ) <0. Let ■ g + 1, •• •, g + h) be a maximal set of 

extremal arcs in £ 0 no proper linear combination of which is a 
transversal arc for P, Then the index q* of P with respect to P° 
is given by the formula q # ■ g + h* 

In order to prove this we show that k « k° ♦ g ♦ h, where 
k and k # are the indices of P and P # , respectively* Let 
ijo ( p * l,** # ,k # ) be a maximal set of arcs belonging to £ 0 
every proper linear combination £ of which has J( £) < 0* It is 
now sufficient to show that the conditions 
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J< » l) - 0 (f> - 1,•••,**), 

{5j1) 

J( U • Z ) m 0 ( * - 1,*“, g + h) 

form a minimal set for P. Since every proper linear combination ^ 
of these arcs has J( ) s 0 but no proper linear combination is a 
transversal arc for P, it follows as a consequence of Theorem 3:5 
that none of the conditions (5:1) can be discarded. In order to 
show that there are enough conditions let £ be any arc in £ 
satisfying the conditions (5:1). Since £ satisfies the conditions 
j( ? r » l ) 3 0 ( ^ a g + 1,+h), it follows from Corollary 1 
of Theorem 4:1 that the end points of £ can be joined by an 
extremal arc, that is, that £ is expressible in the form 

£ a £ x + £ 9 where £ * is an arc in £° and is an extremal 

arc in £ . By virtue .of the fact that £ » is an extremal arc 

j( ^ , *7 b) * 0. Moreover, since £ * has the same end values as 

we have J( ^ , £ •) 3 0. Hence satisfies the conditions (5:1). 
It follows then that £ L also satisfies these conditions. As a 
consequence of our choice of the and the we have 

j( l i) m 0 and J( ^ a) m 0. Hence J( £ ) « 0, and the theorem 
follows immediately. 

By means of this lemma we can prove the following signifi¬ 
cant result: 

THEOREM 5:1. The index q* of P with respect to P # is equal 
to the number of extremal arcs ^ 3 1/ M ,s) In a maximal 

set of arc8 in £ every linear combination ^ of which is a 
transversal arc for P* and has J( £ ) $ 0 but no proper linear 
combination of which is a transversal arc for P. 

To prove this it is sufficient to show that k ■ k # + s 
where k and k* are the indices of P and P # , respectively. Consider 
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now the conditions 

J( frf ' t ) " 0 ( ^ 

(5:2) 

J( ?y # f ) = 0 ( / * l # ***,s), 

the first k* of which form a minimal set for P*. By Lemma 5:1 we 

may replace these k* conditions by a set of the form (5:1) defined 

now for the problem P . Assume that this replacement has been 

* 

made. We now wish to show that the k + s conditions thus defined 

form a minimal set for P. As a consequence of Theorem 3:1 

# 

applied to the problem P the extremal arcs fy satisfy the condi¬ 
tions J( § 9 ff) - 0. With the help of this fact we have that 
every linear combination £ of the arcs has J( jjT) % 0. 

Since no proper linear combination of these arcs is a transversal 
arc for P, it now follows that none of the conditions (5:2) can be 
dropped. In order to show that there are enough conditions let ^ 
be any arc in £ satisfying the conditions (5:2). Clearly 
J(u, ^) =* 0 for all transversal arcs u for P* in L* every linear 
combination of which is a transversal arc for P. Since 
J( Is $ l ) * 0, we have that £ satisfies the condition J(f, £ )=0 
for all transversal arcs f for P* in & # . Hence by Theorem 4:7 
the arc £ is expressible in the form £ * +£*where ^ is an 

arc in £* and £ • is a transversal arc for P*. As a consequence 
of Theorem 3:1 we have J( , £i) * 0, J( ^ , ^i) ■ 0. It follows 
then that J( , £*) * 0, J( , £ i) ** 0. By virtue of our choice 
of the arcs we have J( ^ i) ■ J( ?•) ST 0 # Since 

J( l ) * J( 7 x) ♦ J( l s) it follows that J( i ) s? 0. 

COROLLARY 1# The index q° of P with respect to the fixed 
end point problem P° is equal to the number of extremal arcs ^ 

( = 1,•••,q°) in a maximal set of arcs in £ every linear 

combination £ of which has J( £ ) £ q but no proper linear 
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combination of which la a transversal arc for P. 

COROLLARY 2. A nepessary and sufficient condition that 
the index of P be equal to zero is that the index of P # be equal 
to zero and that the inequality J( ^ ) » 0 hold for all extremal 
arcs £ in £ , the equality holding only in oase £ is a trans ¬ 
versal arc for P. 

COROLLARY 3. If there exist no extremal arcs in £,° then 
the index q® of P with respect to P° li equal to the number of 

extremal arcs ^ * 1,*• *,q°) in a maximal set of arcs in C 

every proper linear combination y of which has J( 9 ) < 0* 

Consider again a problem P and a sub-problem P of the type 
already studied. We then have 

LEMMA 5:2. Let p, p* be the number of linearly Independent 
end conditions for the problems ?, P*, respectively . Then the 
index q* of P with respect to P* satisfies the inequality 

q « p - p* 

For, let ( «*■ *= 1, •••,]£*) be a set of arcs in C * 

such that the conditions J( , £ ) = 0 ( «* * 1,***,^ form a 
proper minimal set for P . Since P is a sub-problem of P, any 

arc satisfying the end conditions for P* also satisfies the end 

conditions for P. Let fr ( r » l,***,q # ) be a maximal set of 
arcs in 6 satisfying the conditions J( £ , ^) * 0 every proper 
linear combination j? of which has J( £ ) < 0. Since no proper 
linear combination of the arcs is in and therefore not 

in £ 9 , it follows that no two of the arcs fy have the same end 
values. Hence q* « (2n - p) - (2n - p # ) * p* - p. 

COROLLARY. The index q° of P with respect to P* satisfies 
the Inequality 

q° « 2n - p. 
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For, in this case the number corresponding to p # of 
Lemma 5:2 is equal to 2n# 

It can be shown that the definition of the index of a 
problem with respect to a sub-problem as given by Birkhoff and 
Hestenes (I, 225) is not properly stated# If the extremal arcs 

l,***,h) used by Birkhoff and Hestenes in the definition 
are required to be transversal arcs for the problem p*, then their 
definition is equivalent to the one here given# The Index of a 
problem with respect to a sub-problem was called, by Birkhoff 
and Hestenes, the order of concavity of a problem with respect to 
a sub-problem# 

We now consider another type of sub-problem which will be 
of use in the following section# Let P be a problem of the type 
defined In Section 4 and let P* be a sub-problem obtained from P 
by adding the conditions 

( 5 s 3 ) J* = 0 

where the arcs ^ » 1, •••,•) form a maximal set of linearly 

Independent transversal arcs for P# The class of arcs in £ which 
satisfy the conditions (5:3) shall be denoted by £*# We then 
have the following result: 

THEOREM 5:2# The index of P*, where P* iis the sub - problem 
defined above , is equal to the index of P# Moreover there exist 
no transversal arcs for P* in £,* except the arc ( £ ) a (0). 

In order to prove the first statement of the theorem 
suppose the index of P is k and let the conditions J( , £) * 0 
( y * l,** # ,k) form a proper minimal set for P. If the arcs 
are in £* the theorem Is obviously true for then the conditions 
J( * 1 ) * 0 also form a proper minimal set for P*. If the arcs 
JY ar6 not ^ £ * then there exist constants a*^ such that the 



(323) THE INDEX OP A PROBLEM WITH RESPECT TO A SUB-PROBLEM 


27 


relations 



+ f r )dx = 


0 


( 1 , rm k) 


hold, that Is, the arcs ^ + f r are In £,*. Let u y ■ a 

then it can be shown that the conditions J( ♦ Uj, , £) « 0 
form a minimal set for P*. For, if ? is any aro in £ , then 
j(Uy, , J?) = 0 since the arcs ^ and hence u^- are transversal 
arcs for P. We then have 


J( JV + u r * ? > " fr * ?) + J{u »' * l ) ■ J ( Jr > X )• 

Since the conditions J( f r , %) = 0 form a proper minimal set 
for P, it follows that any arc £ in £* satisfying these conditions 
has J( £ ) r 0. Hence any arc £ in £* satisfying 
J( JV +u k#^)*0 has J( £ ) 0. Furthermore any aro of the 

form % = f + u where f ® b r , u » u r b r gives J( ^ ) a 
negative value, for, J( f ,u) * J(u) « 0, as Is readily seen, and 
hence 


J( f + u) - J( f ) ♦ 2J( f ,u) + J(u) = J( f ). 

The functional J(f ) is less than zero by choice of the f r « 

In order to prove the second statement of the theorem we first 
note that the Euler equations for P are of the form 

n ?i "ax ^ 

where the multipliers ^ are constants (II,699)» An extremal 
arc then is a set ^ ]* satisfying these equations. If 

the aro ^ is a transversal arc for P* in £ then by an integra¬ 
tion by parts it is seen that 

o - j( , ?) - U* tlf** l 
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Since the determinant 


LD w 


dx 


Jx x 

it follows that «= 0 (/* = l, •••,«). Hence the transversal 

arcs for P* in £/ are transversal arcs for P. Clearly the only 
transversal arcs in £ satisfying the conditions (5:3), that is, 
the only transversal arc for P # in C* is ( y ) g (0)* 


is different from zero 


6* The one variable end point problem and focal intervals 
In this section we shall consider the one variable end point 
problem P determined by the functional J( £ ) and a set of arcs £ 
consisting of those arcs in Jd satisfying the end conditions 


(6*1) ^ * a^j = 0, 


^(xa) =0 ( x-■ m n 


The matrix ||a^|J| i« ass used to be of rank p. The functional 
J( £ ) then takes the form 


( 6 * 2 ) 


J< l ) 


2q( lx) 



2oi> ( l , £')dx, 


and the transversallty conditions are given by 


(6:3) Tj( 1 , X, » q a^ t - $ jUx) = 0 . 

A transversal arc for P which satisfies the conditions = 0 

will be called a focal arc* 

The problem P determined by J( ^ ) in the form (6:2) is 
equivalent to a problem determined by j( j ) in the form 

rx » 

(6:4) J ( l *») “ b hfh m X + J x 2 “( l' ?')dx (h,/ - l,***,r) 

where the matrix || b^|| i® symmetric and the numbers w^ are 
constants* The end conditions are of the form 


tjUi) * «ihWu» (’jUs) a 0 (h » l,“*,r) 

where the matrix |t>ifc||has maximum rank r, and the transversality 


(325) THE ONE VARIABLE END POINT PROBLEM AND FOCAL INTERVALS 29 

conditions ar. 


*i< x i> c lh " V7* 

By adding the conditions w^* = Z'n+h. = 0 is 8een that the 
problem formulated in this way is equivalent to a problem of the 
type P in (n+r+1)-dimensional space. In general we shall consider 
J( £ ) as given in the form (6:2). We shall use the form (6:4) 
whenever it seems more convenient to do so. 

An interval x*x”, not containing x±, will be called a 
focal l n terval of x lf if there exists a focal arc j? which is 
identically zero on x’x”, is not identically zero on an extension 
of x'x n and is such that there exists no focal arc J having 
a ^ on an extension of x'x” to the left of x* and J m 0 on 
an extension of x»x” to the right of x” (cf. Reid (XII, 277)). 

A focal arc with the above properties will be said to corres¬ 
pond to the focal Interval x’x”. Any point on a focal interval 
x»x” will be called a focal point ; the point x f being called, in 
particular, a primary focal point ,and the point x” a secondary 
focal point . Frequently a focal interval may consist of a single 
point. This Is always the case when the problem is normal on 
every sub-interval (II, 725). The order of a focal Interval x*x” 
is defined to be the number of linearly independent focal arcs 
in a maximal set, every proper linear combination of which corres¬ 
ponds to the focal interval x f x n in the sense described above. If 
the conditions = 0 are of the form ^(xx) = 0 then the 

problem P reduces to the fixed end point problem P° and focal 
intervals (points) are called conjugate Intervals (points)* 

It may be noted that In the definition of a focal Interval 


x*x” given above the words "left” and "right” may be interchanged 
To prove this we need only observe that if there exists a focal 
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arc J having fa £ on an extension of x»x* to the right of x" 
and f a 0 on an extension of x»x tt to the left of x», then the 
arc f * £ • f is a focal arc having ? ® % on an extension 
of x f x w to the left of x* and f s 0 on an extension of x^" to 
the right of x" and oonversely* 

We shall assume throughout this section that the 
strengthened Clebsch condition holds on the Interval x x x 8 . We 
then have the following well-known result (IV). 

THEOREM 6:1. The inequality J( £) >0 holds for every 
arc £ in L , that is , the index of P is equal to zero if and 
only if there exist no focal points of xi on x x x 8 . 

A more general theorem is the following one: 

THEOREM 6:2. The inequality J( ^ ) * 0 holds for every 
arc in £ , that Is , the index of P is equal to zero if and only 
if there exist no focal Intervals of x = x x interior to x x x 8 . 
Moreover , the number of linearly Independent arcs in £, having 
J( Jr ) * 0 is equal to the number of focal Intervals containing x 8 
For, if there were a focal interval x*x" of x x interior 
to x x x 8 there would exist an arc in £ , namely, an arc which is a 
transversal arc on x x x" and identically zero on x"x 8 having 
J( £) =0 but which is not a transversal arc on x x x 8 . Hence the 
index of P on C could not be equal to zero. In order to prove 
the converse suppose there exist no focal intervals interior to 
x x x 8 . If in addition there are no focal intervals containing x 8 , 
then J( £ ) > 0 by Theorem 6:1. Now suppose there are focal inter 
vals containing x 8 and let x f be the first primary focal point. 
Consider first the case where x* is the only primary focal point* 
Let ^ ( < ** 1, • • • ,t) be a maximal set of linearly independent 

focal arcs vanishing on x*x 8 and define P* to be the sub-problem 
obtained by adding the conditions 
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r** 

(6:5) J £ i<t £ ^ ■ 0 ( oc m l,***,t). 

The problem ?* is then a sub-problem of the type discussed in 
the last part of Section 5. By Theorem 5:2 the only transversal 
arc in t satisfying the conditions (6:5) is (»?) g (O). Hence 
there exist no focal intervals of x L for P* which contain x*« 

Since g 0 on x»xs, the point x 8 can be replaced in the 

above argument by any point on x* < x ^ x 8 without altering the 
conditions (6:5). It follows that no point of x»x* can belong 
to a focal interval of x x for P*. Moreover, there can be no focal 
point of xi for P on x x < x < x ! . For, If there wer^ such a 
point, say x^, then there would exist a focal arc £ for P # 
having {^(x^) - 0 and J( £ ) = 0 on x^^. But since there are 
no focal points of x x for P on xix 3 ,we have by Theorem 6:1 that 
J( jr ) > 0 on this interval. It follows again from Theorem 6:1 
that the index of P* is equal to zero. Hence by Theorem 5:2 
the index of P is also equal to zero, that is, J( j? ) £ 0 for 
every arc J? in £ . 

Now consider the case where there are other primary 
focal points on x*x* besides x* and let x* be the first of these. 
As a consequence of the case already considered the index of 


J( 7 ) is equal to zero on Xxx". Let P* denote the sub-problem 

f x * 

of P obtained by adding the conditions J ?I? I *** ® 0 where 
the arcs ^ ( /S * l,* ## ,t») form a maximal set of linearly in¬ 
dependent focal arcs vanishing at x«. We next obtain a sub-problem 

. f x * 

P* of P f by adding conditions J [it l i dx * 0 the arcs 

?r ( V a t»+l,* ••,t»+t") form a maximal set of linearly inde¬ 
pendent arcs vanishing at x*. We then show by the methods used 


before that the index of P* is zero on xix" 1 where x m is the 
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third primary focal point of Xj,. It follows that the index of P 
is also zero on this interval. We can continue to form sub¬ 
problems in this way. Since, in this case, the number of 
primary focal points of x x on xxx a is at most n it follows that 
we finally obtain a sub-problem the index of which is equal to 
zero on the entire interval xix 8 . The index of P then is also 
zero on XiX 8 . In fact the index remains equal to zero to the 
first secondary focal point. The last statement of the theorem 
is clearly true. 

Consider now the expression 

(6:6) J( ^ ,a:x) = ^ lr (x) S’ lT (x).,. » r + 2 co( £ , j'jdx 

which is a functional of the form (6:4). The arcs are taken 

to be a maximal set of focal arcs no linear combination of which 
vanishes at the point x. The range of o' and r depends then 
upon x. This functional determines a problem P x having the end 
conditions 

(6*7) j^U) * rir (x)a (r» = 0 

and the transversality conditions 

(6:8) r t (x) £ lr (x) = ? l<r (x) T lr (x)a r . 

As a consequence of these conditions we have the result: 

LEMMA 6:1. An Interval interior to xx* is a focal Interval 
for ? x if and only if It is a focal Interval for P. 

For, suppose a focal interval interior to XjX* is deter¬ 
mined for the problem P by a focal arc £ • This arc ^ then 
satisfies the first set of conditions (6:7). Hence the focal 
interval thus determined is also a focal interval for P x# Con¬ 
versely, an arc determining a focal interval for^P x must satisfy 
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the first of conditions (6:7) and the conditions (6:8). It 
follows that also determines a focal interval for P# 

Let x f be any point on x x x«. We then have the following 
useful lemmas. 

LEMMA 6:2. If £ is any arc in £ and if J( g, f ) =0 
for all arcs f in £ which are identically zero on x^a then 
J( £ ) = J( £ ,a :x) where J^^x 1 ) is defined in (6:6). 

For, by Theorem 3:1 the arc £ is a transversal arc on 
x x x*. Hence by an integration by parts 

J( 1 ) * l iU* ) r i(x' ) + 2w ( f , ?')dx. 

If fa ( r * l # ## *,r f ) is a maximal set of linearly independent 
focal arcs not vanishing at x» then 

fx a 

J( f ) * fir (*’) V i r (*' )V V + / , 2 “ ( f » ■ J( f ,«:*•) 

( r ■= 

LEMMA 6:3. If ^ la any arc In £ and If J( f , f) =0 
for all arc8 which are focal arcs on xjx 1 and identically zero on 
x»x« then 

J( l ) * J( £,*:x») + J( ? i), 

where £ x i£ an arc in £ identically zero on x f x 8 . 

For, by Theorem 4:7 the arc j? on the interval x x x* is 
expressible in the form J7 * f x + £? a where *7 x is an arc in C 
vanishing at x x and « is a focal arc. Hence on the interval 

x x x 0 

J( j 7 ) = J( £ 1) + 7 i*( xf ) I ia( x ' ) + J~ ^ 2oo( fa y')dx. 

As in the proof of Lemma 6:2 it can be shown that the sum of the 
last two terms is expressible in the form J( ^,a:x t ) with a 




54 


HAZARDS INDEX THEOREMS FOR THE PROBLEM OF BOLZA (530) 


suitable set of focal arcs and constants a^ . 

COROLLARY# If [ is any arc in £ satisfying the conditions 
of Lemma 6:3 and if there exist no focal Intervals of x x interior 
to x x x», then J( *? ) > J( £ ,a :x f ). 

This follows from the fact that J( J? x ) Jo by Theorem 6:2# 

It may be noted that Lemmas 6s2 and 6:3 still hold if the 
arc £ is restricted only to the class 0 instead of to £ pro¬ 
vided we choose the arcs £^ r occurring in the form (6:6) to be 
a maximal set of linearly independent transversal arcs not vanish¬ 
ing at the point x*. 

When the Clebsch condition holds in the strengthened form 
the index of P (and hence also of P x ) is finite, as will be seen 
in Theorem 7:4 below. Assuming for the present the truth of this 
fact we can prove the following theorem: 

THEOREM 6:3. The index of J(£ ) on £ is equal to the 
number of focal Intervals of x = x x Interior to x x x 8 where a 
focal Interval la counted a number of times equal to its order. 

In order to prove this let x* be the first primary focal 
point of x x # Denote by ( otss l,*** # t , )a maximal set of 

arcs in £ which are identically zero on x*x 8 , are focal arcs on 
x x x» and are such that no proper linear combination of these arcs 
are transversal arcs. It is clear that t» is equal to the number 
of focal intervals having x» as their initial point, each focal 
interval being counted a number of times equal to its order. Con¬ 
sider an arc £ in £ satisfying the conditions J( J , y ) * 0. 

By Lemma 6:3 the value of J( y ) is equal to the sum 
J (£ ) * J( £ ^a***) + J( £i) where £ x is a suitably chosen arc 
in £ , identically zero on x*x 8 and where J(£ ,a:x») is an ex¬ 
pression of the type (6:6), the range of <r , r being at most 
n-t* in this case. The focal intervals for the problem p t 
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determined by the functional J( y ,a:x*) as described above are 
the focal intervals for P on x f x« which do not have x» as their 
initial point* Moreover the difference between the indices of 
P and P x , is equal to t 1 . For, let the conditions J(u^ , £ ) =» 0 
( Y * 1 # •••,s t ) form a minimal set for P , and let £ x , denote 
the class of arcs associated with P x i• It is clear from the way 
in which P x , was constructed that the arcs in t x , are equivalent 
to arcs in £ which are focal arcs on the interval XiX*• Hence 
we may consider the arcs \i r as being arcs in £ , which are focal 
arcs on the interval x x x f • We now show that the conditions 
J(u^ , ) = 0, J( f^ , £ ) = 0 form a minimal set for P. Clearly 

none of these conditions can be discarded. Now let be any 
arc in £ satisfying these conditions. We wish to show that 
J( f ) ■ 0. By Lemma 6:3 we have J( f ) = J( f,a:x*) + J( f x ), 
where f x is an arc in £ identically zero on x’x*. Since x* is 
the first primary focal point of x x it follows from the corollary 
to Lemma 6:3 that J( f x ) « 0. Also J( f,a:x f ) £ 0 for, otherwise 
the conditions J(u^ , = 0 could not form a minimal set for P x ,. 

Hence J( f) * 0. 

Now suppose x* is the first primary focal point of x» 
for P x i and construct a problem P x » determined by a functional 
J( j; ,a:x n ). By an argument of the type already given it follows 
that the difference between the indices of P x , and P x * is equal 
to the number of focal intervals for x 1 which have x* as their 
initial point. The difference between the indices of P and P x » 
is then the number of focal intervals of x x interior to x x x* and 
having x f and x" as their initial points. We continue to form 
problems of this type at each primary focal point. At the r-th 
step the index of the problem^.which corresponds to the primary 
focal point x 1 * is less than that of the problem defined at the 
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preceding step by an amount equal to the number of focal intervals 
interior to x x xa and having x r as their initial point. Since the 
index of P is finite one obtains after a finite number of steps 
a problem P^ whose index is zero. The index of P is accordingly 
equal to the number of focal intervals interior to x x xa and 
having x«, x*, •••, x® 1 as their initial points. Since the index 
°f P xm is zero, there are no focal Intervals of x x or of x® 1 
interior to x®*x 8 by virtue of Lemma 6:1 and Theorem 6:2. Thus 
we have accounted for all focal intervals of x x on the interior of 
x x x*. This proves the theorem. 

Let P and P° be problems as defined in Section 4. Since 
P° is a special case of the one variable end point problem, we 
have 

COROLLARY 1. The index of P° is equal to the number of 
conjugate Intervals of x x interior to x x x 8 . 

COROLLARY 2. The index of P is equal to the number of 
conjugate Intervals of x x interior to x^x* plus the index of P 
with respect to P°. 

LEMMA 6:4. Given a conjugate system y y ^ there 
exists a functional J( y ) of the form (6:1) and a set of end 
conditions of the form (6:2) for which the extremals y A 
satisfying the end conditions = 0 and the transversallty 

conditions (6:3) are of the form = y ik a k* ^*1 = ^ ik a k 
where the a»s are constants not all zero. 

In order to prove this suppose n - p is the rank of the 
matrix || ^(x x ) 11 and let the functions y be chosen so that 
? = 0 = 1>* # *#P)* The end conditions are then chosen 

to b. = 0 where 1 = T 1>t (x x ), and the 

quadratic form 2q in (6:1) is taken to be 

2q 3 ? DW x i) + J - ik^ x ^] (’ll ?ki* 


The problem formed in this 
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way satisfies the properties of the theorem as one can readily 
verify. 

An interval x f x" is said to be a focal Interval of a 
conjugate system j* ^ if there exists an arc of the form 

1 i zero on x,x * but not identically zero 

on an extension of x*x" and if there exists no arc of the form 
J = ^ik^k \ 5 *1 on an extension of x*x" to the left 

of x f and J s o on an extension of x*x" to the right of x*. As 
in the definition of a focal interval given earlier in this 
section, the words "left* and "right" may also be interchanged 
here. A focal interval of a conjugate system on an interval x x x« 
may also be said to be a focal interval of a one variable end 
point of the problem determined by the system. Let p^k, u^ 
be the extremal arcs associated with two conjugate systems and 
let Pi, Pa be the problems determined by these systems on the 
interval x x xa« For convenience suppose the variable end point 
for Pi is Xi and the variable end point for P a is x 8 * If we let 
?° denote the fixed end point problem then we have the following 
result. 

LEMMA 6:5. Let t x denote the number of focal intervals of 
x x and ta the number of focal Intervals of x* interior to the 
interval x x x* for the problems P x and P» respectively where P x 
and Pa are defined as above . Let q x , q 8 denote respectively the 
indices of P x , Pa with respect to P # . Then 

t x - t* = q x - q»* 

This follows from Corollary 2 of Theorem 6:3 since the 


number of conjugate Intervals of x x is the same as the number of 
conjugate intervals of x* interior to x x x 8 * 
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We now consider an example of a one variable end point 
problem P in a 4-dimensional space having focal Intervals x*x*, 
t f t* lying interior to x x x* with x» < t* Sx*. Let u(x) be an 
arc of class C* suoh that u(xx) = 0 and u(x) a 0 on x'x* but not 
on an extension of x^". Similarly let v(x) be an arc of class 
C n such that v(x) s 0 on x x x' , and t't" but not on an extension 
of t f t n . Let h x * u* + u, h* « v* + v and 

f*' f*' « , A* A• * * 

b x * / uhidx * •/ (u» -u )dx, b s * / vh*dx * - / (v» - v )dx. 

Jx i Jx x Jx% Jx x 

The problem P under consideration is determined by the functional 
J( ^ ,w) » bxWx* + b*w* 8 + 
the differential equations 

fn =■ lx hx. ?3 - ? ih« 

and the end conditions 



- 0, l z (x x ) - -b^, ^(x^ - -b 2 w 2 , fitxg) * 0 

(1 - 1 , 2 , 3 ), 

where w x , w* are constants. The Euler equations and transversality 
conditions associated with the problem P are, respectively, 

+ + ^xhx+ i*h* * 0, A x a o, 3 0, 

and 


* -**, ^ 3 (Xi) » -w,. 

It is readily verified that the arc j? defined by 


(6s«) - u, 1 2 - J uh x dx - b^, ? 3 - V 2 

with multipliers ix « -1, A* * 0 and constants w x « 1, w* « 0 is 
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A SUB-PROBLEM OP P* 

a focal arc for P and is Identically zero on x’x*. Similarly 
the arc £ defined by 

?l = v ' ?2 = / - Vl' ?5 = / * *V* " V 2 

yxx y xi 

with multipliers /l x » 0, A a = -1 and constants w x = 0, w 8 = 1 

is also a focal arc for P and is identically zero on t’t", If 

A 1 

t* > x" we choose the function v(x) so that / vh x dx * 0. It 

Jx n 

may be noted that if x x = 0 and x* > X then the function u(x) 
can be chosen so that b x » 0. The arc (6:9) then defines a 
conjugate interval on x»x w . 

7. A sub - problem of P°. Let x » x® (s 53 0, • • • ,r + 1; 
x° * x x , x r+ * « x*) be a set of points arranged in the order of 
their superscripts. In this section we shall consider the problem 
P* determined by a functional of the form (1:1) and a set of arcs 
£* in & which vanish at the points x®. Clearly £is a subset 
of and P* is a sub-problem of P° where £ # and P° are defined 
as in Section 4. It is to be noted that the extremal arcs for 
P are broken extremal arcB for P° with corners at the interior 
points x® (s * 1,••*,r). We shall assume that the strengthened 
Clebsch condition holds on XxXa. 

For convenience we shall define the index of a sub-interval 
xS x e+l ( 8 s o,***,r) to be the number of arcs in a maximal set of 
arcs in £* identically zero except on the interval x 8 x 8+1 
(s * 0,***,r) every proper linear combination of which has J( £ ) <0. 
The index of x 8 x 84 ^ (s * 0,* # *,r) is then equal to the number of 
conjugate intervals of x 8 Interior to this interval. 

THEOREM 7:1. The index of P* is equal to the sum of the 
Indices of the sub-intervals x 8 x 8+1 (s * o,•••,r). 

For, let £ be any arc in L* having J( £ ) < 0. It is 
readily seen that £ is equal to a sum of arcs in £ * eaoh being 



40 


HAZARD: INDEX THEOREMS FOR THE PROBLEM OF BOLZA (336) 


identically zero except on an interval x 8 x 8+ * and eaoh having 
J < 0. 

Let P be the problem defined in Seotion 4. We then have 

THEOREM 7:2. The index q # of P with respect to P* is 
equal to the number of broken extremal arcs ^ ( <*- * 1, • • • ,q # ) 
with corners at the interior points x 8 (s =* l,***,r) in a maximal 
set of arc8 in £, every linear combination ^ of which has 
J( ^ ) * 0 but no proper linear combination of which is a transverafl. 
arc for P. 

This is the same as Theorem 5:1 stated for a different 
type of sub-problem and it is easily verified that the theorem 
holds in this case* 

COROLLARY. If there exist no extremal arcs in £*, then 
the index q* of P with respect to P # Is equal to the number of 
broken extremal arcs ^ ( *■ » 1,•••,q # ) with corners at x 8 

(s * l, ### ,r) in a maximal set of arcs in £ every proper linear 
combination £ of which has J( £ ) < 0. 

THEOREM 7:3. If the points x® (s * 0,***,r+ 1) are such 
that there exist no conjugate points of x 8 on x s x 8+1 (s = 0, • • • ,r), 
then the index of P is equal to the number k of broken extremal 
arcs with corners at the interior points x 8 (a =* !,••• ,r) in a 
maximal set of arcs in £ every proper linear combination ^ of 
which has J( £ ) < 0. 

For, the index of each sub-interval x 8 x 8 ‘*'l (s » 0,***,r) 
is equal to zero. Hence by Theorem 7:1 the index of P* is equal to 
zero and, therefore, the index of P is the same as the index of P 
with respect to P # . This number k is equivalent to the negative 
index of the index form of Morse (VIII). 

LEMMA 7:1. A finite number r of points x 8 (s * l, # *«,r) 
can always be chosen on XiX* suoh that there exist no pairs of 
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conjugate points on x*x 9+1 (a * 0, ♦•• ,r ). 

For, suppose that the lemma is false* Choose arbitrarily 
a finite number of points on xix«. The lemma is then false on at 
least one of the sub-intervals thus formed. On this interval 
make a further subdivision* It follows that the lemma is false 
on at least one of these sub-intervals. In this manner continue 
to make subdivisions of the interval XxX*. The points of sub¬ 
division will have a limit point x* and it follows that in every 
neighborhood of x* there exist pairs of conjugate points. But 
this contradicts the known fact that for any point x w on xjX* 
there exists an interval x" - <f < x 6 x* + $ on which there are 
no pairs of conjugate points (II, 739). Hence the lemma is true. 

THEOREM 7:4. If the strengthened Clebsch condition holds 
on x x x« then the index k £ P is finite . 

For, by Lemma 7:1 we can choose the points x s on x^x* so 
that there exist no conjugate points of x 8 on x 8 x 84 ' 1 (s = l,***,r). 
Let r be the number of sub-intervals x 8 x 8+1 . Then the number k 
of Theorem 7:3 satisfies the inequality k ^ nr and hence the index 
of P is finite. 

Let x 8 (s = 0, # * # ,r + l) be a set of points as described in 
the first paragraph of this section. Let t be the number of broken 
extremal arcs ( <* * 1, • in £ with comers at the 

interior points x 8 (s » l,***,r) every proper linear combination J 
of which has J( jf ) < 0 and let v be the number of linearly inde¬ 
pendent arcs ^ * l,***,v) vanishing at x 8 (s = 0,***,r + l) 

which are transversal arcs for P, where P is defined as in Section 4. 
We then have the following 

THEOREM 7:5. The index k of P JLs expressible in the form 
k ■ p 0 + ••• + P r + t - v. 
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where p 8 is the number of primary conjugate points of x 8 on 
x s x s+l » 0,***,r) and t and v are defined as above * 

In order to prove this let ( f « !,• •• # p 8 ;s * 0, ## *,r) 

be a maximal set of broken extremal arcs determining the primary 
conjugate points of x 8 (s « (),•••,r) on x 8 x 8+1 . These may be 
ohosen so as to be identically zero except on x s x 8+1 , By the types 
of proofs used before it is readily verified that every arc ^ in £ 
satisfying the conditions 

(7sl) J< l* » V " °» J( i) - ° 

h* 8 J( £) m 0. Let ff ( ^ = Po + * * * + p r - v) be a maximal 
set of the arcs j? r 8 no proper linear combination of which is a 
transversal arc for P. The conditions ^ ^ - 0, J( J , y ) *0 

then form a minimal set, for, every arc ^ in £ satisfying these 
conditions also satisfies the conditions (7:1) and hence has 
J( £ ) » 0* Moreover every linear combination ^ of “the arcs ^, 
f* has J( \ ) m 0 but no proper linear combination is a transversal 
arc for P. Hence the statement of the theorem is true. 

Results analagous to those of this section may be verified 
for sub-problems P of P obtained by imposing the conditions 

{J i^* 8 ) * 0 where the A^ are constants and the points x 8 are 
finite in number and lie interior to the interval XjlX*. 

THEOREM 7:6. If the index k of J( ^ ) on £ is finite then 
the Clebsch condition holds on XiXg. 

For, since k is finite and the index q° of P with respect 
to P* is finite, it follows that the index k° of J( £ ) on C 9 is 
also finite* Define the index of a sub-interval x , x 11 of x^Xg to 
be the number of arcs in a maximal set of arcs in C° identically 
zero except on x»x" every proper linear combination J7 of which 
has J( £ ) < 0. The index of x«x n is clearly less .than or equal to 
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the index of J(^) on 5°. It follows that the interval x x x* 
can be subdivided into a finite number of intervals of length 
less than / such that on all but a finite number of these the 
index is equal to zero. On those intervals for which the index 
is zero the arc (£ ) a (0) is a minimizing arc and hence the 
Clebsch condition holds. Since F may be taken arbitrarily small 
it follows by continuity considerations that the Clebsch condition 
holds on the entire interval XjX*. 

8, Oscillation and comparison theorems . We shall assume 
that the strengthened Clebsch condition holds on the interval XxXa. 
Let P and P° be problems as defined in Section 4. As a consequence 
of Corollary 2 of Theorem 6;3 we have the following general 
oscillation theorem, 

THEOREM 8j 1. Let k be the index of P and q® the index of 
P respect to P°, There exist exactly k - q° conjugate 

Intervals of x x or of x« interior to x^x*. 

As a consequence of the corollary to Lemma 5:2 we have 
COROLLARY. The number k° of conjugate Intervals of x x 
interior to Xj.xa satisfies the Inequality 

k - 2n + p e k® s k. 

Let P* be a problem determined by a functional J* and a 
set of end conditions = 0 ( r = 1,•••,?*). We then have the 

following comparison theorems. 

THEOREM 8:2* Let k, k* denote the indices and s, s* the 
number of conjugate intervals for Xi interior to x x xa for P and p*, 
respectively * Let q, q* denote respectively the indices of P and 
respect to P°, We then have the relations 
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k-k*=q-q*+s- 8*, 

|k - k*| £ |s - s*| + max[2n - p, 2n - p*]. 

The first result follows from Corollary 2 of Theorem 6:3. 

The second statement then follows as a consequence of the corollary 
of Lemma 5:2. 

COROLLARY. If ^ ^ , ^') = co*{ £, £'), then 

k - k* = q - q*. 

|k - k*| = max[2n - p, 2n - p*] ^ 2n. 

These statements follow from Theorem 8:2 since s - s* = 0. 
Now suppose that P x , P x are sub-problems of P, P re¬ 
spectively and of the type studied in Section 4. Let k x , k x * denote 
the indices and p x , p x * the number of end conditions for P x , p x *, 
respectively. We then have 

THEOREM 8:3. Let q x , q x * denote the indices of p, p* 
with respect to P x , P x *, then 

k - k* = q x - q x * + k x - k x *, 

|k - k*| $ |k x - k x *| + max [p x - p, p x *- p*J. 

If the sub - problems P x , P x are identical , then 

k - k* = q x - q x *, 

|k - k*| 5 max[p x - p, p x * - p*] < 2n. 

If the problems P, P* are identical , then 

k x - k x * = q x * - q x , 

|k x - k x *| i max[p x - p, p x *- p] < 2n. 

Now consider two problems P, P* having the same set of 
arc 8 £ and let 
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J'( z) - j( 2 ) - j*( 2 ). 

The problem determined by J’( ^ ) and the set £ shall be denoted 
by P 1 = P - P*. 

THEOREM 8:4. If k» is the Index of P» then 
k m k* + k*. 

In order to prove this we shall suppose that k* is 
finite, for, the theorem is surely true if k» is infinite. Let 
the conditions 

(8:1) J,( L 9 l ) S 0 ( * s ) 

form a proper minimal set for the problem P«. It follows that for 
every arc £ in £ satisfying these conditions J( £ ) > J*( £ )• 

Let Jy ( Y =■ i # *»* # h) be a maximal set of arcs in £ satisfying 
these conditions every linear combination J of which has J( f ) < 0. 
Every arc £ in 6 is expressible as a linear combination of the 
arcs ^ and an arc satisfying conditions (8:1). Clearly then 
k J k» + h. Since the arcs satisfy (8:1),every linear 

combination [ « a^ l r has J*( £ ) < 0. Hence h S k f and 
k < k* + k«. 

THEOREM 8:5. Let k, k* be the indices of P, P* respectively 
and let d, d* denote the maximum number of linearly Independent 
transversal arcs in £ for P, P* respectively . If J( £ ) * J*( X ) 
for every arc ( ) jL (0) in £ , then 

k* > k, k* + d* J k + d. 

Moreover , JUT J( £ ) > J # ( £ ) for all such arcs , then 


k* > k + d 
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In order to prove this let 

J( F* , i ) - o ( * * V,k) 

be a minimal set for P and let ( r * k + l # '** # k+d) be a 
maximal set of linearly Independent transversal arcs for P in £• 
We then have 

J( E< ** ) ■ 0 ( * i,*‘*,k+a), 

the inequality holding only in case the first k a»s are zero. 

It follows that 


J # ( L ) » 0 ( *< ■ !»***,k +d), 


the strict Inequality holding in case the first k a»s are not all 

zero. Hence k* £ k. We now consider a maximal set F of the 

r 

( •<. * l,***, k + d) no proper linear combination of which is 
a transversal arc for J*. The number of arcs in the set £ is 
at least k + d - d # . Since these arcs form a subset of a set of 
functions defining a minimal set for P* it follows that k*£ k+d-d*, 
Hence the second inequality is proved. If J( £ ) > J*(£ ) for 
every arc ( £ ) i (0) in £ then J # ( F*. ** ) < 0 ( * * 1,** # , k + d) 
for every set of constants (a) f (0). Hence k* J k+d. 

Now let P be the problem determined by the functional 

f*n 

J( l ) ■ 2q x ( f x ) - 2q.( 1 e) + J 

JXx 

and a set of arcs £ , the maximal set of arcs in satisfying the 
end conditions 


^£i( 1 i) “ i ^ i( x i) * 0 

^«( l») m * ell l (x>) = 0 


( Pi i n). 


( 8 : 2 ) 


( r « i 


... 


Pa v n), 
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where 2q x and 2q« are symmetric quadratic forms in *^ XJ 
respectively. The transversality conditions are then expressible 
in the form 

Tj[ X ( ^ x# A 9 X 1 ) 88 Qx ^ ^ ^ 5 3 0# 

(8*3) 

T± # ( ^ 9, A.,X*) * l i« + A r # * r i + ^ ^(xb) = 0. 

A sub-problem P x may be obtained by replacing the end conditions 
# * 0 by ^ ^(xb) * 0, Also by replacing the end conditions 
x = 0 by ^ ^(xi) = 0 a sub-problem P 8 may be obtained. 

Let P* be a sub-problem of the problem P defined in the 
preceding paragraph. Suppose P* is determined by a set of arcs £,* 
consisting of those arcs in £ vanishing at x*. Then P* is a 
sub-problem of the type studied in Section 7 having variable end 
points instead of fixed end points. Let q(x») denote the number 
of broken extremal arcs ^ ( * =» 1, • • * ,q( x*)) in a maximal 

set of arcs in £ having a single corner at x f every linear 
combination ^ of which has J( £) « 0 and satisfies the trans¬ 
versality conditions for P but no proper linear combination of 
which is a transversal arc for P. If t x is equal to the number 
of focal intervals of x x Interior to x x x f and ta is equal to the 
number of focal intervals of x 8 interior to x f x 8 then the index k 
of P is expressible in the form 

(8*4) k ■ t x + t* + q(x*). 

Let £ be the extremal arcs of a conjugate system determined 
by the first p x of conditions (8*2) and (8*3) and let u^ be the 
extremal arcs of a conjugate system determined by the last p 8 of 
conditions (8*2) and (8*3). Let $ ( /* * l # ## *,r x ) be a 

maximal set of linearly independent extremal arcs of the system 
t ik vanish at x* and fr ( Y * r x *,r x + r 8 *r) a 
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maximal set or linearly independent extremal arcs of the system 
u ik vanish at x 1 no linear combination of whioh belongs 

to £ It follows that the matrix || $ i ^(x , )|| ( = 1, 

has maximum rank r, where the functions ^ ^ are those associated 
with the extremal arcs f ^ . Define i on XiX 1 , 

^ S 0 elsewhere; a f y on x»x*, a 0 elsewhere. The 

r arcs thus formed are then broken extremal arcs in £*• 

Since J( f 9 ^ ) * 0 for all broken extremal arcs £ in £* with 
corners at x = x 1 it follows that 

*ir (**> ? ± (*') - 0 

for all such arcs y . This system of equations has n-r linearly 
independent non-zero solutions. Since on the interval x x x* the 
arcs jk described above are linear combinations of the arcs 
£ ^ and on x’x* they are linear combinations of the arcs u^* 
it now follows that q(x*) ^n-r+r-d = n-d, where d is the 
maximum number of linearly Independent transversal arcs for P 
no proper linear combination of which vanishes at x». A stronger 
but more complicated inequality can be obtained. However, the one 
obtained here is sufficient for the arguments to be given in 
Section 10. It Is clear that if x f is not a focal point of either 
system then d is equal to the maximum number of linearly inde¬ 
pendent transversal arcs for P. 

THEOREM 8:6. If t x and t* denote the number of focal 
intervals of x x and x«, respectively . Interior to the interval 
x x x., then the following relation holds : 

t x - t n * q(x x + 0) - q(x« -0). 

Moreover |t x - t#| < n. 
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For, in the expression (8:4) we let x» approach x x and 
then let x 1 approach x* obtaining the relations k * t* + q(x x +0) 
and k « t x + q(x« - 0) f respectively. The first relation of the 
theorem then follows immediately. The last relation is true 
since both q(xi + 0) and q(x* - 0) are less than or equal to n. 

Let $ jjc and u^, v^ be a pair of conjugate 

systems. We then have the following 

THEOREM 8:7. If t x and t« denote respectively the number 
of focal Intervals of the conjugate systems £ and u^, 

v ik 2R ~ g^ven interval Y then the following relations hold 


t x - ts * q(x x + 0) - q(x a 
ti - ts * qUi + 0) - q(x* 
ti - t« = q(x x - 0) - q(x« 
ti - t. = q(x x - 0) - q(x« 


- 0) 

on 

(x x < X < X.) 

+ 0) 

on 

(x x < x i x«) 

- 0) 

on 

(x x S X < X.) 

+ 0) 

on 

(x x i X £ X.) 


where q(x») ia defined as before for the problem P determined by 
? ik and u^. In each of these cases |t x - t«| 5 n. 

The first relation follows immediately from Theorem 8:6. 
Da order to obtain the second relation we consider the problem P 
defined on the interval x^x^ where x^ is to the right of x* but 
sufficiently near so that the number of focal intervals of ^ 
and u^ k on x^x^ is the same as on x x x*. By the same type of 
argument used to obtain the first relation we can now obtain the 
second. The remaining relations can be verified similarly. 


9• The accessory boundary value problem . Let J( £ ) be 
defined as in Section 1 and let £ be the class of arcs as defined 
in Section 2. We shall consider the functional 

J( 1 , O - J( l ) - r /“ 
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called the characteristic functional of J( £)• A value of 
for which there exists a non-zero transversal arc ^ ^ for the 
problem determined by J( £ , <r) on & is called a characteristic 
value. The functions »^(x) defining this transversal arc are 
said to form a characteristic arc. Associated with a given 
characteristic arc £ are a set of multipliers A^(x), % ^ 
such that the Euler equations 

V i > - 3 0 

and the transversallty conditions 

Tixl \ » t, A) * 0, T t .( £ , t, A.) * 0 

for the problem are satisfied. The functions T^ x , T i# are 
defined as in equations (2:1) and (2:2). 

In this section let k( «") denote the index of J( y , <r) on 
£ and let d( <r ) denote the number of linearly independent 
characteristic arcs associated with <r . The number d( <r ) will be 
called the order of a" as a characteristic value. It is under¬ 
stood that if <r is not a characteristic value then d( <r ) » 0. 

In order to establish a relationship between the index 
of J( £ ) on £ and the characteristic values of J( £ # *“) we prove 
the following lemmas. We shall assume that the strengthened 
Clebsch condition holds on XiX«. 

LEMMA 9:1. The index k( <r) of J( £ , <r) on £ ^s equal to 
zero for - <r sufficiently large . 

In order to prove this we first note that by the theory 
of quadratic forms there exists a constant c such that 2q( £ ) 
in (1:1) satisfies the relation 2q( £ ) > c( ^ 1 ±m 

Let h(x) be any function of x of class C f on x x x* such that 
h(x x ) * -1, h(Xft) * +1. Then 
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J( i , r) J j* [c ^h) + 8w(x, i , i') - r ^Jdx 

(»sl) f X » 

" U tP * 7k + 2< 4 h ?k + R ik Zi ?i - ^?1 ?i3 te ' 

where P*^, are functions having the properties of Pjjc, 

(VII, 50-51)• Now consider 

ft * p lk n 7k t* + 2^ ?1 f k r + R lk T 1 F k + liTi, 
where £ ^, f i ••tisfy 


(9:2) S si ?i? + T„ 1 f 1 =■ 0. 

When t' is zero then f ^ satisfies T ^ f ^ » 0 and Q > 0 since 
the strengthened Clebsch condition holds. By continuity con¬ 
siderations it follows that for functions satisfying 

(9:2) we have Q > 0 for t near zero. Now let £«£'*£ 
where ? is near zero, then 


p *k u z ic ? ' + g ftlk nz'k * + R ik ti ?k t* ♦ u z t > o. 


Hence Q ?"* > 0. Setting * tr"* in (9:1) it follows that the 

integrand becomes Q c* a , and hence J( j? , O >0 for - r* sufficient¬ 
ly large. 


LEMMA 9:2. If ^ is sufficiently near a fixed value 

then 


k( r) = k( r 0 ) (<^<r 0 ), k( n » k( <r 0 ) + d( ^ 0 ) (^>r § ) # 


Moreover , on an interval *" x £ c” < there are exactly 

k( ^») - k( «r x ) characteristic values where a characteristic value 

is counted a number of times equal to its order . 

Por, if <^< r* then J( ^ , o~) > J( £ , r*) # Henoe by 
Theorem 8:5 we have k( ) £ k( <r ) + d( <r) # By virtue of this 
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inequality there can be at most a finite number of characteristic 
values on an interval ^ #- < Otherwise k( or ) would be¬ 

come infinite as r varies from <r x to <r M and this is impossible. 
Hence the characteristic values are isolated. Now let f (x) 

( oc = 1, ### , k( <^o)) be a set of arcs in £ and having 
J[ < 0 (<* m *.)) for or- = <r 0i 

where J( f, £,<r) is a functional of the type (3tl) formed for 
J( Since this relation holds for or near r 0 it follows 

that k( or) > k( <r 0 ). Hence k( or ) = k( ^o). Also for or 
sufficiently near or 0 we have d( <r) = 0 since r i 8 not a 
characteristic value. 

If <r > or 0 then by the preceding argument 
k( or ) > k( «%) + d(r#). In order to show that k( or) < k( r 0 ) +d( <r 0 
choose points x* (s = 0,***,h+ 1) with x* * x l9 x h+1 * x* 
arranged in order of their superscripts on x x xa such that there 
exist no conjugate Intervals of x 8 on x 8 x s+1 (s = o,***,h). Let 
lr r ) ( r * 1#••*,*) he a maximal set of r linearly inde¬ 
pendent broken extremal arcs in E, continuous in or and with 
corners at the points x 8 (s = 1,•••,&). The index k( <r ) and the 
order d( or ) of <r as a characteristic value are equal respectively 
to the negative index and nullity of the quadratic form 

j[ l r ( r), ( o'), r\b f b^ ( r , S = 1, • * *,r). 

As seen above d( r ) * 0 for or sufficiently near «" 0 . Hence as or 
increases or decreases from the index k( <r) increases by at 
most d( <r 0 ) f that is, 

k( r ) S k( <r 0 ) + d( <r#). 

It follows that k( r) - k( o',) + d( 0 ) If <f > <r». Let the 
characteristic values on «"i r. be <r' ■ <,4 m cr # 
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and suppose <r x < <r < ••• < Since k( <r 8 ) « k( <r s ~^)+d( or 8 " 

(s * 2,*«*,q), it follows that 

k( <r#) - k( <r x ) = d( a- 1 ) + ••• + d( tr^ 1 ) 


and hence the last statement of the lemma is proved. It is clear 
that if k( * 0 then k( or#) is equal to the number of 
characteristic values less than <*"This follows from the above 
formula since for <r< <r 1# k( *") = k( cr x ) a o and d( cr) * 0. 

THEOREM 9:1. If the strengthened Clebsch condition holds 
on xj,x# then the index k of J( j ) on £ is equal to the number 
of negative characteristic values of its characteristic functional 
J( l $ * )• 

For, by Lemma 9:1 there exists a value of <r such that 
k( r ) =0. Hence, as was noted in the proof of Lemma 9:2 there 
exist k(0) characteristic values which are less than «" « 0, 
that is, the index of J( ^ ) is equal to the number of negative 
characteristic values of J( £,<r)» 


10. A pseudo - periodic problem . We shall suppose that 

8 

there exists a constant r and a set of n constants A^j with 
det A = |A^j | / 0 such that the equations 


(10:1) 2^(x, >?,£') = 2 uj(x + v ,u,u»), 

(10:2) <£>,(*, 1,1')* + t ,u,u») 


are Identities in x, ^ where 


u i = A ij ?j< 



As a result of these identities the functions L^ i n the 
differential equations. 
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t'f * °» 

have the property that 

(10*3) L^x, i, z ', i’,k) = A 31 Lj(x + r ,u,u« ,u*>, A. ) 

Identically in x, , 1 “^, where Uj* ■ A^j 1 j. 

An extremal are satisfying the conditions 


(10*4) ^(x + C ) = A^j l j(x), ^(x) » T 4 (x + t ) 


will be called a pseudo-periodic arc of period £ • As a 
consequence of the preceding Identities any extremal arc satisfy¬ 
ing (10:4) for one value of x satisfies these relations for all 
values of x. 

The identities (10:1), (10:2), and (10:3) are still valid 
if we replace r by ^ and A^ by A^, where A^j are the elements 
in the matrix A**. We shall call the problem determined by 

the functional 


J( l ) 



2 ^(x, i')Ax 


and a maximal class of admissible arcs satisfying the 

conditions 


l » z') = °* 

?1< - A ij ?j(0) 

a pseudo-periodic problem , If the matrix with elements A^j is 
the identity matrix then P^ is the usual periodic problem. 
The transversality conditions for P^ sre given by 

\(0) - Aj 4 J 1 ( <t). 

It is seen that these conditions follow directly from (10:1), 
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THEOREM 10:1. The number of conjugate Intervals of 
(h-l)ron(h-l)t < x < h f Is the same for all Integral 
values of h. 

This follows as a consequence of the identities (10:3) and 
the fact that the conjugate intervals are unchanged by the 
transformation u^ « £j* 

THEOREM 10:2* The number of conjugate intervals on 
0 < x < p t ij* equal to p times the number of conjugate Intervals 
on 0 < x < z plus the number of broken extremal arcs in a max ¬ 
imal set of arcs vanishing at 0 and pc, having corners at the 
points ht (h*l,***,p-l) every linear combination of which has 
J a 0 and such that no proper linear combination is an extremal 
arc , 

* 

To prove this we consider the problem P determined by a 
functional of the form (10:1) defined on the interval 0 $ x * pc 
and a set C* of admissible arcs vanishing at ht (h * 0,* # *,p) 
and satisfying <£> p « 0. As a consequence of Theorem 7:1 the 
index of P* is equal to p times the number of conjugate intervals 
on 0 < x < £. Since P* is a sub-problem of a problem determined 
by a set of admissible arcs satisfying = 0 and vanishing at 
0 and p r, the conclusion of the theorem follows as a consequence 
of Theorem 7:2. 

THEOREM 10:3. The index k of P^ is given bj the formula 
k « r 0 + r x + ••• + r <mX + q, 

where r^ (h = 0,• • •, <* - 1) ie equal to the number of conjugate 
intervals of x « ht on h c < * < (h + l)tr and q is equal to the 
number of broken extremal arcs with corners at x * (h + 1) C 
(h ~ 0, 2), in a maximal set of arcs in C every linear 

combination ^ of which has J( £ ) « 0, no proper linear combination 
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of which is a pseudo - periodic arc for P *^ . 

LEMMA 10:1. If ^ ilc , i£ a conjugate system of 

extremals and 

u ik (x + > “ A ij ?jk (x) » J ’lk (x) “ A Jl v jk (x + ** )* 

then the functions u^, v^ define a conjugate system . Moreover , 
the number of focal Intervals of u^ on the Interval 
x x + olv < x $ x* + ott* is equal to the number of focal intervals 
of lik 2i Xi < X i X|, 

The proof of the first part of the lemma as given by 
Birkhoff and Hestenes (I, 241) is applicable in this case and is 
as follows. By virtue of (10:3), with V replaced by «c£ , the 
arcs u^ are extremal arcs. Also 

?ij (x) rik<*> = u ij^ x + ‘ LZ ) v ik(* + “■*)» 

and hence 

0 * In Jik ’ Z ik hj - u ij v ik - u ik v ij- 

It follows that the extremals u^, v^ k form a conjugate system. 

The last statement of the lemma is clearly true. 

Let £ ^(x) b® the extremal arcs of a conjugate system 
t lk’ 5 ik wlth secondary focal points on the interval 

x x < x £ x x + h t• We then have 

THEOREM 10:4. The limit 

m, * lim th ( x i) 
h-~ ^ 

exists, is^ independent of the conjugate system ^ X ^ and the 
initial point x x . Moreover , the inequalities 


(10:5) 


* V Xx) l ■ 


n 


,(h ■ 1, 2 


) 
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are true for all values of x x . Jtf ll£ (x x ) “ °» thep 

(10:6) t h (x x ) $ h><-< t h (x x ) + n (h»l,2,***). 


To prove this let * hk and 

* -1 

» tt (* + < * - l) tr) - a 4J f jk (x). 

By Lemma 10:1 the number of focal intervals of the system on 
x x + ( pc - h) Z < x < x x + ocv is equal to t^Xj,). By Theorem 8:7 
the number of focal intervals of £ ik on this interval differs 
from t^(x x ) by at most n, Since this statement holds for all 
values of the integer k in * hk we have the following relations: 


It^Ui) - t (k _i )h (x x ) - t h (x x )| < a, 

(10 t 7) • t (k-l)h {Xl) " t (k-2)h (Xl) " V* l) l * 

• •• ♦ • • ••• 

|t 2h (x x ) - t h (x x ) - t h (x x ) I < n. 

On adding these inequalities we have 

It*. - kt h (x x )| » (k - l)n < kn. 


Similarly 


On dividing by 

( 10 : 8 ) 


! t *c • ht k (x x ) | < hn • 
^ = hk we have 

o > I 1* 1 ) - t h U x ) | 

0 < I t«. (**> _ t k (x x ) | 


< 


< 


n 

E ’ 


n 


Hence 


I - t k ( x x) | < n + n # 

h k * E 5c 
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These relations hold for all values of x x . By taking h and k 
sufficiently large the sum + jji can be made arbitrarily small. 

Hence ^ - lim exists and Is the same for all values of 

h+~ h 

x x . Moreover if ^ x » * denote the limits of and t^xi), 

t^Xi) denote the numbers t^Xj.) for two different conjugate 
systems then we have 

| - x 81 - 11m ~ g 11m E = 0. 

h-><* h h+- ** 

It follows that the constant s*- Is the same for all conjugate 

systems. This constant will be called the frequency number . If 

we let k become infinite in the first of the relations (10:8) and 

note that lim we get the inequality (10:5). If 

T ik ( x i) * 0 then the number equivalent to q s in Lemma 6:5 is 

equal to zero. It follows that the expressions (10:7) and hence 

(10:8) hold when the absolute vaJLue signs are removed. By letting 

k become infinite we obtain the relations (10:6). 

COROLLARY. If there exists a conjugate system ^ ^k* 

with ^ periodic , then the frequency number ^ is rational . 

For, if h is suitably chosen then 

Tik(* + ( « - l)t^) - 1 

where « = hk and k » 1, 2, •••. It follows that the left members 
of the inequalities (10:7) are equal to zero and hence 

hyt* - t h (n) * 0. 

The conclusion of the corollary is immediate. 

Finally let us consider the periodic problem w 1th period x 
where the matrix A is the identity matrix and let P be the problem 
defined on the interval 0 $ x £ r X with end conditions 
Z i(0) * 7 i( r £) ■ 0. Let P # be the sub-problem of P with arcs 
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vanishing at x - t . This is a problem of the type discussed 

in Section 7 and the index of P with respect to P* is the number 

of broken extremal arcs in a maximal set with corners at f 9 
vanishing at x = 0 and x = rt , every linear combination of which 

having J( £ ) 5 0, but no proper linear combination being a periodic 

extremal arc. This number is the same as the rth index of reple¬ 
tion as defined by Morse and Pitcher (X). They consider only the 
case when the points x * r and x = r z are not conjugate to each 


other nor to x = 0 
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MINIMA OP DOUBLE INTEGRALS WITH RESPECT TO UNILATERAL VARIATIONS 
AND APPLICATIONS TO SUBHARMONIC FUNCTIONS 


1* Introduction , A function z(x,y) having continuous 
second order partial derivatives In an open region R of the 
xy-plane is harmonic in that region if it satisfies the partial 
differential equation of Laplace, 


A z 


Bx* Dy a 


0 , 


in R* This will be recognized as the Euler equation for the 
calculus of variations problem of minimizing the Dirichlet 
integral 


x[*;R] a 1 i (z 8 + z *)dxdy 
R J 

in a class of n admissible 11 functions assuming specified values on 
the frontier R* of R. An analogous situation arises in the con¬ 
sideration of subharmonic functions. A function u(x,y) having 
continuous second order partial derivatives in R is subharmonic 
there if and only if Au J 0 in this region [11, pp. 12, 13] . 

If, in addition to satisfying these conditions, u is continuous 
in the closure R of R, then it is readily shown that u renders 
the Dirichlet integral a minimum in a class of *admissible” 
functions coinciding with u on R» and lying below u in R. The 
question arises as to whether this property is retained by sub¬ 
harmonic functions not having the differentiability properties 


^Numbers In brackets refer to the bibliography at the end 
of this paper. 
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indicated above for u. Another question is whether this property 
is characteristic for subharmonic functions. These questions 
suggest, and will be approached by way of, the consideration of 
a more general problem of the calculus of variations. This more 
general problem is that of investigating necessary and sufficient 
conditions for a given surface to furnish a minimum to a double 
integral in a class of surfaces lying below it interior to its 
region of definition, but having the same values on the frontier. 

It is the aim of the present paper to develop such conditions for 
this more general problem, and to Indicate how some of the defin¬ 
ing properties of subharmonic functions may be regarded as special 
cases. It will be found that many of the conditions derived • 
closely parallel the usual conditions of the calculus of variations 
for minima with respect to variations which are unrestricted in 
sign. 

Section 2 of this paper is prefatory. In Section 3 are 
reviewed some properties of integral mean functions which are 
extensively employed as approximating functions in succeeding de¬ 
velopments. Most of these are known and may be found elsewhere 
in the literature. Section 4 presents the development of the 
above mentioned necessary and sufficient conditions for minima 
with respect to unilateral variations. The results obtained by 
specializing the integrand function in various ways are suf¬ 
ficiently engaging as to merit particular attention in Section 5. 
Applications to subharmonic functions and the Dirlchlet integral 
are made in Section 6. Some characterizing properties for sub¬ 
harmonic functions are there obtained as special cases of the 
preceding theory. Some of these results are obtained in strength¬ 
ened form on account of the special nature of subharmonic functions. 
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Section 7 involves the application of the theory of Sections 4 
and 5 to the least area problem and the problem of Plateau. 

2. Notation and preliminary remarks . Throughout this 
paper R will be used to denote a finite open region of the xy- 
plane. If E is any subset of R, E will denote the closure of E, 
while E 1 will represent the set of frontier points of E. 

If (*o,yo) is a given point, T(x 0 ,yo;h) will signify 
the open square region with side 2h: xo - h < x < x 0 + h, 
y 0 - h < y < y 0 + h; similarly, D(x 0 ,yo;h) will denote the open 
circular region with center at (x 0 ,yo) and radius h. We shall 
also write Q(x 0 ,yo;h) for T»Uo,yo;h), and C(x 0 ,yo, # h) in place 
of D«(x 0 ,yo;h). 

Integration is to be in the sense of Lebesgue. The class 
of all measurable functions g(x,y) for which |g| n is summable 
in the region of definition of g will be represented, as is 
customary, by L n . We shall also designate by L" the class of 
measurable functions g(x,y) essentially bounded in their regions 
of definition; i.e., for each g(x,y) in L* there exists a constant 
k such that |g| < k almost everywhere in the region of definition 
of g. If g(x,y) is measurable in R, then we write for brevity, 

MnfsJR] * [ J | |g| n 4>cdyj 1//n , 

R 

M[gjR] 9 Mi[g;R], 

M o. [g/R] 2 the essential upper bound of g in R. 

Then, if m" 1 + n" 1 * 1 (m =* when n = 1), and if f, g are in 
m n 

L , L , respectively, we have the Holder inequality. 


M[fg;R] i MjftfjMjg/R] 
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Ip the following pages the symbols m and n will always be used, 

25. a k° ve J to denote positive numbers having the property that 
m" x + n* 1 ■ 1 (m » oo when n « 1). Then clearly, m £ 1, nil, 

Two measurable functions will be called equivalent in 
case they coincide except perhaps on a set of measure zero. 

If V is an arbitrary condition or property, e[v] signifies 
the set of all points (x,y) satisfying this condition or having 
this property. Thus, for example, E[(x,y) in R; y = y 0 ] denotes 
the set of points (x,y) in R for which y = y 0 ; i.e., the inter¬ 
section of the line y = yo with R. 

A function f(x,y) is said to be of class C^ n ^ in R if 
it is continuous in R together with its partial derivatives of 
the first n orders. 

Consider the closed rectangle K: a ^ x < b, o^y^d. 

For a fixed y 0 in the interval (c,d) we shall denote by V^f(x,y 0 ) 
the total variation of f(x,y 0 ) regarded as a function of x alone 
on the interval (a,b). A corresponding meaning is attached to 
the symbol V^f(x 0 ,y). 

DEFINITION 2:1. A continuous function f(x,y) is absolutely 
continuous in the sense of Tonelll ( abbreviated A.C.T.) on the 
rectangle K if 

(1) It is an absolutely continuous function of x for almost 
every value of y on the interval (c,d) and an absolutely continu- 
oua function of y for almost every value of x on the interval (a,b); 

(ii) V o f(x 0 ,y) and V^f(x,y 0 ) are summable functions of xo 
an< * yo on a < x 0 i b and c % jq ^ d, respectively . 

It may bo readily verified that v£f(x 0 ,y) and V*f(x,y 0 ) 
are lower semi-continuous functions of x 0 and y„, respectively, 
on the respective intervals (a,b) and (c,d) [14, p. 169], 
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DEFINITION 2$2. A continuous function f(x,y) is A.C.T, 
in * region R (or ff) in case it is A.C.T. on every closed interior 
rectangle , 

DEFINITION 2:3, A function f(x,y) is Lipschitzlan with 
constant A on a given point set in case for every pair of points 
Ux # yi) and (x«,y 8 ) in the set, 

|f(*i»yx) - f(xt,y*)| i A[(x« - Xx) * + (y, - yx)*] 1 / 2 . 

Throughout the following presentation, we shall understand 
by the statement that a function f(x,y) is absolutely continuous 
on an open linear set, or on the closure of an open linear set, 
that f is absolutely continuous on every closed interval contained 
in the linear set, 

DEFINITION 2:4. A function f(x,y) defined in R will be 
called absolutely continuous by sections (abbreviated a.c.s.) 
in R if 

(i) f(x,y) :1s continuous in R; 

(ii) f(x,y) is an absolutely continuous funotlon of x on 
the linear set E[(x,y) in R; y * y Q ] for almost all y 0 ; 

(iii) f(x,y) is an absolutely continuous function of y on 
the linear set E[(x,y) In R; x = x 0 ) for almost all x 0 . 

A function f(x,y) satisfying in R the conditions of any 
one of the Definitions 2:2, 2:3, or 2:4 has first order partial 
derivatives which exist almost everywhere in R and are measurable 
in R. In particular, if f(x,y) is Lipschitzlan with constant A 
in R these partial derivatives are bounded by the Lipschitz 
constant A; moreover, f(x,y) is A.C.T. in R. 
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3. Integral means . Let f(x,y) be a function Burnable 
(whose Lebesgue integral exists and is finite) in an open region 
R of the xy-plane, and let S be an open region contained with its 
frontier S* in R. Finally, let h be a positive number so small 
that for |a| < h, |b| a h, and (x,y) in S, the point (x + a, 
y + b) is in R. Under these conditions the quantity 

f (h) U,y) “ f h f h *(*+». y + b)dadb, 

4h a 

called the Integral mean of f on the square T(x,y;h), is well 
defined in S. A summary of properties of integral means to be 
employed in the developments of subsequent sections will now be 
presented. Most of these properties are well known and will be 
given without proof. 

(h) 

PROPERTY 3:1. The function f (x,y) is continuous in S, 
absolutely continuous in x for every y, and absolutely continuous 
in y for every x. 

PROPERTY 3:2. If f(x,y) is continuous in R, then f^(x,y) 
approaches f(x,y) uniformly on S as h approaches zero . If f is 
only suxnmable , then f^^ approaches f almost everywhere on S. 

PROPERTY 3:3. Regarded as a function of four variables 
(x>7 p the function f(x + a, y + b) is summable in the region 
E[(x,y) in S; |a| * h, |b| < h]. Hence , by Fubinl ' s theorem , 

J s I f (h) (x,y)dxdy ■ J j |[ J f(x + a, y+b)dadb j dxdy 

lh Ih[f s f f(x+a ' y + ^y)dadb. 

PROPERTY 3:4. Let k(x,y) be a function belonging to the 
Lebesgue class L m (1 » m $ oo ) in R. If f(x,y) belongs to L n , 
then k(x,y)f^(x,y) converges in the mean to k(x,y)f(x,y) in 


S a£ h approaches zero . 
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This statement is a consequence of Properties 5:1 and 
5:2. To show this, let X he an arbitrary measurable set contained 
in R. Then, by Holders inequality, 

M[k(x,y)(f(x,y) - f(x+a, y+b)); Xj 

= M[k(x,y)f(x,y);X] + M^kU.yhXlMjJfU +a, y + b)/X] 
i MfkfjX] + Malk^Jl^ffAoJ 

where the set Xo appearing in the final expression is merely a 
translation of X, and is contained in R. In view of the absolute 
continuity of the indefinite integral, the three integrals on the 
right in the above inequality tend to zero as meas. (X), the 
measure of X, approaches zero. 

Now by Property 5:5, 

M[k( t - f* h) );X] £ /^/j/ h ih^ X ’ y * ^ l f < x 'y>- f < x+ *»y + b)jiadbjdxd; 

(3si) } J M[k(x,y)(f(x,y)- f(x+ .,y+ b))>X]dadb. 

4h B -h -h 

Prom the foregoing paragraph, it is seen that to every € > 0, 
there corresponds a & e such that whenever XCS, and 
meas. (X) < &« , it follows that 

M[k(K,y)(f(x,y) - f(x+ a, y + b)); X] < € . 

Consequently, for such sets X the right-hand member of (5:1) is 

also less than c , and by this inequality the class of Integrals 

{ ff |k(f - f (h) )|dxdy} 1. seen to be uniformly absolutely 

continuous [5, vol. 2, p. 296) on S. Moreover, lim |f-f^| * 0 

h-40 

almost everywhere in S by Property 5:2. Therefore (5, vol. 2, 
p. 297], 

lim M[k(f - f( h) );S] “ Mfllffl k(f - f (h *);S] » 0. 
h«*0 h-»(T 
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PROPERTY 3:5. If f(x,y) Is summable In R, then f^ 
converges In the mean to f(x,y) in S. 

This follows at once from Property 3:4 by taking k(x,y) s 1, 
m = oo , n = 1 . 

PROPERTY 3:6. If f(x,y) i£ summable in R, then almost 
everywhere on anjr linear set E((x,y) in S; y » const .] the partial 
derivative df( h Vdx exists and is given bjr 

■ to 5 f h (f(x+h,y +b) - f(x- h,y + b))db = -jL f* d 7 » 
- h * n v^(x,y;h) 


where the latter symbol signifies a line integral . Similarly , 
almost everywhere on E[(x,y) in S; x =* const ,] the partial 
derivative af (h) /3y exists and is given by 

7775 * f (*(x + a,y + h) - f(x + a,y - h) )da =-i- f f dx. 

4h 4b"^(x,y;h] 

3h particular , these equalities hold almost everwhere in S. 

PROPERTY 3:7. Suppose that the function f(x,y) is abso ¬ 
lutely continuous in x for almost every y and that df/ 'bx is 
summable on arbitrary closed subsets of R. Then 

(3:2) ^ (h) = (||) (h) 

in 3. In like manner , if f(x,y) is absolutely continuous in y 
for almost every x, and if k/5y 1 b summable on arbitrary 
dosed subsets of R, then 


in S. 

It follows immediately from this proposition that under 
the circumstances described f^ has continuous first partial 
derivatives which possess all the properties of integral means 
presented in this section. To verify (3:2), it is first noted 
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that Property 3:6 implies the validity of the equality almost 
everywhere on any linear set E[(x,y) in S; y = y 0 ], and hence, 
also, almost everywhere in S. Combining this fact with the abso¬ 
lute continuity of f^ as a function of x for every y, and ex¬ 
pressing f( h ) as an indefinite integral, we have for any fixed 
y « yo and xo such that the interval (x<^x) is in E[(x,y) in S; 

7 = yo], 


f* h *(x,yo)- f* h *(xo,yo) * (x,y 0 )dx» f dx. 


The integrand of the last integral Is continuous so that (3:2) 
holds everywhere on E[(x,y) in S; y = y 0 J. But y 0 is arbitrary, 
so that (3:2) is actually valid everywhere in S. Relation (3:3) 
may be established by a similar argument. 

PROPERTY 3:8. If f(x,y) i£ summable in R, then f^(x,y) 
is A.C.T. in its region of definition . 

Without loss of generality, we may restrict our attention 
to a rectangle K: s £ x £ t, u < y £ v. Suppose that h 0 is a 
positive number chosen so that (x+a,y + b) is in R whenever (x,y) 
is in K and |a| « ho, |b| a! ho. For a fixed positive h such that 
h^ ho it follows by Property 3:6 that almost everywhere on a set 
Ef(x,y) in K; y * yo] we have 


* 

lx 


f (h) (x, yo)| 


|-^ f (f(x+ h,y 0 +b) - f(x-h, y„ + b))db| 


(3:4) 


< _ 1 _ 
“ 4h» 



x+h, yo+b) - f(x-h, yo + b) |db. 


For such a value h, and for any y 0 in (u,v), the point (x+h,y 0 + b) 
is in R whenever x is in (s,t) and |b| < h 0 . Consequently, 


(3:5) J(h,y 0 ;ho) a _i_ p / ho |f(x + h,y 0 +b) - f(x- h,y 0 + b) |dbdx 
4h '—ho 
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exists and Is finite. Furthermore [5, vol. 1, p. 605], 

(3s6) v]jf (h) (x,y,) - / |-|= f (h) (x,yo)|dx, (hjh,, y, In M), 

8 

By (3:4) and (3:5) we thus obtain 

< j(h,y 0 ;h 0 ), (h « h 0 , yo in (u,v)). 

Now J(h, yo; ho) is an absolutely continuous function of yo on 

(u,v) for every h » ho« This is established by the same argument 

as that used in the proof of the absolute continuity of f^ h ^(x,y). 

Thus J(h,yo;ho), considered as a function of yo, is summable on 

(u,v). Therefore V*f ^ (x,y 0 ) is a lower semi-continuous function 

of jo on (u,v), dominated by a summable function, and hence is 

itself summable. In a precisely similar fashion we may show the 

summablllty of V^f^ h ^(x 0 ,y) with respect to x 0 on the interval 

(s,t). Ih accordance with Definitions 2:1 and 2:2 it now follows 
f h) 

that f v '(x,y) is AeC.T, in its region of definition. By (3:6), 
the summability of V^f* h *(x 0 ,y) and of V*f* h \x,y 0 ) with respect 
to xo and y 0 , respectively, implies the summability of ^f^)/3 x 
and of <)f(h)/^y # Hence we have the following result. 

PROPERTY 3:9. If f(x,y) is. summable in R, then ^f^ h V^x 
and df ( h)/ "Jy are summable on arbitrary closed sets interior to 
their regions of definition , 

4, Conditions for the minimum of a double integral with 
respect to unilateral variations . The early portions of this 
section will be devoted to establishing some preliminary pro¬ 
positions which will be used in the proofs of later theorems. 

LEMMA 4:1. If g(x,y) is. summable in R, and 

J f t(x,y)g(x,y)dxdy > 0 
R 
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for every function t(x,y) that is Lipschitzlan and non-positive 
on R, and which vanishes on R*, then g(x,y) * 0 almost everywhere 
in R. 

This lemma is stated for Lipschitzlan functions only for 
direct application to the proofs of Lemma 4:2 and Theorem 4:2* 

The following proof would apply almost verbatim if the functions 
t(x,y) for which the inequality of the lemma is supposed to hold 
were restricted to have derivatives of arbitrarily high order* 

Let C(xo,yo;r) be a circle lying with its interior in R, 
and let d be a constant such that for |a| ^ d, |b| =? d, the 
point (x+a, y+b) is in R whenever (x,y) is in D(x 0 ,yo;r). 

Now select any Lipschitzlan function t(x,y) which vanishes 
identically on the complement of D(x 0 ,y<>; r) and is non-positive 
in D(x 0 ,yo;r)* For a fixed pair (a,b) satisfying |a| » d, 

|b| £ d, define t x (x,y) by t x (x+a, y + b) ■ t(x,y). Then 


(4:1) JJ t(x,y)g(x+a, y+b)dxdy = t x (xj)g(x,y)dxdy i 0, 

D(x 0 ,y<>;r) D x 

where D x = D(x 0 +a, y 0 + b;r), In view of the hypothesis of the 

lemma. Integrating with respect to a and b, we thus obtain, 

ttw f f III t(x,y)g(x+a,y+b)dxdy Idadb £ 0 , (0 < h £ d). 

4h* J -h J -hl J 1>(xo,y.|r) j 

By Fubini f s theorem, we may interchange the order of integration 
and conclude that 


( 4 s 2 ) JJ t(x,y)g< h )(x,y)dxdy ■ 0 . 

D(x 0 ,yo;r) 

Bat g( h *(x,y) is continuous in D(x 0 ,yo;r) and (4:2) is valid 
for all t(x,y) of the type described. Hence, it is easily seen 
that g( h *(x,y) 5 0 In D(x 0 ,y 0 ;r) for every h satisfying the 
condition h £ d. Therefore, g(x,y) £ 0 almost everywhere in 
D(xo*yo;r), by Property 3:2 # And now, since R may be expressed 
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as the sum, in the point set sense, of a denumerable number of 

circles, the desired conclusion is established. 

Corresponding to any open set S comprised in R, 7t * shall 

s 

represent the class of functions ^(x,y) which are continuous in 
R, a.c.s. in R and have the further properties: 

(i) >| x , belong to the class L *} 

(ii) ^ vanishes on the set R - S. 

For simplicity of notation we shall write in place of7?_, 

A 

It follows at once from this definition that if ^ (x,y) is in the 
class Vt Q then (x,y) is A.C.T. in R. It is a further con¬ 
sequence of this definition that if *^(x,y) :1s a non-positive 
function belonging to the class , then almost everywhere in 
R - 3 the derivatives x and ^ y exist and are equal to zero . 
Since these derivatives are clearly zero on R - S, it is only 
necessary to show that x = >£ y = 0 almost everywhere on S’. 

Now, since is A.C.T. in R, the partial derivatives ^ x , 
exist almost everywhere in R, and hence they exist almost 
everywhere on S', But ^ attains a maximum at each point of S' 
since it is a non-positive function vanishing on S 1 , so that 
almost everywhere on S' we have >^ x = = 0. 

We next introduce a notion of "almost all squares 11 in a 
given region. 

DEFINITION 4:1. Let ^ be a class of squares contained 
with their interiors in an open region R. Corresponding to a 
given positive h, let^ N h denote the set of all points (x,y) in 
R such that T*(x,y;h) is contained in R, If for each h the set 
of p° lnts U>y) 2L R I22L whlch T(x,y;h) .Is in N h but not in g 
hes measure zero , then g is said to constitute almost all squares 


of R. 
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LEMMA 4:2 4 Suppose that gi(x,y) In summable In R, that 
ga(x,y), g 3 (x,y) are functions belonging to the class L m in R, 
and that for every non-positive (x,y) in the class *Tb n the 
Inequality 

(4:3) if * 7 g l + + 7y8 3 >d*dy > 0 


holds• 
(4s4) 


Then , for almost all squarea Q of R, 



83 d * 


u 


g^dxdy, 


Conversely , if g* Is summable in R, If gg, g 3 belong to the class 
L m in R, and if (4:4) holds for almost all squares of R, then 
(4:3) is true for every non-posltlve In% n » 

To verify the first part of this lemma, it is sufficient 
to confine our attention to Lipschitzian ^*s. Choose any open 
set S contained with its frontier S* in R. Let d be a positive 
number such that if |a| ^ d, |b| ^ d, then (x + a, y+b) is in R 
whenever (x,y) is in S. For such pairs (a,b), and for Lipschitzian 
^*s vanishing on S ! it follows, by the same reasoning which led 
to (4:1) in the proof of Lemma 4:1, that 


tr 


['^(x.yJgj.U + a.y + b) + 


^ x u»y)g 2 u + *,y +b ) 


+ ^ y (x,y)g 5 (x +a,y + b)]dxdy £ 0. 


Integrating this expression with respect to a and b between the 
limits (-h,h), where 0 < h d, and interchanging the order of 
integration, we conclude that 

(4:5) fj* < T|g 1 tll) + ^ x 8 2 (h) + T7yg 3 (h) )dxdy > 0, (0<h2 d). 

Now, in view of Property 3:1, the functions ^gg^* 1 ) and ^ g^* 1 ) 
are a.c.s. and almost everywhere in S their derivatives are given 
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by the usual formula for the derivative of a product. The functions 
and ^^g^(h) are 0 i ear iy summable in S. Furthermore, 
since ^ is bounded in S, the summability of ‘^gg^V^x and 
^ g 3 <h */^ y i8 by tliat of and of ^gj^V^F 

[Property 3:9]. It therefore follows that the partial derivatives 
and )/^ y are summable in S. inequality 

(4:5) may accordingly be rewritten as follows: 



^ ,h> 


_L g 3 (h) )dxdy 

d j 


V ; f f 

+ J Jt^c(^S2 lh)) B 3 (h ^)]dxdy » 0, (0<h^d). 

s 

Now T^gg^ and T^g^* 1 ) are a.c.s, in S, and vanish on S 1 since ^ 
vanishes there. Consequently, the second integral in (4:6) is 
zero, as can be easily seen if we first express it as an iterated 
integral, and then apply the fundamental theorem of the integral 
calculus for the Lebesgue integral. Hence 


f f 7 («i (h) - S2 (h) " -jy- g 3 (h) )d*dy > 0, (0 < h < d), 

for every non-positive, Lipschitzian ^ vanishing on S’. And 
now, applying Lemma 4:1, it results that 


(4*7) gl (h) - g 2 (h) . ^L. g;j (h) < o, (0 < h » d). 


almost everywhere in S. 

The set of points N^ appearing in Definition 4:1 is open. 
Therefore, for each h the inequality (4:7) holds by the foregoing 
proof almost everywhere in N^* But by the definition of integral 
mean, and by Property 3:6, this is equivalent to the statement 
that for a fixed h, 0<h$d the inequality 


I 


Q(x,y;h) 


«2 d y - 83 d * » 


// Si^dy 
T(x,y;h)' 


(4*8) 
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holds almost everywhere in N^. Then, by Definition 4:1, the class 
of squares for which (4:8) holds constitutes almost all squares 
of R. 

The validity of the converse statement will be established 
in two steps. Under the assumption that (4:4) holds for almost 
all squares in R, we shall first prove that the inequality (4:3) 
is true when vj is in the class^Ttg and S is contained with its 
frontier in R. By Property 3:4, 

1% y ^«i (h) * 7*«2 (h) + >?y« 3 lh) )a*ay 

(4:9) 

“ If 1 * 1*1 + + V* >dxdy * 

s 

Again, the left-hand member may be written 

fy ^ igi(h) ■ ^ g 2 (h) ■ g 3 ih))dxdy 
(4 ’ 10) + If hnr ( W h)) + -&<W h))]dxd 7 J' 

The second term vanishes as in (4:6). Owing to the equivalence of 
inequalities (4:7) and (4:8), and in view of the non-positiveness 
of Tj, the integrand in the first term of (4:10) is non-negative, 
and therefore the right-hand member of (4:9) is non-negative. 

But s 0 in R - 3, and by the remarks following the definition 
of the classit is seen that ^ x = 7y * ^ almost everywhere 
in R - S. Consequently, inequality (4:3) holds. 

Suppose, secondly, that S* coincides wholly or in part 
with R f • As before, we propose to establish inequality (4:3), 
where ^ is a non-positive function in the class Tt g, if, for 
i * 1,2, • • •, we let S A * B[(x,y) in S;y(x,y) < -l/i], and 
So = E[(x,y) in S;^(x,y) < 0], then it is seen that 
S - So * E[(x,y) in 8;y (x,y) * 0], and So * XT* S^. Furthermore, 
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for each i, and 11m meas,(So - S*) = 0. Now define 
i** 

functions ^ as follows: 


^(*,7) = 7 + T ln s i» 

(4:11) 

"^(Xjy) 5 0 In R - Sj. 

Evidently, fj ^(x,y) = 0 on S 1 ', and ^(x.y) < 0 in 8 1 . It Is also 
apparent that >j ^ is a.c.s. in R. The function ^ belongs to 
the class 41“ and hence, again by the discussion following the 

Si 

definition of the class^tg, we conclude that y ^ ^ » o 

almost everywhere in R - S^. Moreover, y lx = y x and y^ ~ 
wherever ^ x , exist in S^. These remarks, together with (4:11), 
enable us to write 


(4:12) 


II {l ?l g l + 7lx«2 + 7lyS 3 )dxd7 
R 

" T 11 g l dxdy + Igl ( 7 Sl + y x®2 + 

•4 ’ 


t ^ *X + 7xSg + ^yg 3 )dxdy. 

- Sj 

Now the first integral of the right-hand member of (4:12) 

tends to zero as i«4o» since gi is summable in So; the limit of 

the third integral is also zero because lim meas. (So - S i ) * 0# 

m n 

Furthermore, ^ belongs toVc g ^ by definition of the set So, and 
hence | 8 0 and *» 0 almost everywhere in R - So. 

Therefore, the second integral of the right-hand member of (4:12) 
is equal to the corresponding integral over R. It is possible 
of course for So to be identical with R. We thus conclude, finally, 
that the limit of the integral of the left-hand side of (4:12) 
exists as is» and is equal to the integral occurring In in¬ 
equality (4:3). But each function ^ ^(x,y) vanishes identically 
in a neighborhood of So 1 , and so by the first part of the proof the 
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left-hand member of (4:12) is non-negative for each i. This 
completes the proof. 

By strengthening the hypotheses on g^, gg, g^ in Lemma 
4:2, the following important result may be deduced. 

COROLLARY. If in Lemma 4:2 the function g 1 ljs continuous 
while gg, g£ are of class C* in R, then inequality (4:3) implies 
that 


g 2 + g s " g i » 0 

in R. Conversely , the validity of this inequality implies (4:3) 
for every non-positive 7^ in%t n . 

The proof involves integration by parts and is basically 
like that of Lemma 4:2. The procedure, however, is now more 
direct, for it is no longer necessary to use integral means as 
approximating functions. 

The foregoing results will now be applied in obtaining 
some of the key theorems of this paper. Let R be a bounded open 
set and let f(x,y,z,p,q) be a function defined and continuous 
for (x,y) in R, and for (z,p,q) in an open region D of 3-dimension¬ 
al space, not necessarily finite. The function f will be assumed 
to be of olass in its last three arguments throughout D. 

Presently a class of "admissible* functions, or surfaces, 
will be introduced. We shall be interested in establishing 
certain conditions that a specific admissible surface E: z = Z(x,y) 
furnish a relative minimum to the integral 


I B 


if 


f(x,y,z(x,y),z x (x,y),z y (x,y))dxdy 


in a prescribed class of surfaces z(x,y) which are dominated by 
Z(x,y) and coincide with Z(x,y) on the frontier of R. Obviously, 
we could just as well develop conditions that an admissible surface 
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Z furnish a relative minimum to the integral I in a corresponding 
class of surfaces dominating Z and coinciding with Z on R'. Con¬ 
ditions for this latter problem would be identical with those for 
the former except for changes in direction of certain inequalities. 
Hence, for simplicity, whenever there is occasion to refer to a 
condition of the latter sort, we shall give the reference to the 
corresponding condition for the problem actually under consideration. 

Throughout this section, as well as subsequent sections, 
it will be understood, unless otherwise stated, that whenever we 
write, f, f z , f p , etc., the arguments to be assumed are (x,y, 

Z(x,y), Z x (x,y), Z y (x,y)). 

DEFINITION 4:2. A function z(x,y) defined In R will be 
termed admissible of class (m), or simply admissible (m) in case: 

(i) it is single valued and measurable in R; 

(ii) * x (x,y), 2 y (x,y) exist almost everywhere in R and are 
measurable in R; 

U 11 ) £21 each R the point (z(x,y),z x (x,y),z y (x,y)) 

i s In D; 

(iv) t* 16 function f 2 (x,y,z,z x ,z y ) is summable in R, while 
fp, w ^th the same arguments belong to the class L m ; 

(v) the function f(x,y,z,z x ,z y ) is summable in R. 

It is to be noted that the first three conditions imply 
measurability of f, f z , f , f q with arguments (x,y,z,z x ,z y ), and 
that the admissibility of z depends on the function f. 

On account of (iv) in the above definition, we deduce as 
a special case of Lemma 4:2 the following theorem, which corres¬ 
ponds to the so-called Fundamental Lemma of the calculus of 


variations. 
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THEOREM 4:1. Suppose that E: * * Z(x,y) l£ admissible (m) 
and that for every non-positive yj (x,y) In the class *fb n the In ¬ 
equality 

(4:15) Ix[^] E J f + y x T p + 7/ q )a*ay * 0 

holds . Then, for almost all squares Q in R, 

(4:14) J f p dy - f q dx > J f f z djcdy. 

Conversely , if for some Z admissible (m) the relation (4:14) 
holds for almost all squares In R, then (4:13) i£ true for every 
non-posltlve function In 

The expression appearing in (4:13) is of the form of the 
first variation of a double integral variation problem. The in¬ 
equality (4:14) will be recognized as analogous to the Integral 
form of the Haar differential equation for a double integral 
variation problem, and will frequently be referred to as the 

Haar integral inequality , or merely the Haar inequality . 

f a) 

If Z(x,y) is of class C in R, then f z and the partial 
derivatives of f p , f^ with respect to x and y are continuous in 
this region. Hence, by the corollary to Lemma 4:2, we deduce the 
following proposition. 

COROLLARY. If, in addition to satisfying the conditions 
of Theorem 4:1, the function Z(x,y) ii3 of class C^*^ in R, 
then the non-negativeness of the first variation implies that 


* 

Tx 



> 0 


in R, and conversely . 

The foregoing differential expression is the familiar 
Euler expression for a double integral variation problem. It 
should be recognized, in the following work, that whenever the 
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/ g\ 

function Z(x,y) is of class C v , then the above Euler inequality 
may be used in place of the Haar integral inequality. 

We are now prepared to present some necessary conditions 
and some sufficient conditions that an admissible (m) function 
Z(x,y) provide a relative minimum to the integral I with respect 
to unilateral variations. We shall concern ourselves with strong 
relative minima. 

DEFINITION 4:3. A function yj (x,y) i_s an admissible 
variation of class m or more simply , an admissible variation (m) 
in cajse: 

(i) 7 b ® lon 8s to the class % n , where , it will be re¬ 
called, n** 1 * 1 - m" 1 ; 

(ii) if z(x,y) is an admissible surface (m), then for a 

sufficiently small in absolute value the point (z+ay, z x +a 7x# 
Z y +a> /y ) — — D — (*>?) the function 

^(x,y,z +airj ,z x -f a ^ x |Zy+a^y) is summable in R. 

In particular, if belongs where S is an open 

subset of R, ^ will be called an admissible variation relative to 
3. Given a Z(x,y) admissible (m), we shall for convenience 
sometimes employ the phrase "corresponding admissible variation" 
to denote an admissible variation (m) associated with Z. Of 
particular interest is the case m = n = 2. 

It will be noted that z is not required to be continuous 
in Definition 4:2. On the other hand, admissible variations must 
be continuous on account of (i) of Definition 4:3. 

It is important to recognize that if Z is admissible (m) 
and yj is a corresponding admissible variation, then it is not a 
consequence of our definitions that Z + a ^ is an admissible sur¬ 
face (m) since in general condition (iv) of Definition 4:2 may 
not be satisfied along Z + a • Although this letter property is 
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in general missing, it seems more convenient for our present 
considerations to define admissible surface and admissible vari¬ 
ation as above. Correspondingly, we shall speak of an admissible 
surface rendering a double integral a minimum with respect to 
corresponding admissible variations, rather than rendering the 
integral a minimum in a class of admissible surfaces. 

It will be necessary for our purposes in the following 
paragraphs to distinguish between proper and improper minima. 

The admissible surface E: z = Z(x,y) renders I an improper 
minimum in a class 3^ of surfaces z(x,y) in case 

f J f(x,y,Z,Z x ,Z,)dxdy 5 Jf f(x,y,z,z x ,z )dxdy 
R R 

for every z(x,y) in & not equivalent to Z(x,y). For a proper 
minimum the equality sign is excluded. 

Suppose that a function Z(x,y) is admissible (m). Then 
we shall say for brevity that Z(x,y) satisfies the condition 
(A m ) with respect to the function f and constant d > 0 [or, where 
there is no risk of confusion, merely, Z satisfies the condition 
(A m )], in case whenever |r| < d, |s| < d, jt| < d, then Z + r, 

Z x + s, + t is in D, and moreover f z , f p , f q with arguments 
(x,y,Z+ r,Z + s,Z + t) are all less in absolute value than a 
function M(x,y) summable in R, and independent of r, s, t. 

If Z(x,y) is admissible (m) and Z x , Zy belong to L m , we 
might note that condition (A m ) is valid if there exist constants 
Ki, Ke> and a function Mo(x,y) summable in R, such that for 
|r| < d, |s| < d, |t| < d, the functions f z , f p , f q with 
arguments (x,y,Z+ r,Z x +s,Z + t) are all less in absolute value 

J 

than 

Ki|f(x,y,Z,Z x ,Z y )| + KstfSj" + (Zyf 1 ) +M*(x,y). 
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For the two particular examples f * p* + q* and f * (1+p*+ q*) 1 ^ 2 
it may be shown that any function Z admissible (2) satisfies (A*) 
with respect to f and any constant d > 0. In fact, for f * p*+ q® 
one might take Ki ♦ K® = 1 and Mo = d* + 2; for f ■ (1+ p*+ q*) 1 / 8 
the values K x * Ks * 0, Mo « 1 are suitable. 

THEOREM 4:2. Suppose E: z « Z(x,y) is an admissible 
surface (m) satisfying condition (A m ), and that E furnishes a 
relative minimum to the integral I with respect to non-positive 
admissible variations ^ . Then : (i) Ii[^] > 0; (ii) for almost 
all squares in R the Haar inequality (4:14) holds . 

We shall commence by proving (i) for Lipschitzian functions 
>} (x,y) • This limitation is to be removed later. By hypothesis, 
if a is non-negative and less than some positive constant l/k* 
where k 1 >1, then 

(4sl5) ff f(jc,y,Z,Z x ,Z y )dxdy < fj f(x,y,Z + a^^ x +«^ x ,Z y +ay y )dxdy. 

We note that for a = 0, the equality holds. The partial derivative 
of the integrand on the right with respect to the parameter a 
exists and is expressed by 

-3T = V* + 

the arguments of f , f , f being the same as those of f on the 
* P q 

left. Suppose that k* is an upper bound for 1^1, and that k* 
is the Lipschitzian constant corresponding to ^ . Then let 
k = max {dk», k", k m j , d being the number appearing in condition 
(A m ), and keep |a| < dA. Then a>j , a^ x , a^ y are all lees In 
absolute value than d. As a consequence of condition (A m ) we 
therefore conclude that 


l-A- f(*,y,Z+arj,Z x +a>} x ,Z y + a^ y )| i 3dM(*,y), (|a| < dA) 
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in S. On© may accordingly differentiate in (4s 15 ) under the 
integral sign whenever |a| < dA• £* particular, inasmuch as 

the equality holds in (4:15) when a « 0, we have Ii[^] a 0, 
which is the desired conclusion (i) for Lipschitzian ^ »s. The 
reader will remember at this juncture that the first part of 
Theorem 4:1 was proved merely under the assumption that ^ 
satisfy a Lipschitz condition. Statement (ii) of the present 
theorem is a direct consequence of that result. But again, by 
Theorem 4:1, it follows that statement (ii) implies (i) with the 
restriction on the character of removed. 

In the foregoing two theorems it was not necessary to 
assume the function Z(x,y) continuous. However, continuity of Z 
is essential in the proof of the following result. 

THEOREM 4:3. Suppose that E: z « Z(x,y) i£ continuous 
and admissible (m), and that E renders the Integral I a proper 
relative minimum in the class of functions z(x,y) such that 
z = Z on R*, and Z-d$ziZ+>j i Z In R, ^ be ing an 
admissible variation (m). Let S b<5 any subregion of R for which 
there exists a continuous function W(x,y) that is admissible (m), 
coincides with Z on S*, and has the following properties : 

(i) W renders the integral j f fdxdy a relative minimum 

s 

with respect to all variations which are admissible (m) and not 
greater in absolute value than d; 

(ii) |Z - W| 5 4 in S; 

(iii) the function defined to be equal to Z - W in S and 
identically zero in - S ^is an admissible variation (m). 

Then Z £ W in S. 

This theorem could be strengthened inasmuch as all the 
implications of admissibility are not utilized in the proof. 
However, the usefulness of this theorem in following sections 
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will be in connection with absolute minima of double integrals. 

It will be noted in Section 5 for example, that under circumstances 
there prescribed a surface which is admissible (m) and furnishes 
a relative minimum to the integral I, furnishes, in actuality, 
an absolute minimum to I. Hence, the present theorem will be 
more effective there if stated for admissible functions and 
variations. It states in essence that a function Z(x,y) minimiz¬ 
ing the integral I with respect to non-positive variations is 
dominated by any function W(x,y) which coincides with Z on the 
boundary of R and which furnishes I with a relative minimum 
with respect to general variations, provided that Z(x,y) lie 
close enough to W(x,y). 

If the theorem be false, then there must exist a point 
(xo,yo) in R at which Z(xo,yo) > W(xo,yo), and hence an open 
subset N of R containing (x 0 ,y 0 ) in which Z > W and on the frontier 
of which Z = W. Then, since |Z -W| = d in R, we have, by virtue 
of (iii) and the hypothesized minimizing property of Z(x,y), 


(4:16) 


(J 


f(x,y,Z,Z x ,Z y )dxdy < 


(i 


f(x,y,W,WWjdxdy. 


On the other hand, the minimizing property of W(x,y) implies 
the contradictory statement, 

(4sl7) H f(x,y,Z,Z x ,Zjd*dy > J J f (x,y,W,W,,W T )dxdy. 

N y N y 

Accordingly, the assumption that Z > W at some point of R must be 

rejected. It should be noted that the conclusion of the theorem 

would also hold if it had been required that W furnish a proper 

relative minimum while Z be permitted to furnish but an improper 

relative minimum. The contradiction in the proof would then arise 

from the fact that the equality sign would be admitted in (4:16) 

but not in (4:17), 
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The Weierstrass excess function is defined to be 

l^(x,y»z,P,q;P,Q) * fU,y,z,P,Q) - f“U,y,z,p,q) 

- (p - p)fp(x,y,z,p,q) - (Q - q)f q (x,y,z,p,q). 

Suppose that admissible surfaces and variations are required to 
be piecewise of class C*. For this case L. M. Graves [2] has 
produced a proof of the Weierstrass condition for multiple integral 
problems which may be applied with almost no alteration to the 
unilateral case* It is to be remarked at this point that under 
the conditions of this paragraph, if Z is an admissible surface, 
and if is an admissible variation, then Z + a>^ is an admissible 
surface for a sufficiently small. The Weierstrass condition is 
as follows: 

THEOREM 4:4. If E: z = Z(x,y) i£ piecewise of class C* 
and minimizes I with respect to unilateral variations , then at 
each element (x,y,Z(x,y),Z x (x,y),Z y (x,y)) of E the inequality 
£(x,y,Z,Z x ,Z y ;P,Q) > 0 holds £or every pair P, Q such that 
(Z, P, Q) is in D. 

From this, by the usual application of Taylor*s theorem 
we derive the Legendre condition: 

THEOREM 4:5. Under the hypotheses of Theorem 4:4, at each 
element (x,y,Z,Z x ,Z y ) of E the quadratic form 

(4:18) A a fp p + 2ABf pq 4 B a f qq 

in (A,B) I_s positive seml-deflnlte . 

A sufficiency proof by an expansion method applicable to 
the present problem has been developed by W. T. Reid [12] in a 
paper to be published soon. For simplicity, Reid»s notation will 
be closely followed in submitting the corresponding theorem for 
the unilateral case. 
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la the remainder of this section, we shall understand 
that all admissible functions, as well as admissible variations, 
are to be Lipschitzian in S’. Here again, it is noted that if Z 
is an admissible surface and if y is an admissible variation, 
then the surface Z + a^ is admissible for a sufficiently small. 

A surface z = z(x,y) is called non-singular if f pp f qq - f pq a / 0 
at all elements (x,y,z(x,y),z x (x,y),z y (x,y)) belonging to the 
surface• A function u(x,y) which is continuous in S’, of class 
C* in R, and whose partial derivatives u^ Uy coincide with 
functions continuous in IT, will be said to satisfy the Integral 
form of the Hear accessory equation if 

(*,y*u,Ux,Uy)dy - * m (*.y# u » u K» u y ) dxd y 

holds for all squares Q of R, where 

2^(x,y,S ,r,ic ) = f pp T B +2f p( jTt + fqq* * + 2f pl ,irs + 2f qz «y + t zz S * 

We shall say that a funotlon Z(x,y) satisfies the condition IV* 
if their exists a solution of the kind described above of the Haar 
accessory equation which is nowhere zero in R. Moreover, E is 
said to satisfy condition 11^* in case there exists in (x,y,z,p,q) 
space a one-sided neighborhood N of the elements (x,y,Z,Z x ,Z y ) of 
the form Nj (x,y) In ff, |p - Z x (x,y)| % a lt |q - Z y (x,y)| 5 a«, 
Z(x,y) • »j S i i Z(x,y), such that for (x,y,z,p,q) In N, and 

(P,Q) ¥ (P#<l)» <^(x,y,z,p,q;P,Q) > 0. It Is clear that 

£ 

the validity of condition II N for E, together with the non- 
singularity of E, implies the strengthened form of the Legendre 
condition; that is, the quadratic form (4:18) is positive definite 
The proof of Reid’s theorem depends on two preliminary 
lemmas which will not be stated here. The theorem for the 
unilateral case is as follows: 



(387) 


POSITIVE REGULAR PROBLEMS 


27 


THEOREM 4:6, If E: z » Z(x,y) is a non-singular ad- 
ml8slble surface that is oontlnuoua In R, of class C* in R, 
which satisfies the Haar inequality, and also conditions 11^* and 
IV* # then E renders I a strong relative minimum with respect to 
non-positive admlssible variations. 


5. L olass °f positive regular problems . As a special 
case of the problems treated In the foregoing section, we now 
turn 'to integrand functions f(x,y,p,q) which are continuous 
in all four arguments, and of class for (x,y) in ff and p, q 

arbitrary. The problem will be assumed to be positive regular ; 
i.e., the quadratic form 


(5:D f pp A* ♦ 2f pq AB + fqqB* 

is positive definite for all (x,y,p,q) in the region of definition 
of f. All the theorems of the last section may, of course, be 
applied to the present situation. But, owing to the special 
nature of the integrand function, it is natural to expect that the 
results to be obtained here would be somewhat more individualized. 
The moat conspicuous phenomena to be observed in the sequel are the 
identically vanishing of the partial derivative f z , and the fact 
that the results provide for absolute minima. The latter feature 
is a consequence of thetypothesis of positive regularity. Since 
f z s 0,(4:13) reduces to 

[7 1 - If < Vp + 1 » °» 

R 

while the Haar inequality (4:14) becomes 

4 f p dy - V* * °* 

Outside of these changes, the statement of Theorem 4:1 remains 
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the same for the case considered here* Theorems 4:2 and 4:3 will 
be interpreted in the light of the hypothesis of positive regu¬ 
larity. Theorem 5:1, which corresponds to Theorem 4:6, is here 
proved without the qualification previously demanded that the 
surface be continuous in R and of class c* in R. Theorems 5:2 
and 5:3 have no counterpart in the preceding treatment. They 
are proved only for functions f(p,q), not Involving x, y, z 
explicitly. In Section 6 corresponding results will be proved 
under weaker hypotheses for the particular case where 
f(P,q) * P 8 + q 8 , the integrand of the Dirichlet integral. 

By applying Taylor 1 s theorem with remainder to the 
Weierstrass <3P -function for this problem, we find in view of 
the positive definiteness of the quadratic form (5:1) that the 
&-function is positive for (P,Q) ^ (p,q) end the strengthened 
condition of Legendre is satisfied throughout the region under 
consideration. We can now derive a stronger result than Theorem 
4:6. For, suppose that the Haar inequality holds for Z(x,y) 
admissible (m), and let z(x,y) « Z(x,y) + y (x,y) be any other 
surface such that ^ is a non-positive variation admissible (m) 
relative to R, Then, by Taylor*s theorem with remainder, 

I a |J f(x,y,8 x ,z y )dxdy - f ff(x,y,Z x ,Z y )dxdy 
R R 

< 6i2 > -fb x f p(*.y,Z x ,Z y ) + y yf q (x,y,Z x ,Zy))dxdy 

* * ( ^x T PP + 2 My 7 pq + y ?qq)^dy, 

where ? pp , etc., signify f pp (x,y,Z x + «y x< Zy+®V y ), etc., and 
0 < ®(*»y) < It ia to be noted that the integral of the qua¬ 
dratic expression on the right is finite in consequence of the 
expansion of f(x,y,z x ,*y) by Taylor's theorem with remainder, and 
th. summability of f(x,y,z x ,z y ), f(x,y,Z x ,Z y ), and,^ x f p + Tj>yf q . 
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By virtue of Theorem 4:1 and the positive regularity of the problem 
it then follows that AI > 0 for ^ £ 0 in R. We have thus proved 
the following result, 

THEOREM 5:1, Under the conditions imposed above , if the 
Haar Inequality is satisfied for Z(x,y) an admissible function (m), 
then Z(x,y) renders the Integral I a proper absolute minimum with 
respect to corresponding non-positive admissible variations . 

It results from this theorem and Theorem 4:2 that if an 
admissible (m) function Z furnishes a relative minimum to I then 
it actually furnishes an absolute minimum. Hence, for the type of 
multiple integrals considered in this section. Theorems 4:2 and 
4:3 are not rendered weaker by supposing that Z furnishes an 
absolute minimum to the integral I, 

A type of function employed in the discussion of surfaces 
minimizing an Integral ff f(p,q)dxdy is the so-called saddle - 
function [9, pp. 62,63], The definition of such a function 
depends on the following definition of monotonicity for a function 
of two variables, 

DEFINITION 5:1. A function g(x,y) continuous In R is 
monotonlc in R in case for every connected open set 3 contained 
in R, the function g(x,y) attains the maximum and the minimum of 
its values in S on the frontier S'• 

DEFINITION 5:2. _If the function g(x,y) - (ax + by + c) 

Is monotonlc in R for every choice of the constants a, b, c, then 
g(x,y) is called a saddle-function in R. 

It may be shown that under prescribed conditions a con¬ 
tinuous function minimizing the integral I with respect to un¬ 
restricted variations is a saddle-function [9, pp . 65, 66]. 

Da our problem, we can prove that an admissible (ra) function 
Z(x,y) continuous in R, a.c.s. In R, whose first order 
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partial derivatives belong to L n , and which minimises I with 
respect to non-positive admissible (m) variations is what might 
be called an upper semi-saddle function ; i.e., it is a function 
such that for every choice of constants a, b, c, and for every 
open subregion S ln R, the function Z(x,y) - (ax + by + c) 
attains the maximum of its values in S on the frontier 3*. For, 
suppose that Z(x,y) is not such a function. Then there exist 
constants a, b, c and a region S In R such that for some point 
(x 0 ,yo) in S we have Z(x 0 ,yo) - (ax 0 + by 0 + c) >M*, where M* 

Is the maximum of Z(x,y) - (ax + by + c) on S*. Hence, letting 
z(x,y) * ax + by + c + M 1 , there exists a connected open subset 
N of S in which z(x,y) - Z(x,y) < 0 and on the frontier of which 
z - Z = 0. Moreover, in view of our hypotheses on Z, the 
function z - Z is an admissible variation (m) relative to N. 

Now, it is easily shown that the plane z(x,y) renders the integral 
I an absolute minimum with respect to unrestricted variations, 
and hence, by Theorem 4:3 and the remarks made in this section 
on that theorem,we conclude that Z(x,y) ax + by + c + M* in N# 
This, however, contradicts our assumption on the character of Z. 
Geometrically, the property we have proved amounts to saying that 
there are no hillocks or humps on the surface; there can be 
only cavities or pockets. 

In the remainder of this section we shall assume that 
f = f(p,q); 1 • e•, the integrand function does not involve x, y, z 
explicitly. In addition to the conditions imposed at the begin¬ 
ning of this section, we shall also suppose that the second 
derivatives of f satisfy a uniform Holder condition in each 
bounded portion of (p,q)-space. Consider the circle C(x,y;r) 
with arclength s, 0 ^ s 5 2fr, and let z(s) be of class 
in the closed interval (0,2irr). Then z(s) defines a space curve C 
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whose projection on the xy-plane is C(x,y/r); moreover, ms will 
he proved mt the end of this section, z(s) satisfies the three- 
point condition [9, p. 49], That is, if P, P lf p 8 are any three 
distlnot points on C, and if l(P,Pi,Ps) denote the positive acute 
angle between the z-axis and the normal to the plane determined 
by P, P 4 , Ps then cos $ is bounded away from zero for all possible 
distinct positions of P, P*, Ps on C* Hence, by an existence 
theorem of Haar [4, p. 19], there exists a Lipschitzian function 
W(x,y) defined in 5(x,y;r) which takes on the values z(s) on 
C(x,y;r) and which minimizes the integral I in the class of all 
Lipschitzian functions z(x,y) having the values z(s) on C(x,y;r)„ 
Haar 1 s theorem really applies to a broader situation than the one 
proposed here, but we shall not need his theorem in all its 
generality. It then turns out, by a theorem due to Morrey 
£ 7 , pp. 158-160], that the minimizing function W(x,y) is of class 
C (*), and the second order partial derivatives of W(x,y) satisfy 
a Holder condition in each closed subregion of D(x,y;r). 

THEOREM 5:2. Suppose f(p,q) is positive regular and 
satisfies the differentiability conditions described above . 

Suppose , moreover , that Z(x,y) jls admissible (m), continuous in ff, 
of class in R, and that in every disc D(x,y;r) contained in R, 

Z(x,y) — dominated bj the minimizing function W(x,y) which 
coincides with Z on C(x,y;r). Then h [] £ 0 for every non- 
positive 7 ^ in the class ft*. 

Suppose first that there exists an open set S, comprised 
with its frontier in R, and an yj in^t g such that Ix[>j ] < 0. 

Then, by a procedure now familiar, we find that 
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In view of our hypothesis on the differentiability of Z(x,y) 
the partial derivatives written exist and are continuous. Hence, 
there is an open subset A of R on which d f p /dx + < 0. 

Select a circle C(x<>,yo;r) contained with its interior D(x 0 ,yo;r) 
in A. By the corollary to Theorem 4:1, it is seen that 


JJ , x f p + * jtqltxdy > 0 

D(xo,yo;r) p 

for every 5 non-negative and not equivalent to zero inv£ n , 

D(x 0 ,yo;r 

Then, by (5:2) the function Z renders the integral 


J 1 f(z ,z )dxdy 

T>(x 0# jo/r) x 7 

a proper absolute minimum with respect to corresponding non¬ 
negative admissible variations. Consequently, by Theorem 4:3, by 
the comments made in this section on that theorem, and by the above 
remarks on the existence of minimizing functions, there exists a 
function W coinciding with Z on C(xo,yp;r), minimizing the integral 
with respect to admissible variations (m) of arbitrary sign, and 
dominated by Z in D(xo,yo;r); furthermore Z ft W there. For if it 
were true that Z ■ W in D(xo,yo;r), then the Euler equation, 
<)fp/<3x + ^fq/^y s 0, would hold along Z in D(xo,yo;r), and 
this is contrary to the inequality deduced for the Euler expression 
in A. But then the hypothesis that Z 5 W in D(xo,y 0 ;r) ia 
contradicted. And now, to prove the required result for the case 
where 3* coincides wholly or in part with R», one may proceed aa 
in the proof of Lemma 4:2. 

From the foregoing results we deduce immediately the 
following theorem. 

THEOREM 5:3. If the function Z(x,y) satisfies the con ¬ 
ditions of Theorem 5:2, then it renders the integral I a proper 


absolute minimum with respect to co 




non-positive 
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admissible variations . 

It is to be remarked that for Integrand function f(p,q) 
and Lipschitzian functions Z(x,y) one may, by the "method of 
variation of the independent variable* 1 employed by Haar [3, pp. 144- 
146] and Rado [8], deduce inequalities analogous to certain 
equations which are auxiliary to the Haar equation. For the case 
of the Haar equation these auxiliary equations are of paramount 
importance. For the Haar inequality, however, the author has been 
unable to find significant consequences of the associated in¬ 
equalities, and for brevity they will be omitted here. 

We shall now digress briefly into the realm of differential 
geometry in order to establish the validity of the three-point 
condition under the assumptions made on page 30 and to prove that 
the curve there described has an osculating plane at each point. 

LEMMA 5:1. On the circle C(x,y;r) with arclength s, 

(a) 

let z(s) be a periodic function of class C' , with period 2irr. 

Then z(s) defines a space curve P satisfying the three-point 
condition and having an osculating plane at each point . 

It obviously suffices to consider the case where C(x,y;r) 
is the unit circle C * C(0,0;1) in which event the parametric 
equations of the space curve may be written 

P : x ■ cos 9, y * sin 8, z = z(«), 

where z(9) is of class and is periodic of period 2 tt. Let 

p, P x , and P» be three distinct points on P . As the angle 

I(P*Pi>Pa) defined on page 31 remains invariant under rotation 
of the x,y axes, we may always assume that these axes are so 

rotated that; the x-axis passes through the projection of P on C, 

and P corresponds to 9 * 0. Let 9 X and 8a be parameter values 
determining P x and Pa, respectively. The equation of the plane 



34 


LEVIN? DOUBLE INTEGRALS AND SUBHARMONIC FUNCTIONS (394) 


through P, Pi, P« is then 


X - 1 Y 

oos 9i - 1 sin $x 

cos 9» - 1 sin 9ft 


Z - z(0) 
z(9x) - z(0) 
*(«.) - *(0) 


0 


Letting 8(9i,9«), b(9i,9«), c(9 x ,9 8 ) denote, respectively, the 
oofaotors of the elements in the first row of the determinant, we 
have 


(5:3) oos |(P,Pi,Pb) " ---. 

(«» + b» + c") 1 / 2 

It is easily shown that 

• • 4 ■*" Ss -r £l ,ln V ,lu !*• 

We now proceed to prove that (5:3) may be written 
(5:4) oos I(P,Pi,P») ■ o«(®i,»s)A(9j.,«s), 

where k(9i,9«) is bounded and 

0.(9^,)= [.m l/V][ ,ln ¥/¥j' 

Using the Maolaurin expansion for oos 9, and defining 

»<«) • OSUMZL , ,(o) ■ ii» « - W ; »(» , ) . „(o), 

• MO 1 

we may obtain, after suitable manipulations on the rows of b, 
b » 1/2 (©, - eijdie.b'jsx.e,). 


where 


^(^♦•s) ■ - 


-•* + gtex) Si SAz fL°) 

-1 + h(9 x ,9ft) v(9e) - v(9i) 

9* • 9i 
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Ei this determinant, g(8x) and h(0x,0s) are convergent power 
series containing no terms of degree lower than the second. We 
proceed in the same manner to show that 

a = 1/2 (e, - ®x)9i»«a'(ex,e.), 

where 


2 + go(«i) 

*(«x) 

- 8(0) 
•x 

ho(®x,e«) 

xiijl 



and go, ho are convergent power series containing no terms of 
degree lower than the first. 

We shall be certain that a’lBx^s) and b'(0x,0B) are 
uniformly bounded as soon as the boundedness of 
|v(0*) - v(9 x )l/(®* - 9x) has been verified. Now v(0) is contin¬ 
uous and may be shown to possess a derivative everywhere; in 
fact, for 0 / 0, we have, 

v .( 8 ) « SEliil T ?(•)-♦-»i0) . 

Expressing s(0) by Taylor*s expansion with remainder about the 
point 0, we find this equality to be equivalent to 

V«(0) a 0 < |V| < |§ I • 

Also, by the definition of v(0), we obtain 

*121 - v(0) . *[*) - 

9 

Again expanding z(9), this time about the point 0 * 0, it is 
seen that 

n&LrJdQj - *»(9*)/2, o < |e*| < |»|. 

0 



36 


LEVINS DOUBLE INTEGRALS AND SUBHARMONIC FUNCTIONS (396) 


Therefore, by the continuity of z w , v»( 0 ) exists and is equal to 
z*(0)/2. Hence v*(0) exists everywhere on the given circle and is 
uniformly bounded by the finite upper bound of z n ( 0 ). Then by the 
mean value theorem, [v( 0 8 ) - v( 0 x )]/( 0 8 - 0 X ) * v»(e), where S’ 
is an intermediate value of 9, so that a* and b» are clearly 
bounded. This result, together with (5:3), implies (5S4) where 
k(ex,e s ) = (a ,B + b' a + c ' 8 ) 1 / 2 is bounded. It should be remarked 
that a', b', o' are proportional to the direction cosines of the 
normal to the plane through p, p 1# p 8 . 

Let e be a small positive number, and restrict 0 X , 9« 
to be in the closed interval (-TT, IT- e). Then none of the three 
factors of c*( 0 x , 0 8 ) can become zero; indeed, each factor assumes 
a positive minimum. Consequently, since k(0 x ,0 8 ) is bounded, the 
product in (5:4) is bounded away from zero. Let the greatest 
lower bound of cos <E(P,P X ,P 8 ) be denoted by m x , for 0 X , 0 8 
restricted as above. Let m^ and m^ have similar meanings corres¬ 
ponding to the respective closed intervals (- 7 T+ e, 7 T) and 
(ir - e , ir + e). Every possible triple of distinct points P, p x , p 8 
on r corresponds to a pair of values 0 X , 9 * lying in at least 
one of the three intervals indicated above. Hence, for all 
possible triples of distinct points P, p x , p 8 , the function 
cos |(P,Pi,P*) is bounded away from zero by the smallest of fhe 
numbers m x , m B , m 3 , and the three-point condition is therefore 
satisfied. 

The quantities 0 X , 6 S will now be confined to an interval 
(-e,e), where e is small, and it will be proved that the direction 
numbers a»(0 x ,0 8 ), b*(0 x ,0 8 ), c»(&i, 6 s) approach limits as P x , P 8 
approach P independently along P . Now in view of the properties 
of v( 0 ) inferred in the foregoing proof, we see that 
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Y . {?»? - = V '(?) = z"(9*)/2, 

08 - 01 . 

where 8 = 8 X + a(9* - 9 X ) for some 0 < a < 1, and 0< |9*| < |5|. 
Then |9*| ^ max ^|9 x |,|0 8 |j • Hence, it Is easily seen from the 
continuity of z" that 



It now follows readily that 


z"(0)/2. 


^lm a'(e x ,9 a ) = z"(0), lim b'(0 x ,0 B ) = z'(0), j.im c'(0 x ,9 B ) = 1. 

Thus, the plane determined by the points P, P x , p 8 approaches a 
limiting position as P x , P 8 approach P along the curve, and the 
limiting plane is by definition the osculating plane to P at P. 
But P is an arbitrary point on P, so that we have proved that P 
has an osculating plane at each point. 


6 , Subharmonic functions . In this section we shall consider, 
as a particular case of the class of integrand functions treated 
in Section 5, the function f(p,q) * p 8 + q a , the integrand of the 
Dirichlet integral. The problem treated here is clearly positive 
regular. If Z(x,y) is single valued and measurable in R, and if 
the partial derivatives Z x , Z y exist almost everywhere and belong 
to L a in R, then Z is admissible (2). The class of corresponding 
admissible variations in this case is composed of functions i](x,y), 
continuous in R, a,c.s. in R, vanishing on R*, and whose first 
order partial derivatives belong to L* in R. This section will 
be concerned partly, but not entirely, with functions and variations 
which are admissible (2); for simplicity, in this section we shall 
say *Z is admissible” Instead of the more exact phrase n Z is 
admissible (2) w , 
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Before undertaking the subject of subharmonic functions 
it will be necessary to make a few preliminary assertions re¬ 
garding harmonic functions. Let U(x,y) be harmonic on an open 
set S and continuous in 3. Then U(x,y) satisfies the Haar 
Integral equation; i.e.. 


f U x dy - U y cbc * 0 


for every simply closed rectifiable curve C contained with its 
interior in S. McShane [6] has proved that U renders the 


Dirichlet integral 


1 1> ;s] 




*y*)dxdy 


an absolute minimum in the class of functions s(x,y) coinciding 
with Uon S', continuous in 3, and a.c.s. in S. The following 
possibility should be observed. We may have l[U;S] * 0* ; in 
such a case, on account of the minimizing property of U, the class 
of admissible functions continuous in 3, a.c.s. in 3, and coincid¬ 
ing with U(x,y) on 3* will be vacuous. We shall come back to this 
point later in our discussion. 

We shall employ the following definition of subharmonlo 
function which, except for the final statement, is the same as 
that given by Rado [ll, p. 1]. 

DEFINITION 6:1. A function u(x,y) defined in a connected 


region R is subharmonic in R if it satisfies the follow 




conditions: 

(i) - oo < u < +oo in R; 

(ii) u jLs not identically equal to - oo in R; 

(Hi) u is upper semi-continuous in R; 

(U) If S is any open region such that 3 is contained in 
H, and if U(x,y) is harmonic in 3, continuous in 3, and U » u on 
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S 1 > then U « u in 8. 

If the region R i£ not connected , then u(x,y) is sub- 
harmonic in R In ease it is subharmonic in every connected sub- 
region Of R. 

A function u which is subharmonic in R is summable on 
every measurable set comprised with its frontier in r[ 11, p.4]. 
Furthermore, u is summable as a function of the polar angle on 
every circle C(xo,yo;r) contained with its interior in R[ll, p. 4]. 
A fundamental property of subharmonic functions is that 

C 2W 

u(*o#yo) £ gV 1 u (*° + r 008 7o + r sin 0)d0 

for every (x 0 ,yo) in R and r such that C(x 0 ,y 0 ;r) is in R [11, 
pp. 3,4]• Conversely, a function satisfying this inequality in 
R and also (i), (il) and (ill) of Definition 6:1 is certainly sub- 
harmonio in R [11, p. 7]. Another important inequality satisfied 
by subharmonic functions, and derived from the above, is 
c 1 f 2T fr 

u(xo,yo) « —J J u(xo + p cos 0, yo ♦ p sin 0) p dp d0, 

for every (xo,yo) in R and r such that D(xo,yo;r) is in R 
(11, pp. 3,4]. Again, the validity of this inequality in R, 
together with (i), (ii) and 011) of Definition 6:1, is sufficient 
to characterize a function as subharmonic in R [ll, p. 7]. 

F # Rlesz has shown [13, part II] that if u(x,y) is an 
arbitrary subharmonic function in the region R, then in any open 
set 0 contained with its frontier in R, u may be represented as 
the sum of the potential of a negative mass distribution and a 
harmonic function. A simplified development of this representation 
due to 0. C. Evans [1, part I, p. 237] is reviewed by Rado 
[11, pp. 40-42]. In consequence of this result, it may be shown 
[11, p. 45] that in 0 the subharmonic function u is an absolutely 
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continuous function of y for almost every x, and an absolutely 
continuous function of x for almost every y; moreover, its 
partial derivatives are summable in G. It is to be observed that 
u need not be admissible, so that the possibility exists that 
I[u;R] = oo . 

It Is well known that the function defined at each point 
to be equal to the integral mean of a subharmonic function over 
a circular disc of fixed radius is also subharmonic within its 
range of definition [11, pp. 10, llj. But this property is also 
valid if the integral means be taken over square regions [10, p, 
347]; thus the function u^ h ^(x,y) is subharmonic in its region 
of definition N h . And now, by the remarks of the preceding 
paragraph and Property 3:7 we have that 


( 6 : 1 ) 

( 6 : 2 ) 



in N^w Therefore , if u la aubharmonlc In R, then u^k) JLs of class 
C f in N h . 

Having made the foregoing observations, we are now pre¬ 
pared to present a number of propositions which correspond to 
theorems and properties already obtained in Sections 4 and 5# * 

We shall restrict ourselves, for the time being; to admissible 
functions and variations. We notice that for admissible functions 
and variations w(x,y) and >^(x,y), respectively, the first 
variation is 





+ 7y w y> dxdy ' 


while the Hear inequality Is 



Wydx ^ 0. 
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Corresponding to Theorem 4:1 we have that if a 0 for all 

non-positive admissible variations , then the Haar inequality holds 
for almost all squares of R, and conversely . Inasmuch as the 
proposition corresponding to Theorem 5:1 is to be referred to 
later on in the proof of a somewhat stronger theorem, we shall 
write it as a lemma, 

LEMMA 6:1, The non-negativeness of the first variation , 
or the validity of the Haar inequality for almost all squares of 
R, * m P lj - es that admissible w affords the Dlrlchlet Integral a 
proper minimum In the class of functions w + , where y is a 

non-positive admissible variation . 

We may also apply Theorem 4:3 to our present consider¬ 
ations, However, in view of remarks made in Section 5 on that 
theorem, its statement may be simplified. We again begin with 
ftn admissible surface w(x,y) which minimizes the Dlrlchlet 
Integral with respect to non-positive admissible variations . 
Suppose , furthermore , that w(x,y) ijB continuous in R and a.c.s, 
in R, Then , if S is any open subset of R for which there exists 
a function U(x,y) harmonic in S, continuous in S, and U > w on 
S*, it follows , as a result of the minimizing property of harmonic 
functions indicated earlier , that U £ w in S. Hence, by Definition 
6:1, w(x,y) is_ subharmonic in R, 

It was stated in the introductory paragraph of Section 5 
that for the Dlrlchlet integral the theorem corresponding to 
Theorems 5:2 and 5:3 could be proved under weaker hypotheses 
than those there required. The theorem to be proved is the 
following; 

THEOREM 6:1, Let u(x,y) be a function subharmonic in R. 
Then, for almost all squares Q in R , 
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i* U * dy - 


Uydx £ 0. 


Let C(xo,yo;r) be any circle contained with its interior 
D(x 0 ,yo;r) in N h , and let (x,y) be the variable point 
x * xo + £ cos 0, y = y 0 + f sin 0, where 0 < 0 < 27T, and 
0 < p * r. Since u^ h ^(x,y) has continuous partial derivatives 
in N h , we have. 


(6:3) 


= -4* (h) 


<“>(*• +f> cos 0,y o + psin 0) 
(x,y)cos 0 + -^L u( h )(x,y)sin 0 


in the disc D(x 0 ,yo;r). It now follows that for 0 < f> < r, 

"»27T 
~0 


gy-^r-j 1 u* h )(x t + p cos 8,y 0 + p sin 0 


)d@ 


(684) 


-ij al« 4 ,.JW Jx > 0) 

2ir C(x 0 ,y 0 ;p ) x ^ 


since the integral mean 


1 

2tt 



(x 0 + p cos 0,y o + p sin 0)d0 


is a non-decreasing function of p [ll, p. 8], Now u^ h *and u y ^ 
are absolutely continuous in the sense of Tonelli in N^ by 
Property 3:8, and therefore the partial derivatives du x ^ h V^x, 
3ny( h )/ dy are summable in arbitrary closed subsets of N h by 
Property 3:9* Under these conditions, it is permissible to apply 
Green*s lemma to the line integral appearing in (6:4). We then 
obtain 


(6:5) 


n 


U * (h>+ -^y «y (h>)dXdy * °» (0 <e= r )* 


7r P D(x 0 ,yo; ^ ) 

But the left-hand member of (6:5) is the integral mean of 

du^J/dy on D(x 0 ,yo;p ). Such integral means 
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taken over discs have essentially the same properties as those 
taken over square regions. In particular. Property 3:2 hold* 
for means of this type. We may obtain an inequality similar to 
(6:5) for each point (x 0 ,y 0 ) in N h . Passing to the limit in 
(6:5) as approaches zero, we find that for every h > 0, the 
inequality 

(6s6) So 

holds almost everywhere in N h . Inequality (6:6) may be written 
almost everywhere as 

t6 * 7) "lh# ^ U x dy ' u y 4x “ °» [h > 0; Q = Q(x,y/h) <= N h ]. 

We thus see that in accordance with Definition 4:1 the inequality 
(6:7) holds for almost all squares in R. This completes the 
proof. 

It has not been assumed in the above proof that the sub¬ 
harmonic function u(x,y) be admissible; i.e., it has not been 
required that and u^ belong to L*. As for the converse, if 
u is actually continuous in R, a.c.s. in R, admissible, and 
satisfies the Haar inequality for almost all squares of R, then 
by the propositions on page 41 it results that u is subharmonic 
in R, But we may deduce a converse of Theorem 6:1 tinder still 
weaker hypotheses. This will be done in the next theorem. We 
first introduce the definition of almost subharmonic function 
in a region. Except for the last statement, it is the same as 
that presented by Rado [11, p. 20]. 

DEFINITION 6:2. A function u is almost subharmonic in a 
connected region R If It satisfies the following conditions : 

(i) u is summable on every measurable set contained 
together with its frontier in R; 
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(ii) almost everywhere In R the Inequality 
pr p27T 

u(x 0 ,y#) £ — L-\ J u(x 0 + p cos e,y 0 + p sin 0)d9 

inr 0 ^o ' 1 

holds for every r such that D(x 0 ,yo;r) Is In R, 

If the region R ^ls not connected , then u(x,y) is almost 
subharmonic in R In case it Is almost subharmonic in every 
connected subregion of R. 

It results from this definition that a function u is 
almost subharmonic in R if and only if there exists in R a 
subharmonic function u* such that u = u* almost everywhere in R 
[11, pp. 20, 21], Hence, we see that many of the properties 
herein developed for subharmonic functions may also be ascribed 
to almost subharmonic functions, 

THEOREM 6;2• Suppose that u(x,y) i_s summable in every 
open set comprised with its frontier in R together with its first 
order partial derivatives , and that in R the function u is 
absolutely continuous in x for almost every y and absolutely 
continuous in y for almost every x. If, furthermore , 

u dy - u dx § 0 
Q y 

for almost all squares of R, then u i£ almost subharmonic in R. 

If , in addition , u ijs continuous in R, i.e., ifuisa.c.s. in 
R, then it is subharmonic in R. 

The proof, for the most part, amounts to reversing the 
procedure in the proof of Theorem 6:1, By Property 3:7, it 
follows from our hypothesis that D u x < h) /3x + du y (h) /*y > 0 
almost everywhere In N^, By Property 3:9, the partial derivatives 
in the left-hand member are summable on closed subsets of N^, 

If P(xo,yo;r) is in R, we thus have 
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K 


u x (h) + Tr u y (h))dxdy » °' (°<eSr). 

D(x 0 ,yo; ) cx x ° 7 7 

By Green*s lemma and Property 3:7 It follows that 

f JL u (h) dy - u (h) dx ^ 0, (0<p=r), 

J C(xo,yo; ? )^ ^ * 

and the argument which led to equation (6:4) now implies 

Tprr u ^( Xo + ? cos + £ sin (0<* < r). 


Hence the integral mean 
' 2ir 


— J u( h) (xo + p cos 0,yo + sin 


e)de 


is a monotone non-decreasing function of f for each (x 0 ,yo) in 
N h . By the mean value theorem for integrals, and by the continuity 
of u< h >, we now deduce that the inequality 

(6:8) u^(xo,yo) ~ -i- f u^ h ^(x 0 + P cos 0,y o + P sin 0)d0, 

2T J o v v . 

( 0 < e £ r), 

holds for all (x 0 ,yo) in N h and r such that 5(x 0 ,y<>;r) is in N h . 

To show that u is almost subharmonic, integrate both sides of 
the above expression between the limits 0 and r. Thus, 

• r 


u* h ^(xo,yo) s pr J o ul h )(xo,yo)p dp 


< — 1 — f P u(k)(x 0 + o cos 0,y o + P »in 0) p dpd0 # 

ir r aj 0 j Q \ 

And now, by Properties 3:2 and 3:5, we finally conclude that 
i rr r2T 

u(x 0 ,yo) < J o u(x 0 + £ cos 0,y o + £ sin 0) q d q d0 


almost everywhere in R. Hence, u(x,y) is almost subharmonic in R 
If u had been taken to be continuous, then passing to the limit 
in (6:8) it would follow that 
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1 f 27r 

u(xo,yo) = ~J u(x 0 + e cos 0,y o + sin 0)d0 


everywhere in R; that is, u would be subharmonic in R [ll, p. 7]. 

If u(x,y) is an admissible subharmonic function, then 
by Theorem 6:1 and Lemma 6:1 the function u affords the Dirichlet 
integral an absolute minimum with respect to non-positive ad¬ 
missible variations. We shall now prove a stronger theorem which 
is analogous to the theorem of McShane referred to in an early 
paragraph of this section, 

THEOREM 6:3, If u(x,y) is a subharmonic function in R, 
then u renders the Dirichlet integral an absolute minimum in the 
of functions z = u + y where y is continuous in R, a.c.s. 
in R, equal to zero on R», and non-positive in R. 

We shall first prove the theorem for the case where ^ s 0 
in a neighborhood of the frontier R*. Indeed, let S be any open 
set comprised together with its frontier in R, and suppose y m 0 
in IT - 3, Select any open set Si such that R ZD Si and S x :^> S'. 

Let d be the minimum of the distances of points of S x « from 
points of R» + S». Then z^ and u^ are defined in S x for 
h < d //S’. Also, = u( h ^ on Si 1 and ^ u^ in S x# 

Moreover, and u^ h ) are of class C» in S x , and u^ is 

subharmonic in S x . Then, by Theorem 6:1 and Lemma 6:1, 


(6:9) 


l[u (h) ;S x ] < l[* (h) ;S x ]. 


If I[*;R] B oo , then the result of the theorem is trivial. Let 
us assume, therefore, that I[z:R] < oo , 80 that z % and z y belong 
to L a . Then, we easily show by Schwarz’s inequality that 

U x (h) )" £ (z x *) {h) . 


( 6 : 10 ) 
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Now, by Fatou's lemma [14, p. 29], Properties 3:2 and 3:7, and 
by (6:9) and (6:10), we obtain the sequence of Inequalities 

l[u;S x ] » 11m Inf l[u (h) ;SjJ = 11m Inf l[z (h) jS x ] 
h -» 0 h -» 0 

(eai) f r 

S llm J J (z » + Z a r ; dxdy = l[z;Sx]. 

h-»0 Si y 

At each point of R - S the function z - u is zero, the maximum 

of it8 values in R. Hence, at every point of R - 3 where z x , 

z . u , u exist, we must have z_ = u , z = u . This occurs 
j * y * * y y 

almost everywhere In R - S. Therefore, l[u;R-Si] = I[z;R-Si] 
and by (6:11), 

(6:12) l[u;R] 5 l[z;R]. 

If we had l[u;R] = oo , then clearly we must have l[z;R] = 00 • 
otherwise the sequence of inequalities in (6:11) would lead to a 
contradiction in (6:12). 

The remainder of the argument consists in extending the 
result just obtained to any function z = u + satisfying the 
conditions of the theorem. For harmonic functions McShane 
[6, p. 595] performs this extension in a very efficient and concise 
manner, so the particulars will not be repeated here. 

Recapitulating some of the results of this section, we 
see that there is an association between subharmonic functions 
and the calculus of variations. For continuous subharmonic 
functions a number of characterizing properties may be stated 
which have interest from the point of view of the calculus of 
variations. A function u(x,y) whloh is continuous in R has been 
found to be subharmonlo in R if and only if it satisfies any one 
of the following equivalent conditions : 

(i) it fulfills condition (iv) ot Definition 6:1; 
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(ii) It is a.c.s. in R, its first order partial deriva ¬ 
tives are summable in every closed subset of R, and 

j* u^dy - u^.dx ^ 0 for almost all squares of R; 

(iii) it is a.c.s, in R and renders the Dlrlchlet Integral 

a proper minimum in the class of functions z » u + , where 

is continuous in R, a.c.s. in R, equal to zero on R», and non- 
positive in R. 

Actually, the necessity of the last property was proved in 
Theorem 6:3 under somewhat weaker assumptions on u and z than 
those stated here. 


7* Association with the problem of Plateau in non-parametrjc 
form . The theory of Section 5 may be applied without difficulty 
to the integrand f(p,q)« (1 + p* + q 8 ) 1 / 2 . It is clear that this 
problem is positive regular, for f= (l+q 8 )/f 3 , f qq = ( 1+ P S )/ f3 > 


and f f - f 8 
PP qq pq 


1/f 8 . 


Let R be a Jordan region; in particular, for simplicity 
we shall take R as a rectangle R: a<x<b;c<y<d. If 
z * Z(x,y) is continuous in R and has a finite area in the sense 
of Lebesgue [9, p. 6], then this area is given by the Integral 


I - [I (1 + Z * + z s ) l/2 dxdy 
R 7 

if and only if z is A.C.T. [9, p. 10] • If Z(x,y) renders the 
area integral a minimum in the class of all Lipschitzlan functions 
defined in R and assuming the same boundary values, then Z(x,y) 
is analytic and, for these boundary values, is a solution of the 
Problem of Plateau; i.e,, Z(x,y) satisfies the partial differential 
equation 


For the case of the general Jordan region, see E. J. 
MoShane, Integrals over surfaces in parametric form . Annals of 
Mathematios (5) vol. 34 (1933) , r pp. 8lfc-S$8; in ^.particular, p. 836. 
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(7:1) (1 + - 2 z x z 7 z xj + (1 + z y a )z M = 0 

In R [9, p. 61]. Except for a multiplicative factor l/f®, equation 
(7:1) is the Euler equation for this calculus of variations problem 
and is equivalent to the statement that the mean curvature of Z 
is everywhere zero. The surface Z(x,y) is then a minimal surface . 

In general, if S is the interior of a convex Jordan curve 
S 1 , then there exists in S a minimal surface of the form z = Zo(x,y) 
taking on prescribed continuous boundary values on S 1 , and 
z = Zo(x,y) is a minimal surface whose area is actually a min¬ 
imum with respect to all continuous surfaces of the type of the 
circular disc, having the same boundary values on S' [9, p. lOlJ . 
This fact is used to obtain the concluding inequality (7:2) of 
this section. 

In view of the nature of the integrand function f(p,q) 
it is seen that Z is admissible (a?) If it is single valued 
and measurable in R, and if its first order partial derivatives 
are summable in R. The corresponding admissible variations are 
functions ^(x,y), continuous in R, a.c.s. in R, vanishing on R 1 , 
and whose first order partial derivatives are summable In R. In 
particular, it is to be noted that admissible variations are 
A.C.T. in R. 

We might observe that the first variation reduces for the 


case here treated to 


Ix[*J ] 


-If 


v mt ? 1 v* * 7 ! v a,ay > 

and the Haar inequality becomes 


£ 


ft 


(Z x dy - Z y dx) > 0. 


Plainly, the results of earlier sections may be stated so as to 
be applicable In the present discussion. Corresponding to 
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Theorem 4:1 we conclude that Ii[^] * 0 for non-positive admissible 
variations if and only if the Haar inequality holds . Moreover, it 
follows at once from Theorem 5:2 that if Ii[>j ] a 0 for non- 
positive admissible variations , or if the Haar inequality holds 
in R, then Z minimises the integral I with respect to non-positive 
admissible variations # 

As a consequence of Theorem 5:2 and the opening part of 
this section we note that if an admissible Z i£ continuous in R, 
of class C<tn R, and if in every disc D(x,yjr) in R, we have 
Z » W, where W(x,y) is the minimal surface coinciding with Z on 
C(x,y;r), then Ii for all non-positive admissible variations. 

It is now evident that if the surfaces under consideration 
be continuous in !F and of class C^ in R, then the hypotheses 
and conclusions appearing in the underlined propositions of this 
section are equivalent. By the method employed in the proof of 
Theorem 5:2 we may then derive an inequality analogous to the 
Euler equation (7:1), namely, 

(7.8) U + V> z yy ‘ + U + V )Z « ■ °» 

which must hold at all points of R. This implies that the mean 
curvature of Z is non-negative throughout R. 
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DIFFERENTIAL SYSTEMS INVOLVING k-POINT BOUNDARY CONDITIONS 


1« Introduction . This paper is concerned with a k-point 
boundary value problem consisting of a system of ordinary linear 
differential equations and a set of boundary conditions involving 
linearly the values of the solutions at Interior points as well as 
at the end points of the Interval over which the system is defined* 

By means of a transformation previously employed by 
Reid [ 6]* and Denbow [3] this boundary value problem is reduced, 
in Section 2, to a two-point boundary problem* Known results for 
this reduced problem imply analogous results for the original 
k-point system. By this device, the fundamental properties of the 
k-point boundary value problem and its adjoint system are readily 
deduced* Otoe definition of self-adjoint, definitely self-adjoint, 
self-conjugate adjoint, and definitely self-conjugate adjoint 
systems as presented by Bliss ([1] and [2] ) and Reid (jL03 are 
extended in Section 3 to the k-point boundary value problem under 
consideration* 

Section 4 deals with necessary and sufficient conditions 
for such k-point boundary value problems to arise from the calcu¬ 
lus of variations* Hu [4] has considered this question for the 
two-point case and arrived at certain neoessary and sufficient 
conditions* These conditions of Hu are now extended to the 
k-point oase* 

* 

Numbers in square brackets refer to the bibliography at 
the end of this paper* 
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Soma relationships between the work of this paper and a 
recent paper by Danger \6 ], dealing with boundary value problems 
in the complex domain, are pointed out in Section 5* The manner 
in which the adjoint system is obtained by the method of this 
paper leads to the same relationships for the adjoint system and 
the form of the Green's matrix as established by Langer. The 
methods employed here are thus shown to be oapable of achieving 
results in the complex domain* 

In passing, it is to be mentioned that the present work 
is related to an earlier investigation of k-point boundary value 
problems by Wilder [14) • Toyoda ( [12] and [13^ ) also considered 
the Green's function in space of one dimension. Toyoda was 
apparently unaware of Wilder's previous work since, although his 
treatment is strikingly similar to that of Wilder, no reference 
was made to the latter's paper. In the discussions of both Wilder 
and Toyoda the amount of computation seemed to be unnecessarily 
complicated. The work of this paper leads to desirable simplifi¬ 
cation in the work of these writers. 


2. Differential systems involving k -polnt boundary 
conditions . Suppose we have given a system of n first order 
linear differential equations, together with a system of 
v = (k - l)n boundary conditions applying at k points 


a = a l < a 2 < ••• < “k = b * 

of the real interval ab: a^ x < b. The differential equations 
and boundary conditions are written in the form 


y i‘ = iV I)y r 




(2*1) = 
(1= 1,2.. <r = 1,2,..., v= (k - l)n).< 


0 
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Hie functions A^j(x) are supposed to be continuous on the interval 
ab, except possibly at the intermediate points ag, a 3 , .a k-1 ; 
throughout this paper, however, it is assumed that these functions 
approach finite right- and left-hand limits at these intermediate 
points* In the boundary conditions the notations y^fa*), y^a") 
are abbreviations for the right- and left-hand limits, respectively, 
of y^(x) at the point x = a q . Since we shall be interested in the 
solutions of (2:1) only on the interval ab, we shall often write 
yi(a), yi(b) in place of y i (a + ), y^b"), respectively. 

By a solution of (2:1) we shall understand a set of 
functions y^(x) which are continuous and have continuous derivatives 
on each open sub-interval a q < x < a (q - 1,2,...,k-l), which 
satisfy the differential equations of (2:1) on each of these sub- 
intervals, and whose values y^a+J, y^fa’^) satisfy the boundary 
conditions of (2:1). These right- and left-hand limits clearly 
exist in view of the above hypothesis on the behavior of A^j(x) at 
the intermediate points a 2 , a 3 , ..., a k-1 . It is to be emphasized 
that in general a solution of (2:1) is not continuous across the 
intermediate points a 2 , a 3 , ..., a kwl ; that is, in general 
y^a+J /y^(aq), (q = 2,3,*. • ,k-l). In particular, a solution of 
this system is non-trivial if there is at least one sub-interval 
a^< x < a^^ on which not all the components y^(x) are identically 
zero. Similarly, two solutions of this system are linearly de¬ 
pendent if and only if there is a non-trivial linear combination 
of them whioh is identically zero on the interval ab. It is to 
be understood throughout that the boundary conditions s^ [y] 
constitute a set of V independent linear forms in the 2V values 

yi(a). y^a^* •••» yiK-i). yi(*)* 

For simplicity, the subsequent discussion will be largely 
presented in matrix notation* Roman capitals will be used to 
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denote n x n matrices; V rV matrices will be represented by 
script capitals# The subscripts i, j will have the range 1, 2, 

n, while the subscripts <r, -e will have the range 1, 2,..., v, 
Also, i and <r will be used for row subscripts; J and t for 
oolumn subscripts* The lower case letters y, z will be used for 
vectors of n components while u, v will be used for veotors of V 
components# The veotors (Mjjyj) and (y^Mj^, where the repetition 
of the subscript denotes summation with respeot to this index 
over its range of definition, are denoted by My and yM, respectively 
Similarly, <Mu and uX denote the veotors (JM. crT u r ) and 
(u T respectively# The letter s will be used to denote a 

vector of V components# In case some other letter is used as a 
vector, the number of components will be specified# Whenever 
occasion arises, use will be made of the special symbols 
M. n 5 IlM-. j. n |, N* ft = ||N r-i.Jl, to denote rectangular matrices 

*4 J *4 *4 J *4 

of V rows and n columns. The symbols Pq : = M^qri'fcN > Qq: -NQq:irl( 
will denote rectangular matrices of n rows and v columns. The 
conjugate, the transpose, and the conjugate transpose of a matrix 
M will be denoted by ff, M and M , respectively# The index q will 
be understood to have the range 1, 2, k-1 unless the range 

is otherwise indicated# Hereinafter subscripts will be omitted 
while making use of the foregoing notations, except where it may 
be more advisable for the subject under disoussion to make use of 
the subscripts with indication of their ranges. We may now write 
system (2:1) as 


( 2 : 2 ) 


y* = A(x)y, 

■Carl H + 3 = °* 

q^l 


A change of independent variable is now introduced into 
equations (2:2) in order to transform eaoh of the k-1 sub-intervali 
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a q a q+l individually into the interval 0 = t = 1. This may he 
accomplished by the transformation x = x^Ct], 0 = t = 1, where 

(8:3) x q [t] = a q+ t(a q+1 - a q ), Oftn. 

With (2:3), let the set of functions u^(t) be defined by the 
equations 

(2:4) ) = Yi(***qW)» (q= 1,2, ♦ f k-1; i= 1,2, • • • ,n)» 

In particular, we may write 


=u u-u n+ i l0) * 

yi‘ a q4l) = u ( q .l)n + i (1) ‘ 


We shall now consider the differential system with two- 
point boundary conditions satisfied by a veotor u(t) = (u^ (t)) 
defined by (2:4), (2:5) in terms of a solution y(x) of (2:2)* 
Writing uV and for the derivatives of u f and x q with 
respect to the variable t defined by (2:3), we have 


(2:6) u (q-l)n + i = y l (x q [t] > = y i (x qW )x q [t] = (iqW )*(« q+1 -\). 

Now define the matrix as 


( 2 : 7 ) J{[X)z 


( a 2- a i)A(xi[t] ) 0 ••• 0 

0 (a^ • ag)A(Xg[t] ) ••• 0 

••• ••• ••• ••• 

• •• •• • ••• ••• 

0 0 ... (a k - a^ )A(x k-1 lt]) 


If we set (0) = /Wx(° + > and J\ rx {l) - A«r,(l'). then 
clearly the elements of this matrix are continuous on 0 = t - 1. 
Correspondingly, If JA and K are defined as 
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«H r IIm :1> m : 2 , ..., M :k ^ll, 

the independence of the linear forms a T [y] Is seen to imply that 
the V i 2V matrix ILR,** I) is of rank V ♦ With the matrioes A (t), 
MandJ'f thus defined, the vector u(t) defined by (2:4) satisfies 
the vector differential system 

u* - A (t)u, 

(2:9) 

s[ul ^Hu(O) +)f u|l) =0* 


This latter system, involving two-point boundary conditions, is 
of the form considered by Bliss til • 

Conversely, if u = (u^(t)) is a solution of (2:9), then 
the related y(x) = (y^(x)) determined by (2:4) is readily seen to 
be a solution of (2•1). 

A system adjoint to (2:9) is (Bliss [l], p. 565), by 
definition, 


V =-y4(t), 


( 8 : 10 ) 

rfy] = v(0)P + = 0, 

where the matrioes oocurring in the boundary oonditions 

r[r] =0 are seleoted so that 

( 2 : 11 ) M?* = 0 


is satisfied, and the 2V x V matrix 
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is of rank V. It may be readily verified that the adjoint 
system (2:10) is unique exoept for a non-singular linear transfor¬ 
mation on the boundary conditions* It is advantageous to also 
write 


(2:12) 


P, 


p l: 

p 2: 

• • • 

• • • 

• * • 

p k-l: 


4'= 


*L: 

• • • 

• • • 

• • • 

Slc-l: 


where P and 0 are n x v matrices as indicated above. The 
q: ^q: 

condition (2211) is readily seen to be equivalent to 


(2:13) 


q=l 


^q P qC * N :q«J = °‘ 


If Hi* 4 .„(*)!! is a fundamental matrix solution of the 
lj •4 

differential equations of (2:2) on the interval a q a q+x and 
Y (q, (t) 5 ’tY li}q ,(Xq Lt] ) II, then 


(2:14) 



Y^(t) 0 

0 

til 

-p 

0 Y (2) (t) 

0 



0 0 

... Y tk_1) (t) 


is seen to be a fundamental matrix solution of the differential 
equations of (2:9) on 0 = t= 1* That is, u = 

("C * 1,2,•••,V ), are V linearly independent solutions of this 
vector differential equation* The most general solution of the 
veotor differential equation of (2:9) is then of the form 
u(t) =fy(t)c, where e = ( 0 ^ ) is an arbitrary constant vector. 
Moreover, a vector u r = t)c x is a solution of (2:10) if 

and only if 
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'l'*' ’ ^ T ljs, (l, 0 (*-l)ll*j> l», 4 1 S Vl’ 

is a solution of (2:2). Now define the matrix JO as 

(2:i5) <0 =ii« r in t i ii =iikt/(o) + /r'i/(i)n. 

In view of the above definition of XI ( t), one may also write 

( 2 : 16 ) cQ = || D :1 , D.g.Djlc-lll. 

where 

D :q = **:q*:q^ a q^ + N :q Y :q^ a q+l^ 

it being understood in this last formula that there is no 
summation with respect to q. It is at onoe apparent that com¬ 
patibility conditions for the k-point system, as well as for the 
two-point system, may be stated in the terms of the rank of £ ♦ 

The system (2:10) may be transformed to obtain the system 
adjoint to (2:2) on the interval ab* Define t q [x] as the inverse 
of x q [t] and let 

(2:17) Zl (x) = T (q_ 1 ) n+1 ( t q[*| ), (« q < x < «q + l ;q = 1,2 . k ’ 1) 

Clearly the functions z^(x) are continuous and have continuous 
derivatives on ab except possibly at the intermediate values a 2 , 
a 3 » • • • i *]£_!• At these points, however, these functions 
assuredly have finite right- and left-hand limits. It is then 
readily computed that the veotor z(x) satisfies the differential 
system 


z' = -zA(x), 


( 2 : 18 ) 


s zZ + *<Vi*V 3= o, 
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where P„. and Q_. are related to the matrioes M.„ and N.„ of 
q* :q :q 

(2:2) by equation (2:13). 

Consider nov the non-homogeneous system 


(2:19) 


y* = A(x)y ^ f(x), 
s[y]= h, 


▼here the oomponents of the veotor f(x) = (f^(x)) are continuous 
on ab except possibly at the intermediate points x= ®2» a 3»•••> a k-l* 
and h= (h r ) is a given set of constants. When this problem is 
transformed by (2:3), (2:4), we have the corresponding non-homo- 
geneous veotor system 


( 2 : 20 ) 


u'= 4 (t)u ♦ g(t), (0 = t = 1), 

a [u] = h, 


where the vector g(t) ~ (g ^(t)) is defined by 

(2:21) )n+i^^ = ( a q + ^ " a q^i^ x q W )# (q- 1*2, • • • ,k-l;i= 1,2,..* ,n 

The situation is analogous to that of the homogeneous case in 
that a vector solution of (2:20) implies a corresponding vector 
solution of (2:19). 

With the preceding remarks and definitions, ve now 
consider the results that have been proved and dlsoussed by 
Bliss [l] and others for the two-point case. In particular. Bliss 
has shown that if #6 is non-singular, the only solution of system 
(2:9) is u(t) = 0, and for the non-homogeneous problem (2:20) 
there exists one and only one solution. If A has rank V - f , 
then (2:9) has exactly ^ linearly independent solutions, and the 
number of such solutions for (2:9) is always the same as the 
number for the adjoint system (2:10). Also, if <6 has rank V -p 
the non-homogeneous system (2:20) has solutions if and only if 
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the equation 

rl ♦ 

(2:22) J v(t)g(t)dt = r [v]h 

0 


is satisfied for every solution v(t) of the adjoint system (2:10). 
In (2:22), r*[v] = (r^. [v] ) is a certain vector whose oomponents 
are linear forms in the end values of v(t) = (v^Jt)) at t = 0 
and t =1. Bliss ([l] , p. 567) has established this result for the 
oase h =0. However, the result in general is proved by quite 
similar argument. In (2:22) the vector r*[v] corresponds to the 
vector t(z) = 0^(z)) defined in Section 1 of Bliss [1] . 

From these known results we may now deduce for the k-point 
system analogous conclusions, which will be stated in the form 
of theorems. 


THEOREM 2:1. If the matrix cd is non-singular , the only 
solution of the boundary value problem (2:2) jLs y(x) = 0, 
a = x = b. If has rank V - ? then the problem has exaotly (> 
linearly independent solutions on this interval ; in this oase the 
adjoint problem (2:18) also has exaotly f linearly Independent 
solutions . 

The proof of the following theorem is deduced from 


Bliss ([l], p. 567). 

THEOREM 2:2. If the matrix 06 is non-singular , a corres¬ 
ponding non-homogeneous system (2:19) has one and only one 
solution on a = x = b. 

If y(x) is a solution of (2:19), it follows from (2:17) 
that condition (2:22) for the corresponding system (2:20) is 
equivalent to the condition that 



P * 

J z(x)f(x)dx = r [z]h 

a a 
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hold for every solution z(x) of the adjoint system (2:18). 
Consequently, we have the following result for the k-point problem. 

THEOREM 2:3. If the matrix Jd has rank v - ^ , then the 
system (2:19) has solutions if and only if the equation 

(2:23) f b z(x)f(x)dx = r*[z]h 

a 

is satisfied for every solution z(x) of the adjoint system (2:18). 
The most general solution of (2:19) is then 

(2:24) y(x) « y^(x) + y^ 1 hx)o 1 + ... + y^ , 

where the y^ (x), (p = 1,2,, £ ), are ^ linearly independent 
solutions of (2:2). 

Now consider the two-point system (2:9) with the determinant 
of "O supposed different from zero. The existence and uniqueness 
of the Green's matrix for such an incompatible system has been 
proved by several writers. The Green's matrix is a matrix 
(t, ^ ) = 11$^ (t, ^ }ll whose elements are single-valued for 
0=t=l,0^ \ = 1. The elements are, furthermore, continuous 
and have continuous derivatives in t except along the line t . 
This matrix has the following well-known properties: 

(2:25) - *9, 

(2:26) ^ \ 0 - t = ^ ^ = i = 

(2:27) (0,^ ) (1, ^ ) = °. 

In (2:25), c? denotes the Vx V identity matrix. 

The properties (2:26), (2:27) show that the columns of the 
matrix (t, ^ ) would be solutions of (2:9) of the kind demanded 
by the boundary conditions of this system if it were not for 
their discontinuities at t = ^ • If we put 
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(2:28) A sX'UiO) - XVll), 


the expliolt form of the Green's matrix for an incompatible 
system (2:9) ie 

(2:29) •<?“*] ll^ li¬ 
the corresponding matrix - -/&( } ,t) may be shown to be 

the Green's matrix of the adjoint system (2:10)* As a funotion 
of its second argument, the Green's matrix has the following 
properties: 

(2:30) , 

(2:31) ^-/9(t, ^ ) = -J)(t,^ )J(( \ )i 0 * ( < t, t < \ : 1| 

(2:32) ^(t,0)^^^(t,l)4,= 0. 


Moreover! If the components of the veotor g(t) are continuous on 
the Interval 0 - t - 1, then the unique solution u(t) of the non- 
homogeneous system (2:20) with h= (0,. ) Is given by (see Bliss [1], 
Section 5) 

(2:33) u(t) = j^tt, ^ )g( ^ )d^ . 

Now for a solution u(t) of (2:20) It follows from (2:33) 


that 


(2:34) 


>VVfl >4“' M 

k-1 n r *P +1 

■ £ I 1 '' 


Henoe, on a q < x < a j_, 
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u {q-l)n+i*V- X ^ 


(2:35) 


(q-l)ntl,(p-l)»J (t l^ » V * 1 )f j (a)dS * 


But, as pointed out above, a vector u(t) is a solution of (2:20) If 
and only if the associated vector y(x) = (y^(x)), where 
y^x) = U(q_ 1 ) mi (t (1 [x] ), a q i x 4 a q+1 , is a solution of (2:19). 
That la, the matrix Q(x,s) defined on a = x 4 b, a = e £ b, except 

along the lines x = a q , t sap, (q,p =2,3.k-1), by the 

equation 


G(x,s) -l| (x,s) |l -II ^ (q-l)n+i, (p-l)n+j ttq[x] , ^p[s])|\> 
(2:36) 

(a q < x< a q+l* V • < a p+l ; q,p = k_1) * 

satisfies the following resolvent condition. 

THEOREM 2:4. If the homogeneous system (2:2) is in¬ 
compatible , then the unique solution of an associated non-homo¬ 
geneous system (2:19) is given b£ 

r b 

( 2 : 37 ) y(x) = J G(x,s)f(s)ds, a ii 4 b. 

The matrix G(x,s) defined by (2:36) Is seen to hare 
properties analogous to (2:30), (2:31), (2:32) on a -x -b, 
a =s - b. The corresponding matrix H(x,s) = -G(s,x) may be 
verified to be the Green’s matrix of the adjoint system (2:18). 
As a function of Its second argument, the Green’s matrix has the 
following properties: 


(2:38) G(x,x + ) - G(x,x - ) = I, 

(2:39) G(x,s) = -G(x,s)A(s), 

2^ [®( x » a q)^q: + ®^ x,a q+i^:l = 


(2:40) 
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1© shall now oonsider the particular problem of finding 
solutions of the differential equations of (2:2) which are 
continuous on the entire interval ab: a- a^ = x = a^ = b and 
which satisfy a set of n linearly independent end conditions 

(2:41) ^ ^ m ±J:q. y J ta q.) = 0 * U = 1 ' 2 »•••»■>♦ 

By identifying Yj( a q") = y j^ a q ) = y J^ a q^» we “y these 

boundary conditions and the condition of continuity at the inter¬ 
mediate points as 

e iW q -) =0, 

(2:42) •(p.DfciW - yi( a ; ) =0 > 

(i = 1,2,... ,n; p =. 2,3, • • •, k—1)» 

When these boundary conditions are transformed to the two-point 
form (2:9), we have the following expressions for cAt and Jf % 

0 ... 0 
-I ... 0 


0 -* 1 II 

“4.J :1c—1 “ijjk 
0 0 

• • • . • . 

I 0 

In general, the solutions of the corresponding adjoint 
system (2:18) are not continuous across the intermediate values 
a 2> a 3> •••» a ]c-l* as be seei * from the determination of the 

adjoint boundary conditions. Now for a given set,of boundary 


x 


m lJ :1 
0 


(2:43) 


X = 


m lJ:2 “4.3:3 
I 0 

© ♦ e e • • 

0 0 
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conditions (2:1) the corresponding adjoint boundary conditions 
(2:18) have their coefficients determined by (2:13). For this 
particular system relation (2:13) beoomes 

^ “lJtAij-f ■ jfj ^ B iJ:q Q (q-l):J-t = °» 
^(q+lhi'r + ^q:iT = °» 

(q ” 1>2,..., k-2j i - 1,2,...,n;^- 1*2,...,V ) * 


In general, a set z^a* ), z^a^), (q - 1,2,..., k-1), 
satisfies the adjoint boundary conditions r[z] = 0 if and only if 
there exist constants (d^), ( <r= 1,2,..., V), such that 


Zl (a£ |=d r li 


t j:q’ 


z i<Vi 


> = q* 


For the particular system given above, a vector z(x) satisfies 
the adjoint boundary conditions if and only if there exist 
constants (d ^ ) - ^i’^n+i* * * • »d(k-l)n+i) 8U0il t* 18 * 


z j( a f d i“ 1 iJ:l* 

(2:45) 3 * 1 i3 ‘ l£ 

z J (a q +) " “ d (q-l)n+r 

Z J (a q" )= ~ d (q-l)n+J “ d i“ij:q* {q =2 ’ 3 . k * 1) * 

Equations (2:45) are seen to be equivalent to the existence of 
constants (d^) such that 


z J (a l 1 ' d i m iJ:l* 

(2:46) z j(®k~) = “ d i m iJ:k’ 

Zjta^”) - Zjta^ ) = "^“ljsq* =2,3,...,k-l). 

Corresponding to a vector z(x), a = x = b, which satisfies 
r[z| = 0, define k solutions z^^(x), z^(x), ..., z^ k )(x) of 

(2:47) z»(x) rr -z(x)A(x), a ^ x= b, 
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whose elements are continuous on ah, and satisfy corresponding 
initial conditions, 

(2:48) -z{ay.~)t 

z^(a^) = z(a q + ) - z(a q "), (q = 2,3,...,k-l). 

We then have that these k continuous solutions satisfy the 
conditions 

(2:49) Zj(o.)(a^) = d^m^jjq, (q - l>2,«»*,k)» 

On each sub-interval ap < x < a^ ^, 

(2:50) z(x) = z^tx) + z^ 2 *(x) +...+ z^(x), (p= 1,2,...,k-l 

In particular, 

z(x) = z^^(x) + z^(x) + + z^ k-1 ^(x), a^c x<a j£ , 

and since z^(a k ) = -z(a k "), we have that 

(2:51) z (q) (a k )= 0. 

q=l 

Since each of the solutions z^(x), z^^(x),i. M z^(x) is 
continuous on ah, we have 

(2:52) ^ Z^(x) 5 0, 

on ab. 

Conversely, suppose there exist k continuous solutions of 
(2:47) on ab which satisfy equation (2:52), and for which there 
exist associated constants (d^) satisfying relations (2:49)♦ 

Then z(x) defined on each sub-interval ap-^. x ^ a p+i ^y (2:50) is 
seen to satisfy with these continuous solutions the point con¬ 
ditions (2:48), and henoe also conditions (2:46) ? But this 
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latter condition, as pointed out above, is equivalent to the con¬ 
dition that z(x) satisfy the adjoint boundary conditions. We have 
proved, therefore, the following result. 

THEOREM 2:5. For the boundary problem consisting of the 
differential equations (2:2) and the boundary conditions (2:41), 
with the further restriction that each solution function be con¬ 
tinuous across the intermediate values a g , a 3 , ..., ^ the 

adjoint boundary problem i.s equivalent to the existence of k 
solutions z^tx), z( 2 )(x), ..., z^(x) of the adjoint equation 
(2:47) which are continuous throughout a =? x % b, and which satisfy 
the point conditions (2:49) and the identity (2:52) on ab. 

If the boundary conditions of the adjoint problem, as 
algebraic equations, imply that every vector z(x), a = x =b, 
satisfying them must be continuous across the intermediate points 
a 2 » a 3 > •••» a k-l> that i s » z( a q ~) = z(a q + ), (q =2,3,..., k-1), 
then it follows from (2:46) that m^j.^ =0, (1,j =l,2,...,n{ 
q =2,3,..., k-1). That is, the original system must reduce to 
one with two-point boundary conditions. 

It is of interest to note the form of the Green’s matrioes 
for the oase of Theorem 2:5. From the earlier discussion it is 
known that the Green’s matrices may be defined on each sub¬ 
interval a q a q +i» (<1 =1,2,..., k-1), of ab by means of (2:36). 

For this particular problem, however, it is easier to derive the 
Green’s matrix directly from its resolvent property. Let Y(x) 
be a matrix whose columns form n linearly independent continuous 
solutions of the homogeneous differential equations of (2:2) on 
ab. Moreover, let a Q be an arbitrary point of this interval. 

Then 

y (o) (x) = f* YIjOY- 1 ^)^)^ 


(2:53) 
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is a particular continuous solution of the differential equation 
(2:54) y f = A(x)y + f (x) 


on ab, and the general continuous solution of this equation is 
(2:55) y(x) = y (o) (x) + Y(x)o f 

where o is an arbitrary constant veotor (o^). The homogeneous 
system consisting of the differential equations of (2:2), the 
boundary conditions (2:41), together with the condition that the 
solutions be continuous on the entire interval ab, is incompatible 
if and only if the matrix 


D = 



.w 


is non-singular. In this case the unique solution of the non- 
homogeneous system (2:54), (2:41) which is continuous on the entire 
interval ab is given by (2:55) with c determined as 


(2:56) 
That is, 


o 



/ q n fq Y(a q )Y" 1 (x 1 )f{x 1 )dx 1 . 
a 


y(x) = f YtxjY-^Xijf (x-Jdx, 

(£:57) V r a . 

’ Si q T(x, ^X4 Y K^ 1( *i ,f(x i ,to i* 

The integrand functions in (2:57) are the Green’s matrioes 


(2:58) J^tx.ij.) = Y(x)D" 1 nj q Y(a q[ )Y- ;l (x 1 ), 


(l = 1»2.k), 


defined by Langer ([5]; (9.6)). As he has shown, these matrices 
are inter-related by the equations 

^(x.XiJr Y(x)T* l (S*), 



(2:59) 
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(2:61) “:q^) (P, (a q ,Xi) = a^Yta^Y* 1 ^), (p = 1,2.k). 


3. Differential systems Involving a parameter . Consider 
a system of the form 


(3:1) 


y' = (A + A B)y, 
s[y] = 0, 


containing a characteristic parameter X linearly, and having 
elements of the matrices A(x), B(x) continuous on ab, exoept 
possibly at x = a 2 , a 3 , . In general, however, it is 

assumed that the elements of A{x) and b(x) have finite right- 
and left-hand limits at these intermediate points* It is further 
supposed that the elements of the matrix B(x) are not all identi¬ 
cally zero on ab* The boundary conditions of (3:1) are of the 
form indicated in (2:1). 

The transformations of Section 2 will carry (3:1) into a 
corresponding two-point system 


u' = («\ + x6 )u, 

s[u] =>{u(0) u(l) s 0. 


The adjoint system of (3:1) is then found as before, and is 
written 


(3:3) 


z* = -z(A + X B), 
r[z] = 0. 


It follows from the existence theorems for differential 
equations that there exists a matrix ||T^j ; q(x, x)|| whose columns 
are n linearly independent solutions of the differential equations 
of (3:1) on each sub-interval Sq<- x a^^, and whose elements, 
together with their derivatives with respect to x, are expressible 
as permanently convergent power series in X • It then follows 
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that the determinant of the matrix o0( A) formed for this system 
is also a permanently convergent power series in A . The zeros 
of |«$( \)| are called characteristic values of the parameter A t 
and the non-trivial solutions y(x) of (3:1) corresponding to such 
values are oalled charaoteristlo solutions . Sinoe | x)| is a 

permanently convergent power series in A , either this determinant 
is identically zero in A or its zeros are at most denumerably 
infinite in number; moreover, if |#£(X )| £ 0 the totality of its 
zeros has no finite accumulation points. We also have from Theorem 
2:1 that the characteristic values for a problem (3:1) are identical 
with those for the adjoint problem (3:3), and that the number of 
linearly independent characteristic solutions is the same for both 
problems. 

It is of particular interest in this section to investi¬ 
gate self-adjoint and definitely self-adjoint systems. In view 
of this, we shall define a k-point boundary value problem (3:1) 
to be self-adjoint if the transformed system (3:2), obtained from 
(3:1) by means of (2:3) and (2:4), is self-adjoint. 

Using the terminology of Bliss Ql], a system (3:2) is 
said to be self-adjoint if the differential equations and the 
boundary conditions of its adjoint 

v* = -v(^J + A?3 ), 
r[v] 5 v(0 )<P 4 v(l)o^ = 0, 

are individually equivalent to its own for all values of x by 
means of a non-singular transformation v(t) = fT (t)u(t), where 
the elements of «^(t) are supposed to be continuous and have con¬ 
tinuous derivatives on 0 = t = 1. Bliss [l] has shown that 
neoessary and sufficient conditions for (3:2) to be self-adjoint 


are 
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(3:5) ta* Ar + T' so, rj3+fir=o, 

(3:6) JH 

Now it follows from a theorem of Reid [10] that the most 
general solution of the differential system of (3:5) is of the 
form 

(3:7) ^"(t) = 

where #"(t) is a fundamental matrix solution of the adjoint 
differential system ^*(t) --2^(t)^(t) and ^ is a constant 
matrix. Moreover, 



Z ll >(t) 0 ... 0 

7rtt)= 

0 z (8) (t) ... 0 

#e# #e# ••• # 0 0 


0 0 ... z (lc-1) (t) 


where Z tq) (t) = II Z ij :q (l qW HI » and Zi rq (x) = || Z lj:q (x)|| is a 

fundamental solution of Z'(x) = -Z(x)A(x) satisfying Z ;q (x)Y. q (x) = I 

on a a ,. In particular, the condition that tT( t) is non- 
q q+1 

singular holds if and only if the matrix tg is non-singular. 
Furthermore, ^ must satisfy the conditions 

(3:9) ^(t)£^(t)J0(t) +^(t)‘f(t)d^ , ( t) =0, 

0:10) ~ 1, ff ~ 1 ( o ) M .= jt 

obtained by substituting (3:7) into the latter part of (3:5) and 
(3:6). 

One might break the transformation matrix <^"(t) up into 
(k- l) 2 sub-matrices, each of n rows and columns, and transform 
conditions (3:5), (3:6) into conditions in terras of these 
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component sub-matrioes of tf and the matrices A(x), B(x), 
and N.„ of system (3:1). However, since this procedure usually 

•H 

leads to a complication, rather than a simplification in the form 
of these statements, it seems preferable to speak of (3:5), (3:6) 
as the conditions for self-adjointness of both the two-point and 
the original k-point problem. 

There is one case, however, in which the conditions (3:5), 
(3:6) may be expressed for the original k-point problem in a com¬ 
parably simple form. Suppose y(x) is a solution of a self-adjoint 
system (3:1), u(t) the corresponding solution of (3:2), and z(x) 
the solution of the adjoint system (3:3) corresponding to the 
solution v(t)= <7*(t)u(t). Then at a point x of the sub-interval 
Sp < x < *^+1 the valuQ of z(x) is in general a linear form in 
the values of y(x) at the k-1 points x^tptx]), (q = 1,2,..., k-1). 
If, in particular, the value of z(x) depends only upon the value of 
y(x) at the one point Xp(tp[x] ) =• x, the problem (3:1) is said to 
be striotly self-adjoint . In other words, if y(x) is a solution 
of (3:1) suoh that y(x) = 0 except on < x < a^^, then the 
corresponding solution z(x) of (3:3) is also identically zero 
except on the same sub-interval ap < x < Sp^. 

It is easy to show that under these restrictions must 
be a matrix of the form 


(3:11) 


<T(t) = 


T^(t) 0 

0 T l2) (t) ... 


0 

0 


0 


• . • . . . 

o 0 T* k_1 *(t) 


where T^(t), (q = 1,2,..., k-1), are n x n matrioes and 0 
denotes the n x n zero matrix. The general solution of (3:5) is 
given by (3:7), so if ^(t) is of the form (3:8)an obvious 
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necessary and sufficient condition that (3:1) be strictly self- 
adjoint is that £ shall be of the fora 


(3:12) 


0 ... 0 
0 0 t2) ... 0 
e e• * . • • e • • e • 

0 0 ... c (k_1) 


where (q = 1,2,..., k-1), are non-singular oonstant matrices 

and 0 is again the n x n zero matrix* 

THEOREM 3:1. If ^(t) i£ a particular fundamental matrix 
solution of If' = - of the form (3:8), then a necessary and 
sufficient condition that (3:1) be self - adjoint is that there exist 
a non-singular oonstant matrix £ satisfying (3:9) and (3:10). 

In particular , if (3:1) is strictly self-adjoint , <^(t) must be of 
the form (3:11) and & is also of the form (3:12). 

If a system (3:1) is strictly self-adjoint, then the above 
matrix c?~(t) defines a matrix 


T(x) = T*l)(t q [x]), a q < i * a q+ i» (q =1.8.k-1). 

In general, T(x) has discontinuities at aa 3 , ..., but the 

elements of T(x) have finite right- and left-hand limits at these 
points. In terms of T(x) conditions (3:5), (3:6) may be stated 
for the original system (3:1) on the interval ab as follows: 

(3:5* ) TA ♦ AT + T* = 0, TB + BT s 0, 

(3:6*) M. q r 1 (aq + )M.q = g Njq^ 1 ^)^. 

In the consideration of definitely self-adjoint boundary 
value problems the elements of the matrices A(x),B(x) 9 M, N are 
taken to be real on the interval ab. A boundary problem (3:2) 
is said to be definitely self-adjoint (Bliss Q*9 ) if it is 
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self-adjoint with respeot to a matrix ^(t) and has the further 
properties: 

(1) the matrix of functions ef( t) = <^(t)<3(t) is 
symmetric on 0 = t =1; 

(2) the quadratic form ^J(t)^ is positive semi-definite 

^ ^ ^ . 
on 0 = t =1; 

(3) u(t) m. 0 is the only vector which satisfies on 
0 - t = 1 the conditions 

(3:13) u* =^u, s[u] =0, ucf u = 0. 

The system (3:1) will be called definitely self-adjoint 
in case the transformed system (3:2) is definitely self-adjoint 
in the sense of Bliss [Sj • 

Theorem 3:1 gives necessary and sufficient conditions for 
self-adjointness of (3:1), Hence, we have only to add the proper¬ 
ties (1), (2) and (3) above to obtain necessary and sufficient 
conditions that (3:1) shall be definitely self-adjoint. Again, 
there is in general no gain in simplicity by writing these con¬ 
ditions in terms of the coefficients of (3:1). 

A boundary value problem (3:1) is said to be strictly 
definitely self - adjoint with a matrix T(x) if in addition to being 
strictly self-adjoint with respect to this matrix, the above con¬ 
ditions (1), (2), and (3) hold for the corresponding matrix <^"(t) 
given by (3:11). In view of the special form of <^(t), </( (t), 
and^(t), these latter conditions become 

(l 1 ) the matrix S(x) = T(x)B(x) is symmetric at each value 

x on ab; 

(2*) the quadratic form wS(x)w is positive seml-deflnlte 

on ab; 

(3') y(x) H 0 is the only vector which satisfies on ab 
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the conditions 

(3:14) y* = Ay, sty] =0, ySy h 0. 

Many interesting results have been obtained, (Bliss [2]), 
for definitely self-adjoint systems with two-point boundary con¬ 
ditions* For such a system, the characteristic values are all 
real and the corresponding characteristic solutions of the boundary 
value problem can be chosen real. The index of eaoh characteristic 
value is equal to its multiplicity. Some very general expansion 
theorems in terms of the characteristic solutions also hold for 
such a system, (Bliss fc], pp. 414-419). The results for the 
two-point case clearly imply corresponding results for a k-point 
problem that is definitely self-adjoint as defined above. 

Some further questions may arise when the elements of 
the coefficient matrices are complex valued functions. For this 
case, the system 

M'(t) = (t)L^(t) + X 

(3:15) 1 — 

(■tp) « p(o)P + r(i)^ = 0, 

will be oalled the conjugate of (3:4) and the conjugate adjoint 
of (3:2). Further, the system (3:2) will be oalled self- 
oonjugate adjoint if it is equivalent to (3:15) under a non¬ 
singular linear transformation /*(t) = <7^(t)u(t), where the ele¬ 
ments of (T are allowed to be complex valued functions which are 
continuous and have continuous derivatives on 0 ^ t ^ 1, (Reid 
[lo]). Of oourse, in the case where J{ , 3 are real, 

the elements of may be chosen real, so that (3:14) is then 

identical with (3:4). If = ^(t) is a solution of (3:15) for a 
value of A , then u =/Z(t) is a solution of (3:2) for the 
corresponding conjugate value A* 
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Corresponding to the definition of definitely self-adjoint 
systems with real ooeffioients given by Bliss [2l, Reid [IQ] has 
defined the system (5:2) to be definitely self-conjugate adjoint 
if it is self-oonjugate adjoint with respect to «7*(t), and has the 
further properties: 

(1") the matrix J (t) 2 S~ (t)S(t) is hermitian on 
0 - t - 1; 

(2 W ) the hermitian form Y^(t)3 is positive semi-definite 
on 0 = t = 1; 

(S*) u(t) = 0 is the only vector whloh satisfies on 
0 It = 1 the conditions 

(5:16) u f = ^ u, s[u] = 0, u-J(t)u = 0. 

Since all the characteristic values of a definitely self¬ 
conjugate adjoint system (3:2) are real (Reid [1<3 , Theorem 3:1), 
the consideration of the existence of characteristic values and 
related expansion theorems for this type of system is reducible to 
the analogous consideration for an associated definitely self- 
adjoint system with real coefficients. 

A boundary problem (3:1) may be said to be strictly 
definitely self-conjugate adjoint with a matrix T(x) if in addition 
to being strlotly definitely self-adjoint, the above conditions 
(l w ), (2*) and (3") hold for the corresponding matrix ^(t). 

4# A speoial boundary value problem of the oaloulus of 
variations . The theory of differential systems with k-point 
boundary conditions, as discussed in Sections 2 and 3, can be 
applied to speoial differential systems associated with the calculus 
of variations. Such special systems have been considered in 
previous investigations. The accessory boundary value problem 
associated with a minimizing extremalold for a problem of the 
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oaloulus of variations is of this type (Reid [7]). Denbow fe] 
considered a oaloulus of variations problem of Bolza type in which 
the integrand function involved not only the coordinates of the end 
points of an admissible curve, but also the coordinates of variable 
intermediate points along this curve* The accessory boundary value 
problem for such a calculus of variations problem may also be 
written in the form discussed in the preceding section* The type 
of differential system involved in these problems may be trans¬ 
formed, by the use of transformations discussed in Seotion 2, to 
obtain a differential system with only two-point boundary con¬ 
ditions* Furthermore, the transformed problem may be written in 
the form presented by Hu [4] • This form is of particular interest, 
because Hu has given neoessary and sufficient conditions for such 
differential systems to arise from certain problems of the oaloulus 
of variations* Ve may then ask for the corresponding conditions 
under whioh the k-point differential systems will arise from 
problems of the calculus of variations. 

The system that Hu considered is of the form 

(4:1) 7 li (l) = V X) V I)+ "iJ (x) V x) ’ 

^(x) =N 1 j(x)'^j(x) - L 31 (x)^j(x) - AKij(x) ^}j(x), 

" * h V X l , + a h V x k )+b h ^ {x k )=0 * 

(4:8) 

(1)j — l,2,**«,n$ ^ = 1,2,*««,2n), 

with K the identity matrix. For the purpose of present consider¬ 
ation, we will assume K(x) positive definite on Zjx^* Hu also 
made use of the two following fundamental properties* 

PROPXRTT 1. The natrloes HlljjtxH and are 

aymTWAtrlc , and the former has oonstant rank n- m on the interval 
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PROPERTY 2. The 2n x n matrices ||a || , || b ^ || , 

II a || , || b p *j || are suoh that the 2 n x 2 n matrix 

(4:3) |l a 1 ^ 1 + a 2 h 2 || 

la symmetric^ 

Indeed 9 Hu has ahown that Properties 1 and 2 are necessary 
and sufficient conditions for (4;1) (4:2) to be the oanonloal form 
of the Xuler-Lagrange differential equations and transversality 
conditions for a quadratic functional of the form 

(4:4) 2H ^(a^) ] + f** 2 cd(x ,*7 , 7 f )dx 

X 1 

subject to a set of linear homogeneous differential equations 
of the form 

(4:8) 71M = °* 

(<*•= 1 , 2 ,..., m < n), 

a set of linear homogeneous boundary conditions 

( 4:6 ) Y 1 t’)W / ,.j 1 7 J (x 1 ) + =0 ’ 

(^ = l) 2 y»• • f p =s 2 n) • 

and the isoperimetric norming condition 
(4:7) Q dx ,1. 

In the above, ^ denotes a set of functions [^(x)], (i = 1,2,•.. ,u), 
while 7 * represents the corresponding set of derivatives 
r^(x)3m In (4:4), 2H is a quadratic foim in the 2n values 
^i(xi), ^(x^), and 2 c is a quadratic form in 7 ^, 7 ^ which 
may be written specifically as 


(4:8) 
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Now consider a k-point problem oonsisting of differential 
equations of the form (4:1) and boundary oonditions 

8<r ^ = ^ * 

(4J9) * a 2 <rj:q 1 ?J ( Vl ) + ^ ( Vl )] = °’ 

( OT =r l,2 # **. f v= (k-l)2n), 

where x^< x 2 < .. • < x^* We shall assume that the functions hy 
M ii* N ij and K ij ard continuous on x i\* exoept possibly at the 
intermediate points Xg, x 3 , *.., x k-l* wtiere ** is merely assumed 
that these functions have finite right- and left-hand limits* We 
shall assume throughout the following discussion of this k-point 
problem that it Is normal; that is, for it there exists no non¬ 
trivial solutions ^ with ^ s 0 on x-jX^* We shall now 

consider the question of necessary and sufficient conditions for 
a system (4:1), (4:9) to be the canonical form of the Euler- 
Lagrange differential equations and transversality conditions for 
a quadratic functional 


(4:10) 


f x k . 

+ J 2® (x, Tf , H )dx. 


subject on each sub-interval x q < x < x^^ to a corresponding set 
of linear differential equations 


(4:11) 




< * = 1 » 8 .“q< n< > 1 = 1 « 2 ’ 


a set of linear homogeneous boundary oonditions 


(4:12) 


Y y [V x l +) .'n< x k-l)*' y l (x 2 -) .«°* 

( y = 1,2,..♦, p - v ), 
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and the isoperlmetrio normlng condition 
(4:18) 1. 

Denbow has shown ( 6], Seotion 2) that this k-point 
calculus of variations problem may be transformed Into a two- 
point problem of the type considered by Hu [*4 ; as a matter of 
fact, the transformations that we have employed in Section 2 are 
identical with those of Denbow. Moreover, such a transformation 
of this calculus of variations problem induoes on the canonical 
form of the Buler-Lagrange differential equations the transver- 
sallty conditions exactly the type of change as disoussed in Section 
2 for the k-point problem (2:1). In particular, if l|Mjj || , || N^jll 
and II K^ll are symmetric, then in the related two-point problem 
the corresponding matrioes are also symmetric; if is of 

constant rank n-m^ on eaoh sub-interval, then the corresponding 
matrix for the two-point problem has constant rank 
n(k- 1) - m^ - m 2 - ... - m^^ on 0 = t £ 1. It is thus possible 
to arrive at a two-point boundary problem of the form (4:1), (4:2) 
in V= 2n(k-l) variables for which Hu’s Properties 1 and 2 are 
necessary and sufficient conditions for this system to arise from 
a problem in the calculus of variations. Since we have shown the 
equivalence of the k-point and two-point boundary problems im 
Section 2, it is now possible to state for the k-point system 
(4:1), (4:9) the following analogues of the above Properties 1 
and 2. 

Property l f . The matrioes (x) || , || Njj(x) || and 
II Kjj(x) II are symmetric , and |l Mjj(x)|| has constant rank n- m^ 
on each aub-JLnterrjl x, ^ x * x q+1 , {q = lf2 . k . 1)# 
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Property 2*. The Vi n matrloee || a 1 | , II b 1 || , 

n p ' * 

II “ 5 qll ft P& II ® .qll SL **** boundary oondltlonr (4:9) are suoh 
that the 2V x 2v matrix 


(4:14) 


k-1 , 

Ol^Slla 1 

q-1 



A 



II 


la symmetric * 

Properties 1* and 2' are, consequently, necessary and 
sufficient conditions for the k-polnt system (4:1), (4:9) to be 
the canonical form of the Euler-Lagrange differential equations 
and transversality conditions for a calculus of variations 
problem of the form defined by (4:10), (4:11), (4:12) and (4*13)* 
In particular, when K is the identity matrix we obtain a problem 
corresponding to that which Hu [4] discussed, and for which he 
proved the existence of infinitely many characteristic values* 

Reid [9] has shown that a two-point system (4:1), (4:2) 
has a denumerable infinity of characteristic values under a weaker 
condition than that assumed by Hu* If we apply Reid's result to 
the two-point problem into which (4:1), (4:9) is transformed, it 
follows that a system (4:1), (4:9) will certainly have infinitely 
many characteristic values if, in addition to the symmetry of 
IlMj^x) l| , l| NjjU) || , || Kjjix) || and Property. 2*, we hare merely 
that not all the elements of || Mjj || are Identically zero on x^x^. 

By direct computation it may be readily verified that a 
system (4:1), (4:9) is strictly definite self-adjoint with respect 
to the constant matrix 


(4:15) 



I 

0 


t 


where I and 0 are, respectively, the n x n Identity and aero 
matrices* For this problem we have that the matrix S(x) is 
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equal to 

0 -I 0 0 K 0 

(4:16) S(x) = • = 

10 -K 0 0 0 

5. Boundary value problems In the complex plane ♦ Langer 
[ 5 ] lias extended to two-dimensional regions of the complex plane 
various general results on linear boundary problems which were 
previously obtained only for an interval of the real axis* Ve 
shall now obtain some of the results of Langer by applying the 
methods of Section 2* More specifically, we shall establish the 
form of the Green's matrix for a boundary problem whose linear 
side conditions apply at k distinct points of the complex plane. 

Consider the boundary value problem in the complex plane 
consisting of the differential equations and side conditions 

w i* ~ *13* \ ,w 3 l ^> 

(5:1) . , k JL 

®jl*l = ZE 21 q) = °* (i =1.2,... ,n). 

The Ajj( ^ ) are supposed to be single-valued analytic functions 
in a simply connected region 3 of the complex ^ ^ I $ 

plane, and ^ are k given distinct values in this 

region* 

By a solution of (5:1) we shall understand a vector w(^ ) 
whose elements are single-valued and analytic in S, and whose 
values at these prescribed points satisfy the linear homogeneous 
conditions Sj[w| =0. Now, by the fundamental existence theorem 
for differential equations in the complex plane, there exists a 
fundamental matrix of solutions siwiji* n for the 

differential equations of (5:1) in the simply connected region 8; 
moreover, the elements of ¥(^ ) are single-valued analytic functions 
in this region (see, for example,[ll] , pp* 139 ff* and 143 ff. )* 
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Clearly the differential system (5:1) is compatible if and only 
if the matrix 

(S:2) D = || DlJ || = || £ £ $ q ) II. (1 = 1,2.n). 

is singular. 

Let 

C : T = X(x) = X,(x) + >rri Xg(x), 

(5:3) q 

(q»l = x - qj q = 1>&»«**> h—l)| 

be the equation of a simple arc which lies in S and joins \ to 
$ and whose defining functions X 1 (x) and X 2 (x) are con¬ 

tinuous and have continuous derivatives satisfying |X v (x)| ^ 0. 

In order to have our notation correspond to that of Section 2, 
set a q = q-1, (q=l,2,...,k); then 

(5:4) C: ^ x X(x), (a^ * x * a fc)f 

is the equation of a path curve lying in S; moreover, since 

(5:5) X(a q ) * $ q , (q = 1,2,...,k), 

this curve passes successively through the points 1 2 » •••>?k 

at which the boundary conditions of (5:1) apply. Clearly, one 
may require that any or all of the component arcs C q of C pass 
through a given point \ of S. If corresponding to a solution 
wH (w^) of the differential equations of (5:1) we set 

(5:6) y 4 (x) = WjCKxJ] , «*), 

we have 

(5:7) yi>q) = ^q)* 

Moreover, except possibly at the intermediate points a 2 , a 3 , ..., 
a k-l ^e derivative dy^/dx exists and is given by 
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(5:8) yi (x)= w[[x(x)]l»(i). 

Hence y(x) satisfies tlie differential equations and boundary 
conditions 

l'(x)A 1 j[x(xjJyj(x), 

(5:9) fl ity]* ^ g “ij:q y j ta q ) = °» 

(i - 1>2,.•.,n), 

and is further restricted by the conditions that the components 
of y(x) are continuous aoross the intermediate points a g , a 3 ,..., 
a^.^* Corresponding to the fundamental matrix solution W(^) of 
the differential equations of (5:1) in S, it is readily seen that 
Y(x)~ W[X(xj] is a fundamental matrix solution of the differential 
equations of (5:9) along C; furthermore, the elements of Y(x) are 
continuous on the entire interval a^ * x ^ a k* 

Comparing with Section 2, (5:9) is seen to be of the form 
(2:2) with boundary conditions (2:41). Consequently, Theorem 2:5 
affords an alternative representation of the adjoint boundary 
conditions of the type disoussed by Langer. Furthermore, the 
Green's matrioes for (5:9) may be taken in the form (2:56). In¬ 
verting the transformations (5:5) - (5:8) and utilizing the above 
mentioned faot that the curve C may be required to pass through 
any prescribed point of S, it is then found that the form of the 
adjoint system and the Green's matrioes are identical with those 
obtained by Langer in the complex domain. 
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AN ANALOGUE OP GREEN’S THEOREM FOR MULTIPLE INTEGRAL 
PROBLEMS IN TIIE CALCULUS OP VARIATIONS 


1. Introduction # The problem to be considered Is that 
of finding necessary and sufficient conditions for the following 
equation to hold 

(1.1) J ° [y*U)^ x<( ( x > ♦ w(x)y(x)]dA =J^r^[x)v < (x)X« dD. 

( 1, • • • t m) 

where the integral on the left is takon over a bounded region A 
of points (x) ■ (x 1# ..., x^) and that on the right Is taken over 
the boundary B of A. The symbol represents the direction 
cosines of the outer normal to B. By the value of an integral of 
the form Jf(x)dB over a piece of the boundary B defined by func¬ 
tions x^t), (t on T), will bo meant the integral 

fU(t))N/^ &t x , ..., dt m-1 , where c* is the cofactor of a* 
in the determinant |a^ ("V 3 •••# m - 1) • The method used 

O L y 

in this paper is essentially a generalization and extension of 
that used by Hestenes [XllJ* in the two-dimensional case. The 
proofs here given have the advantage that no assumptions need to 
be made on the behavior of the functions v* outside of the region 
A + B. Moreover, no assumptions need to be made regarding the 
intersections of the boundary with hyperplanes parallel to the 
coordinate hyperplanes. 

Among other things it is shown that equation (1.1) holds 
if and only if the relation 

*Roman numerals in braokets refer to the bibliography at 
the end of this paper♦ 
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( 1 . 2 ) 


p w(x)dA = r 
^A’ J B» 


v^(x )% 4 dB 


is satisfied for every m-dimensional cube A* whose closure is in 
A and whose sides are parallel to the coordinate hyperplanes. 

This is done under very general hypotheses concerning the boundary 
B and the functions v d (x) and w(x). If the function w(x) is con¬ 
tinuous and the functions v^Cx) have continuous derivatives then 
equation (1.2) is equivalent to the equation w = v*^. Setting 
1 and w =* v* x in equation (1.1), one obtains Green’s formula 


r v< <tt » f dB. 

J A * •'B 

Thus equation (1.1) can be considered to be an analogue of Green’s 
formula. Since our-proofs are made independently of Green’s 
theorem, they constitute a proof of this theorem for m-dimensional 
space. 


Equation (1.1) arises in the study of the first variation 
of a multiple Integral of the form 


jT f &i> •••* 9 •**' Fx^' •••* 

By means of this equation and, in particular, equation (1.2), one 
obtains the Haar-Coral equations 

X \ 34 'X vx 11 - 1 . n> 

edge conditions, and an analogue of Jacobi’s condition for a 
minimizing manifold of class c*. 

After formulating the problem in Section 2, we proceed 
in Section 5 to show that equation (1.1) holds for all admissible 
functions if and only if it holds for certain special classes of 
admissible functions. Section 4 is devoted to the proof of 
Green’s Theorem and other associated results. The previous 
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results are generalized further in Sections 5 and 6 by considering 
a more general type of boundary B and discussing the case in which 
v^(x) have certain types of discontinuities. In Section 8, some 
of the previous results are applied in proving theorems which are 
useful in mecheyilcs. The remainder of the paper is concerned 
with applications to the problem of the calculus of variations 
for multiple integrals and includes the derivation of Haar-Coral 
equations, edge conditions, and an analogue of Jacobi’s condition. 

2. Analytic formulation of the problem . In Sections 3 
and 4 a region A of points (x) = (x^, ..., x^) will be called an 
admissible region in case it is bounded and its boundary B is 
non-singular and of class c ! . Then the boundary B can be repre¬ 
sented locally by equations of the form x^ = x^(t^, ..., t^^), 

( *= 1, ..., m), where the functions x^(t) are of class c* and 
the matrix |j*^ lfc |> ( ^ = ..., m - 1), is of rank m - 1. A func¬ 

tion will be said to be of class c f on A + B in case it Is con¬ 
tinuous and has a continuous differential on A + B. 

By an admissible function >|(x) will be meant one belonging 
to a class H of continuous functions on A + B having the follow¬ 
ing properties: (1) Every non-negative function of class c^° on 
A + B is in H ; (2) The product of a function in H by a non¬ 
negative function of class c® on A + B is in M ; (3) On each 
Interval a^ 3 x^ $ b* In A, a function Y|(x) in H is absolutely 
continuous In each variable x 1# ..., ^ when the remaining vari¬ 
ables are fixed and the derivatives ft* 5 are integrable on A* 

The smallest class of admissible functions is the class 
of all non-negative functions of class c 00 on A + B. The larg¬ 
est class is the class Hg of all functions having property (3). 

Any subclass of Hg containing and having property (2) is 
admissible* The class commonly used in the calculus of variations 
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is the class of all functions of class c* on A + B. These func¬ 
tions form a class of admissible functions. 

Let v^(x), ..., v m (x) be m real valued functions which 
are continuous on A + B, and let w(x) denote a real single valued 
function that is lntegrable on A in the sense of Lebesgue. 

We shall find necessary and sufficient conditions for the 
following equation to hold 

(2.1) (v*-fr* + wipdA l dB * 

where X\$ • *., are the direction cosines of the outer normal 
to B. Here and elsewhere the repetition of a subscript will 
denote summation unless otherwise specified. 

In Section 5, the class of admissible regions will be 
enlarged and in Section 6, we shall discuss the case where the 
functions v^ have certain types of discontinuities. We restrict 
ourselves to the case here described In order to simplify the 
argument. 

In Section 3, the following result will be used. 

Lemma 2.1. The form of equation (2.1) ia unaltered by a 
rotation or translation of axes . 

Since the form of equation (2.1) is obviously unchanged 
by a translation, consider a rotation x^ * A^z^, (d, 3 = 

1, ..., m). Let y(z) represent the function into which J|(x) is 
transformed by this rotation. The derivatives p* a y 2 ^ amid 
fl* are connected by the formula ft* = A* d p a • If we set 

Vg a v*A*g then V fl p 0 » \ It* . Moreover, the direction cosines 
of the normal to B are related by the formula X 4 m A^L fl ; where 
the symbol L^ represents the new direction cosines of the normal 
to the boundary B. Thus, we see that v*X* ■ v^A^L^j) « VJgLg and 
integral (1.1) takes the form 
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J/Vtf y)«A a / B ^L s SB. 

This completes the proof of Lemma 2.1. 

5. Preliminary Theorems . In this section it will be 
shown that equation (2.1) holds for all admissible functions ^(x) 
if and only if it holds for certain special classes of admissible 
functions. As a first result, we have 

Theorem 3.1. The equation (2.1) holds for every admis¬ 
sible function y^(x) if and only if to each point P on A + B there 
is a neighborhood N of P such that equation (2.1) JLs true for 
every admissible function 7|(x) which is identically zero on 
A - AN. 


In order to prove this, cover A ♦ B with a finite number 
of spheres Kp Kg, .K q with centers Pp P q on A + B and 

radii r^, ..., r q such that equation (2.1) holds for every admis¬ 
sible function “^(x) which vanishes on A - AK^ f , where K^ f is a 
sphere of radius 2r^ about the point Pp Let d^(x) be the dis¬ 
tance from the point (x) to the point P^ and set h^x) =* h( ^ - X ~ ) 
where h(t) is defined to be a function of class c 00 and such that 
for t £ 1, h(t) = 0; for t £ 2, h(t) = 1; and h f (t) & 0. A func¬ 
tion of this type used by Hestenes pcilj in a similar situation 
Is the function h(t) having h(t) « 0 for t £ 1; h(t) =1 for 
t 5 2; and h(t) * e s(h)/l—t f or i < t < 2, where g(t) « e l/t-2^ 
Let *^( x ) any admissible function and consider the 
functions 


# 


^ = (1 - h^, 

?2 * h l( x " 

(3.1) ' 1 


“ b l h 2* •••» h q-l (1 “ h q)^* 
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Adding, we obtain ^ = + ^2 + *** + + h l h 2 # • since the 

function hj, vanishes on sphere and the spheres K^, ..., K q 
cover A + B, the product h^h^. *.h q is identically zero on A + B 
and we have >£« 7 ^ + ^2 + # * # + on A + B. Let 

U T * X (vfT* + w?j)dA - J ^dB. 


Since the functions 


^ vanish on A - AK^*, it follows that 


L(j^) = 0. Due to the linearity of L(^), we have 


(3.2) 


L(>|) »L<^ ^2 ♦ — 

= L(^) + L(1| 2 ) + ••• + L(^ q ) = 0 


as was to be proved* 

Theorem 3.2. Equation (2.1) holds for every admissible 
function yj (x) if and only if it holds for every admissible func ¬ 
tion ?^(x) which vanishes on a neighborhood of the boundary * 

Using the criterion that equation (2.1) holds for every 
admissible function (x) vanishing on a neighborhood of the 
boundary, we know that to each point P of A there is a neighbor¬ 
hood N of P such that L(^) = 0 for every admissible function ^(x) 
which vanishes on A - AN. In order to complete the proof by use 
of Theorem 3.1 we will show that points of B have the same pro¬ 
perty. 

By Lemma 2.1, we can assume that the boundary point P 

under consideration is the origin and that the positive x -axis 

m 

is the inner normal of B at P. We define a neighborhood N of P 
by the inequalities 


(3-3) - e < x 7 < e, - e' < < e' ( - V= 1, ...» m - 1), 

where e, e’ are so small that the boundary of B in N can be 
defined in this neighborhood by an equation of the form 
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“ f (*i» * 2 » •••* tlle function f being single-valued and 

of class o' In the region defined by Inequalities (3.3). Let 

H(x, r) ■ h(3» ,T -. C ) 


where r is an arbitrary positive parameter and h(t) is the func¬ 
tion used in proof of Theorem 3.1 above. We have H = 0 when 
x m ~ f + r ^ H “ 1 when x^ £ f + 2r. Consider an admissible 
function >J(x) vanishing on A - AN and let } be equal to on N 
and identically zero elsewhere. The function J is admissible and 
vanishes at all points of N for which x^ § f ♦ r. Therefore, 'f 
vanishes in a neighborhood of the boundary B, so that L(J) =* 0 by 
virtue of our hypothesis. Thus we have 



The first member of this equation has the first member of equation 
(2.1) as its limit since H approaches 1 when r tends to zero. It 
will be shown that the remaining part of this equation has the 
second member of equation (2.1) as its limit. In this connection, 
we note that = 0 when a f + 2r. Taking r sufficiently 
small and setting = f + rt, we have 


dA ^(X)v < ,(X)h'(t)X, 




dA 


where X a (x^, ..., x^^, f + rt), ( 6 * 1, **., m), and the symbol 
X ^ represents the direction cosines of the outer normal to the 
boundary B. The integral may then be written in the form 
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(X)v A (X)4h'(t)dt. 


Taking the limit as r approaches zero, the result is 



(x)v^.(x)X^ dB 



h'(t)dt = 



dB 


since vanishes outside BN. This completes the proof of 
Theorem 3*2. 


Theorem 3.3. The equation (2.1) holds for every admissible 
function y^(x) if and only If to each point P of A there is a neigh - 
borhood N of P whose closure Is hi A and such that equation (2.1) 
holds for every admissible function )^(x) which vanishes on A - AN. 

In proof of this result, let >^(x) be an admissible func¬ 
tion vanishing on a neighborhood N of boundary B. Proceeding as 
in the proof of Theorem 3.1 with A + B replaced by A - AN, cover 
the bounded closed set A - AN by a finite number of spheres 

K n , ..., K with centers P,, ..., P„ on A and radii r n , .... r . 

1* * q 1' * q 1' ’ q 

These spheres can be chosen such that for each i the sphere 
of radius 2r^ about point P^ lies interior to A and is such that 
equation (2.1) holds for every admissible function which vanishes 
on A - AK^. Construct functions h^(x) related to the spheres 
and K^*, as in the proof of Theorem 3.1. Let ..., ^ be 
given by the formulas (3.1). Then ^ ♦ ••• + ^ on A - AN. 
Since, however, 7^ and hence 7^, . ..,^ are zero on AN it follows 
that = 7^ ♦ • • • + 7^ on A + B. By use of the formulas 
L(^i) = 0, (1=1, ..., q), it is found that equation (3.2) holds. 
The criterion described in Theorem 3.2 is accordingly implied by 
the one given in Theorem 3.3. The converse is immediate. 

Theorem 3.3 now follows from Theorem 3.2. 

Theorem 3.4. The equation (2.1) holds for every admissible 
function )l(x) if and only if It holds wl th A, B replaced by A Q , 
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B 0 for every admissible subregion Aq of A whose boundary B Q is 
also in A. 

An admissible subregion Aq of A is, of course, one whose 
boundary Bq has the properties required for the boundary B of A* 

In this theorem the class of admissible functions associated with 
Aq + Bq is understood to be the class of admissible functions 
that is associated with the original set A + B. The result in 
Theorem 3.4 can be proved by use of Theorem 3.3. Let P be any 
point of A. There is a spherical neighborhood Aq of P whose 
closure is in A. This region is obviously an admissible subregion 
of A. By virtue of the criterion of Theorem 3.4, equation (2.1) 
holds on subregion Aq + B Q for every admissible function V^(x) 
and. In particular, it holds if ^(x) vanishes on A - A Q . Thus the 
hypotheses of Theorem 3.3 are satisfied and application of this 
theorem completes the proof of Theorem 3.4. 

Theorem 3.5. The results described in Theorems 5.1 to 
3.4 hold when A Is £ interval represented by Inequalities of the 
form a* < x 4 < b*, ( *= 1, ..., m). 

This result follows from the more general result given In 
Theorem 5.2. A more elementary proof, however, is given below. 

The arguments for an interval A are like those given previously 
except in the proof of Theorem 3.2, where an additional argument 
is needed in order to show that equation (2.1) holds when the 
criterion described In Theorem 3.2 is satisfied. In order to 
prove Theorem 3.2 for an interval A let us suppose that the for¬ 
mula (2.1) holds for every admissible function (x) that is iden¬ 
tically zero on a neighborhood of k (k 5 2m) of the faces of the 
Interval A. We shall show that if k is greater than zero, then 
the formula (2.1) holds, also, for every admissible function 
having VI (x) s 0 on a neighborhood of K - 1 of the faces of A. 
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To this end, oonsider an admissible function (x) that is iden¬ 
tically zero on a neighborhood of k - 1 faces of A* We can sup¬ 
pose that there is no neighborhood of the face x^ * a^ on which 
is identically zero* For convenience, suppose a^ = 0. Let 
h(t) be the function used in the proof of Theorem 3.1 and set 
H(x, r) = h(^l), where r is an arbitrary positive constant. Since 
H » 0 when x^ < r, the variation y = vanishes on a neighborhood 
of k of the faces of A and hence L(y) = 0, that is 

(3.4) jT (v 4 fTp( + w^)dA 33 - J '^ n v J * dB, 

where is the boundary of A with the face x^ » 0 excluded. 

This face can be excluded, since H = 0 when x 1 a 0. As r tends 
to zero, the first and last integrals have respectively the limits 


(3.5) (v M ir* + wlpdA, J~ ^v^ dB, 

since lig H 3 1 on A + B except on the face x^ = 0. The remaining 
integral can be written in the form 


2 ... f m dx 2 , d^J^ T1 Vl h'(S:)^l (2r<B 1 ) 

2 ni 

since =0 (o( > 1), H x ^ = h* (ii)/r and « 0 when x^ > 2r. 
Setting x^ = rt this integral becomes 







vh* (t)dt. 


Letting r tend to zero and using the relations h(0) « 0, h(2) = 1, 
we obtain as a limit the expression 



where Bg la the face = 0 and 2^, 2g, •••» X^ are the direction 
cosines (-1, 0, ..., 0) of the outer normal of B% relative to A. 
In view of equation (3.4) and the limits (3.5) and (3.6), it 
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follows that equation (2.1) holds for an admissible function Y^(x) 
having Tj(x) a 0 on a neighborhood of k - 1 of the faces of A. 
Letting k take successively the values 2m, 2m - 1, ..•, 1 it is 
seen from the result just established that the criterion described 
in Theorem 3.2 implies that equation (2.1) holds for an interval 
A. This completes the proof of Theorem 3.5. 

4. Analogue of Green 1 s Theorem . If is set identically 
equal to one in equation (2.1) this relation takes the form 



This result suggests the following criterion for equation (2.1) 
to hold. 

Theorem 4.1. The equation (2.1) holds if and only if the 

formula 



holds for every m- dimensional cube A* whose closure is in A and 
whose faces are parallel to the coordinate hyperplanes . 

Let A* represent an m-dimensional cube on A at a distance 
d > 0 from the boundary B and whose faces are parallel to the 
coordinate hyperplanes. Each point of A is interior to a cube of 
this type. By Theorem 3.3, it will be sufficient to show that 
equation (2.1) holds for every admissible function >px) which 
vanishes on A - kV when the criterion described in Theorem 4#1 
Is satisfied. We shall make use of the following integral means* 

x 


(4.2) V^x, r) 


jl r v i 

(2r) m jA * 


(s)dA; W( 


(0 < r < d). 


r) 


(2r) 




w(s)dA, 


*For a discussion of integral means see, fox* example. 
Levin QctV]. 
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where (s) 5 (s^, ..., s m ) and Ay Is the region x* - r S s^ 
» + r, ( o(« l, ..., m). By hypothesis, we have 

J w dA - / v / dB * 0. 

A' J B* 4 * 


When we divide each member of this equation by (2r) m and use rela¬ 
tions (4.2), we find that W - V. = 0 on A 1 + B f , 

If “^(x) is any admissible function, we have, by means of 
iterated integration, the relation 







Thus, it is seen that 




dB. 


Taking the limit as r tends to zero, the result is 

X, (v ^ + M )dA s ’f B ,v< x < dB - 

Thus, equation (2.1) holds for any admissible function‘d (x) which 
vanishes on A - AA*• This result and the application of Theorem 
3.3 complete the proof of the direct theorem. The proof of the 
converse follows immediately from Theorem 3.5. 

Corollary 1. The e quation (4.1) holds for A when it 
holds for every m- dimenslonal cube whose closure Is in A and whose 
faces are parallel to the coordinate hyperplanes . 

It is interesting to observe in passing, that the cubes 
A* + B* used above are not admissible subregions in the sense 
described in Section 2, but Theorem 3.3 does not require that the 
neighborhoods N be admissible subregions of A. 

As a consequence of Theorem 4.1, we have the following 

result. 


Theorem 4.2. Suppose that on each cube SS x^ =5 b^ in A 
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the functions are absolutely continuous In each variable xg 
when the remaining variables are fixed, except on a set of 


when the remaining variables are fixed , except on a set of 

(m - 1)- dimenslonal measure zero . Suppose , also , that v dx are 

lntegrable on A. Then equation (2.1) holds If and only If 

w = v_,_ almost everywhere on A. 

*x d 

By Theorem 4.1, equation (2.1) holds If and only If 

equation (4.1) holds for all m-dlmenslonal cubes A* whose faces 

are parallel to the coordinate hyperplanes. It remains to be 

shown that equation (4.1) holds for such cubes if and only if 

w * v, almost everywhere on A. 

* *4 

By iterated integration It can be shown that 


X “ *X. ’-<* 


where are direction cosines of the outer normal to B». Equa¬ 


tion (4.1) holds if w = v. 


Therefore, we have the relation 


X. * “ -X, ® X. “• 


Prom this follows the relation 


J (w - v., )dA = 0 

A , 


which holds for all cubes A 1 with sides parallel to the coordinate 

hyperplanes only if w = v d almost everywhere on A. This corn¬ 
ed 

pletes the proof of Theorem 4.2. 

We have as an immediate consequence of this result the 
following corollary which is discussed by Huke [kill, pp. 55 ff*3• 
Corollary 1. The equation 


X’T 


holds for every admissible function ^ (x) with 0 on B , JLf and 
only if w * 0 almost everywhere on A. 
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This result follows from Theorems 3.2 and 4.2 with v* 53 0. 
When w = 0 we have by these theorems the following further result. 

Corollary 2. If the functions v^x) are of class c» on A, 
the equation 



holds for every admissible function y^ having | a o on B, if and 
only if v^ = 0. Moreover , if v*^ a 0 on A one has 



where B’ is the boundary of an admissible subregion of A. 

Green’s theorem may be obtained as an immediate consequence 
of Theorem 4.2. This constitutes a proof of the theorem for an 
m~dimensional region A, having a boundary B of the type described 
at the beginning of Section 2. The proof will be extended to hold 
for a region having a more general type of boundary in Section 5. 

Theorem 4.3. (Green’s theorem). Under the hypotheses of 
Theorem 4.2, the equation (4.1) holds when w = almost every ¬ 

where on A. 


By Theorem 4.2, equation (2.1) holds with w = v*,, . Set- 

x 4 

ting 1J= 1 it is seen that equation (4.1) holds with w = , as 

was to be proved. This theorem is sometimes called Green’s Lemma 


or Gauss’s Theorem. 


5. Extension of the class of admissible regions . In 
order to simplify the argument in the previous sections, we re¬ 
stricted ourselves to intervals and to regions having a boundary 
of class c’ and non-singular. In this section, we shall consider 
a more general type of boundary as described in the following 
theorem. 


Theorem 5.1. The results described in Sections 3 and 4 
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are valid if the claaa of admissible regions A is extended to in ¬ 
clude regions whose boundary B can be subdivided into a finite 
number of non- s lngular (m - 1)- dimensional sub spaces of class c* 
whose intersections form a set E having the following property : 
there exist positive numbers q and s with s < m - 1 such that , 
given a number r > 0, the quantity q/r* is an upper bound of the 
number of points in a set D, on E, chosen so that the distance 
between any two points of D Is at least r. 

Let r be a positive number and select a maximal set of 
points P^, ♦ on E, each pair of which are separated by a 

distance not less than r. Construct spheres of radius r with 
centers on P^, • •., P^# The spheres define a neighborhood N* of 
edge E. Consider, also, the neighborhood N of E which can be 
formed by constructing spheres of radius 2r and centers on 
P^, ••», P^. Observe that there Is a number e independent of r 
and such that any sphere of radius 4r contains at most e of the 
points P 1# ..., P b . Let Hj(x, r) a h(£ii^I), where h(t) Is the 
function defined in Section 3, and d^(x) Is the distance of point 
(x) from the point P y Setting H(x, r) m It Is seen 

that outside the neighborhood N of E, H = 1 and ■ 0, while 
inside the neighborhood N f of E, H = 0 and ■ 0. Moreover, 
since at most e of the functions Hj are different from 1, it fol¬ 
lows that the absolute value of is not greater than Ge/r, 
where G is an upper bound of h 1 (t). Consider now an admissible 
function YJ^(x) and let J ■ H^. Since J « 0 in the neighborhood N» 
of E, It can toe shown that aquation (2.1) holds for J by an argu- 
ment similar to that used in proof of Theorem 3.2, where the 
used there is replaced byT • Thus we have 
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Replacing ^ by H 8, we find that 



H(v*tN 



dA 



dB. 


In the limit as r tends to zero, this equation will become the 
equivalent of equation (2.1) if it can be shown that the second 
integral has zero as its limit. Let M be an upper bound of the 
values of IJv^ on A. Observe that the m-dimenslonal measure of AN 
cannot exceed (q/r s )cr m , where c is a constant. Since is 
identically zero on A - AN, the absolute value of the second 
integral is not greater than 


(Mm) (Ge/r) (q/r s ) cr 111 » MraGeqe •r m ~ a “ 1 


which tends to zero with r, since s < m - 1 and the remaining 
terms are constants. This completes the proof of Theorem 5.1. 

Theorem 5.2. The results described in Sections 3 and 4 
hold if the class of admissible regions A ijJ extended to Include 
regions whose boundary B can be subdivided into a finite number 
of non-singular (m - 1)- dimensional subspaces of class c* having 
the following property : The boundary of each (m - 1)- dimensional 
subspace of B can be subdivided into a finite number of parts , 
each of which can be represented by a set of functions of the form 

(5.1) t x , «••, (^ on m ) 

which are Llpschltzlan on T, the set T being bounded and closed . 

It will be sufficient to prove that the intersections of 
the (m - 1)-dimensional subspaces of B form a set E for which the 
hypotheses of Theorem 5.1 are satisfied. To do so we restrict 
ourselves to one piece of the set E given by equations of the form 

(5.1) . This procedure is valid because if each piece of tills type 
has the property described In Theorem 5.1, the whole set E has 
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this property, since E is composed of & finite number of such 
pieces. Consider, therefore, one of the subdivisions E* of E 
given by equations (5.1) and let K be a positive number such that 

(5.2) || x «(t) - x«(t')|| < K |t - t'| 

where ||x| is the positive square root of x^ 2 + ••• + x^ and ||t|| 
is the positive square root of t^ 2 + ••• + t^g^* r be a pos¬ 
itive number and let P^, Pb be a maximal set of points on the 

subset E f given by equations (5.1) and such that any two points are 
separated by a distance dir. Let T^, ..., T^ be the points in 
T which correspond respectively to the points P^, ..., P^. By 
relation (5.2) the points T^, ..., T^ are at a distance d 5 r/K 
apart. The number of points of this type will be shown not to 
exceed a quantity q/r m ~ 2 , where q is a constant independent of r. 

To prove this we can suppose that T Is an (m - 2)-dimensional cube 
of side c. We now choose the greatest integer h < cK/r. Hence 
r < cK/h sr 1 . It is to be observed that r s£ r»/2 since 2h 
cK/r. If we divide T into h m ~ 2 equal subcubes of side c/h, the 
number of points in a maximal set in one of these subcubes, at a 
distance d £ r 1 /2K = c/2h apart is exceeded by a number q* which 
is independent of h. The number of points In T in a maximal set 
at a distance d £ r/K £ r f /2K, therefore does not exceed 

q'h m ~ 2 = q'(cK/r») m ” 2 < q'(cK/r) m " 2 = q/r" 1 " 2 

where q ■ q f (cK) m ~ 2 is a constant independent of r. This completes 
the proof of Theorem 5.2. 

As a special case of this theorem for three-dimensional 
space we have the following result. 

Theorem 5.3. When region A is three-dimensional , the 
results of Sections 3 and 4 are valid for the case in which the 



18 


CARSON: AN ANALOGUE OP GREEN'S THEOREM 


(474) 


boundary B iji composed of non-singular surfaces of class c» which 
Intersect in a finite number of rectifiable curves* 

This follows because the functions x^(s) defining a rec¬ 
tifiable curve are Lips chi tzian, when the parameter s is the arc 
length* 

6. Extension of the class of functions v^* In this sec¬ 
tion, we shall consider that the functions v^ are such that A + B 
can be sub-divided into a finite number of parts on each of which 
v^ are continuous and such that each part is a region of the type 
described in Section 5. The following result will be proved. 

Theorem 6.1. Equation (2.1) holds for every admissible 
function *y^(x) if and only if the following two conditions hold : 

(1) at each point on an (m - 1)- dimensional manifold R of discon¬ 
tinuity of the function v^X^ is. continuous along the normal to 
R, whose direction cosines are represented by % (2) equation 
(4.1) holds for every m- dimensional cube A' which has its closure 
in A, its faces parallel to the coordinate hyperplanes , and con¬ 
tains no point of discontinuity of one of the functions v^. 

First we shall prove that criteria (1) and (2) described 
in the theorem are sufficient to insure that equation (2.1) holds 
for every admissible function 7£(x) • Let A^, ••*, A c be the admis¬ 
sible subregions of A on which v* are continuous and let B^, ..., 
B c be their boundaries. By criterion (2) and Theorem 4.1, the 
formula (2.1) holds for each A^ and hence for their sum. We thus 
obtain 



where the symbol R^j represents the common boundary of the sub- 
regions A^ and Aj and the summation is taken over the A^ and Aj 
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which have a common boundary. The symbols % ^ and X ^ represent 
respectively the direction cosines of the outer normals to A^ and 
Aj. Since by criterion (1), the last integral has the value zero, 
we have that equation (2.1) holds for every admissible function 

7|U). 

On the other hand, if equation (2.1) holds for every 
admissible function *^(x) then it holds for each subregion A^ as 
described above, and hence equation (6.1) is satisfied. Since 
equation (2.1) holds for A + B, the last integral is zero for 
every admissible function 7£(x), which is possible only if X+v^ 
is continuous along the normal to R. Thus we have shown that 
criterion (1) is necessary. 

To prove the necessity of criterion (2) consider a cube 
A 1 + B* as described In the theorem. Since equation (2.1) holds 
for every admissible function Y^(x) on cube A f + B f , take ^ = 1. 
Thus it is seen that equation (4.1) holds and that criterion (2) 
Is necessary. Furthermore, by using Corollary 1 of Theorem 4.1, 
It can be shown that equation (4.1) must hold for each admissible 
subregion A^ .on which the functions v^ are continuous. 

7. Applications . In this section we shall prove a few 
theorems which are useful in mechanics and elsewhere. It is to 
be noted that the proofs hold for an m-dimenslonal region A with 
boundary B of the type described in Section 5. 


Theorem 7.1. 


oose the equations 


(7.1) 



(7.2) f gU)6A = f v (x)X* dB, 

Jaq J b 0 * 

hold for every m- dimenslonal cube Aq whose closure Is In A and 
whose faces are parallel to the coordinate hyperplanes; where f(x) 
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Then If u(x) Ijs an admissible function the following equation 
holds 


(7.7) 


f k + uAv)dA u ^- 


By Theorem 4.2, equation (2.1) holds if we let w = Av and 
replace by v x ^. If is then set equal to u the result i3 
equation (7.7), which completes the proof of this theorem. 

In order to find a further interesting result, consider 
a set of functions (x), (— 1, . •., m; "i — 1, ..., m - 1) and 
the symbol which will represent the sum where is 

the cofactor of X 4 in the determinant We are now in po¬ 

sition to state the following theorem. 

Theorem 7.4. If the functions R^Cx), ( = 1, ..., m; 

1=1, ..., m-1), are of class c ! on A, we have 


(7.8) 


I Su 


dB 


This result may be proved immediately by use of Theorem 
4.3. Let v^ be the cofactor of X * In the determinant and 

let w = I, then w Application of Theorem 4.3 com¬ 

pletes the proof. 

8. Further results . We now restrict the admissible func¬ 
tions T^(x) to be non-negative on A + B and we shall consider the 
relations 


( 8 . 1 ) 

( 8 . 2 ) 




dB, 






dB. 


The theorems of Sections 3, 4 and 5 and their proofs hold if 
equations (2.1) and (4.1) are replaced respectively be relations 
(8.1) and (8.2). Results similar to these and their applications 
are discussed by Levin [XIV] for the two-dimensional case under 
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less restrictive hypotheses on the functions v^. The following 
theorem is formed by making the above mentioned changes in 
Theorems 3.2, 4.1 and 4.2. The boundary is considered to be of 
the type described in Section 5. The proofs are similar to those 
of the theorems Just mentioned. 

Theorem 8.1. The inequality (8.1) holds for every non - 
negative admissible function >^(x) i£ and only if it holds for 
every non-negative admissible function 7j(x) vanishing on a neigh¬ 
borhood of the boundary B. Moreover , the inequality (8.1) holds 
for these functions if and only if the Inequality (8.2) is satis ¬ 
fied for every m- dimenalonal cube A 1 whose closure is In A and 
whose faces are parallel to the coordinate hyperplanes . If the 
functions v^ have the property described in Theorem 4.2, then the 
inequality (8.1) holds for every non-negative admissible function 
if and only if the relation w 5 v^^ holds almost everywhere on A. 
Finally » the above results hold if all inequalities are reversed 
or If all inequalities are replaced by equalities . 

9. Formulation of the problem of the calculus of varia ¬ 
tions for multiple integrals . In the remainder of this paper the 
symbol x will represent a point in m-dimensional space X, as 
before, and y will represent a point in n-dimensional space Y. 

The symbols A and B will have the same significance as before, 

the boundary B being of the type described in Section 5. The 
dy* ^ 

partial derivatives will be represented by p^ . Here and In 
the remaining sections the index i will range from 1 to n and d 
from 1 to m. Let R be a region of XYP space. A function y(x) 
will be said to be of class D* on A + B in case It is such that 
A + B can be subdivided into a finite number of admissible sub- 
regions on each of which the function y(x) Is of class c*. An 
admissible manifold will be one having all of its elements 
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interior to R and with defining functions y^(x) ©lass D 1 . 

Our problem is then to find among all admissible manifolds 


y = y(x), (x in A) 

having a common boundary L, one which minimizes the m-tuple inte¬ 
gral 


(9.1) 


I 



f(x, y, p)dA 


where f is of class c" in the region R. 

10. Necessary conditions associated with the first vari¬ 
ation . Let E be an admissible manifold defined by y^(x) and con¬ 
sider a one-parameter family of admissible manifolds 


y 3 y(x) + €^(x) 


where T|(x) is an admissible manifold vanishing on B. If we re¬ 
place y(x) by y(x) +41^(x) in the integral (8.1), the result is 

I(€) "J' y(x) + p]dA 

where p represents the partial derivatives hfi- (x) +eij(x)J. if 
E is a minimizing manifold, then for * sufficiently small y(x) + 
6Y|(x) is an admissible manifold and 1(d) must have a minimum for 
€ = 0. Differentiation of 1(d) with respect* to d yields 

(10.1) I'(«) (fyji + Vi )<U 

where the symbol fTrepresents Evaluating I'(fi) for 

6=0, we have 

( 10 . 2 ) 


I'(0) 


"Sa (fy i ^ 1 


+ Vi )dA 


which is called the first variation of the integral I along mani¬ 
fold E. A necessary condition for E to be a minimizing manifold 







(481) NECESSARY CONDITIONS ASSOCIATED WITH THE FIRST VARIATION 25 


functions y^x) of class c* affords a minimum to I In the class 
of admissible manifolds defined by functions Yj^x) for which 
Yi(x) S 7 i(x) on A, then the Inequality 

{io - 6) X 1 v/* v pi u “ 

holds on E for all non-negative admissible variations • The 
Inequality (10.6) holds on E for these variations if and only If 
one has 

(10.7) f f dA 1 / f * 4 dB 

J A* y l J B' P i * 

on every cube A 1 whose closure Is In A and whose faces are parallel 
to the coordinate hyperplanes . If E minimizes I in the class of 
admissible manifolds defined by functions Y^(x) for which Y^(x) 

~ y^(x) on A, the Inequalities in (10.6) and (10.7) are reversed . 

This result follows from Theorem 8.1 since if E minimizes 
I in class of functions Y^(x) for which Y^(x) ^ y^(x) on A, then 
the first variation of I for Y^x) satisfies the relation I 1 S 0 
for non-negative admissible variations )^(x) vanishing on B. If, 
on the other hand, E minimizes I in the class of admissible mani¬ 
folds defined by functions Y^(x) for which Y^(x) = y^(x) one * ia3 
I*(0) $ 0 for non-negative admissible variations vanishing on B, 
so that the inequalities (10.6) and (10.7) are reversed. 

11. Further necessary conditions . In this section we 
find further necessary conditions by transforming the problem into 
parametric form. We shall prove the following result. 

Theorem 11.1. Let E be a minimizing manifold defined by 
functions y(x). On every admissible subregion An + Bn of A on 
which the functions y(x) are of class c», the following equations 
hold 
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(11.1) r f x dA = r Pi f p? )^O dB » (0=1, ...,m). 

JAo * J Bo 1 

Moreover , at each point P on a manifold R of discontinuity of the 
functions the function 

U1.2) (f^ 3 - pj f p ^ 

is continuous along th6 normal to R, where % ^ represent the direc¬ 
tion cosines of the normal * 

In order to prove this result, we apply the transformation 


(11.3) 


85 X *( • • * » 


to the integral I. Then we have y(x) = y(x(t)) = Y(t) and after 
differentiating, the result is 


(11.4) 


_ Ci 

r i - p l x dt. 


where the notation r£ represents Y^ • After solving for p^ , 
the result is 


(11.5) 


-A-l* 

2T" 


where A a Ix^^l and -A.^ la the determinant obtained from A 
by replacing the «(-th row by r^ . These notations were used by 
Powell QCX, pp. 53-4]. The Integral I then takes the form 

(11.6) j F(x, y, q, r)dT 

where F(x, y, q, r) * f[x(t), Y(t), 3 (x*^)# a » d T is 

the region in t-space corresponding to region A q by transformation 
(11.5) * This is a problem of the same type as the original except 
that now the independent variable is t and we have m + n dependent 
variables x(t) and Y(t). By application of Theorem 10.1 to this 
problem, we have 
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(i1 - 7 ' St * ~fs Pq ? l * ® 

where S is the boundary of T, and Lg are direction cosines of the 
outer normal to S. 

The partial derivatives F <s were calculated by Powell 
[JOC, pp. 54-5j and were found to be 


( 11 . 8 ) 


V. = f -Vi 

X --Pifpf 


These results may be stated in the form 


( dnot summed) 

(<*/ 0 ). 


(11.9) F qJ " Pi f p* * 

Thus, it is seen that when the transformation t^ = x^ is applied 
to Integral (11.6) the result Is 

(11.10) “ = (f ^(S- P I 

This completes the proof of Theorem 11.1. 

We have, also, the further result 

Theorem 11.2. On every portion of a manifold E where the 
functions y ± (x) are of class c n , the following identity holds . 

(11 ’ 11) ” £^0 - P i f Pl > + P * U 7l " kfvl > S °* 

From this result it follows that equations (11.1) are a 
consequence of equations (10.4) or (10.5) for a minimizing mani¬ 
fold E of class c". 

12. Necessary conditions associated with the second vari ¬ 
ation . Throughout this section we shall consider a minimizing 
manifold E whose defining functions y^x) are of class c*. If we 
differentiate equation (10.1) with respect to a and evaluate at 
6 = 0 we have the second variation 
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of the Integral I along manifold E; where fr = (|&) and 2 IL 

Sx A. 

denotes the quadratic form f yiyfc ^ >? k + 2f JiP * Tr* 


+ f PlPk ^ ^ k ’ (k “ 1 * ***' nj P* 1 » *••* ">)• 

For any minimizing manifold y(x) the relations I*(0) = 0 
and I w (0) ~ 0 must hold. By Euler* s theorem on homogeneous func¬ 
tions, we have 


( 12 . 2 ) 


n- a nl n r 


By Legendre* s condition in the stronger form is meant 
that along a minimizing manifold the quadratic form 


(12.3) 


f * a w fw * 

pf Pf q 


is positive for all matrices of rank one. 

We are now in a position to prove the following result. 
Theorem 12.1. (Analogue of Jacohi*s condition). Let 
y 3 y(x) be a minimizing manifold E of class c* on which 
Legendre*s condition in the stronger form is satisfied . Further ¬ 
more , let Aq be an admissible subregion of A with boundary Bq. 
Then there can be no solution = u^(x) °£ the n equations 

(i2.4) x « (1 = •••» n) 

for all subregions A* of A Q and such that the functions u^(x) 
are of class c* on Aq + Bq, vanish on Bq, and have first partial 
derivatives not all Identically zero ajb the points of Bq In A, 

In order to prove this theorem, let us suppose that the 
u^(x) satisfy the n equations (12.4), being of class c* on Aq + B 

*For proofs of this necessary condition see the papers 
V, VII, IX and X at the end of this paper- 


'0* 
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vanishing on B Q and such that their first partial derivatives are 
not all zero at a point P of B Q in A. A portion E of B 0 in a 
neighborhood of P can be represented by the equations 

(12.5) ** - t^), DC® |<0, 

where represents the direction cosines of the normal to Bq, 
and the functions g are of class c*• 

Define the variation 


( 12 . 6 ) 


^i(x) 3 u^x) on A 0 + B 0 

= 0 outside Aq + Bq. 


Making use of relation (12.2) we find that the second 
variation for ^(x) Is 

(12.7) I"(0) =J^ 2Xl(x, mdA = (flfjA It* +fly i y l )clA. 

Let us now consider the accessory problem of minimi^ ng 
the Integral (12.7) in the class of admissible manifolds l£(x). 
We have, by Theorems 6.1 and 3.2 that 


(12.8) I"(0) =J^ (£l n * fr\ +n^i)dA = 0 

since vanishes on B. Thus I f, (0) takes its minimum value for the 
variation T£(x) • Therefore, 7^(x) must satisfy the edge conditions 
near P, since these functions constitute a solution of class D 1 
for the problem of minimizing I tt (0). Thus, we have 


I 1 - ^ a rri | 2 

where the numbers 1 and 2 indicate that the limiting values are 
approached along the normal, first from one side of the edge E 
and then from the other side. The right members of these equa¬ 
tions vanish, leaving 
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(12.9) (*» u, w)) 1 « 0 

} Ur, 

on E, where w 

In addition to equations (12.9) we have at P the equations 

(12.10) du^ * 28 -0, ( V a 1 # ..., m-1). 

Since the differentials dt^ are arbitrary, equation (12.10) yields 
the equations 

(12.11) “ °» or W 1 8* = °* 

Leaving i fixed and solving for w* gives 

w i = ^i^* 

Multiply through equations (12.9) by ^ and the result is 

x i tp-ji =il 7i =n 7i w i -yi f P i p^ w i 

= 4 fji- P f x i^ = f P - p^i^k^ = o- 

v 

This contradicts the Legendre condition, since the matrix is 
of rank one. Then the admissible variation (12.6) cannot give 
I M (0) a minimum, which contradicts the hypothesis that y(x) is a 
minimizing manifold. This completes the proof of Theorem 12.1. 

As a final result we have the following generalization of 
Theorem 7.2. 

Theorem 12.2. If ^ an( ^ jfi are admissible variations of 
class c” then the equations 

(i2.i2) J* [jiVy) - ^ J( J )|dA= J^ o 

hold for every admissible subregion Aq of A, where J^C^) are the 
accessory equations 


(12.13) 
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The symbol k* represents , the arguments in and 

are (x,J, k) and (x,>j, ft), respectively , and X 4 are the direction 

cosines of the outer normal to Bq* 

In order to prove this result, let us form the identity 

<»•“> J^i J i ( 7 )dA t ♦M*? )dA -f k k { h n K^ 

which, by Green*s theorem, takes the form 

<12 ' 14) j^ 5lJ ( 7 )dA i )dA x * dB * 

Similarly, we can form the equation 

<1Z - 15> ‘/» 0 7 lJ2 ji + ? A ? •“ *• 

Subtracting equation (12,15) from (12,14) and making use of rela¬ 
tion (12,2), the result is equation (12,12). This completes the 
proof of Theorem 12.2, 
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Tucker 1934 

Usai 1914, 1915, 1916, 1919, 
1922 

Vitali 1929 

Vivanti 1912, 1913, 1922, 1923 

Volterra 1890 

Weinstein 1935, 1936-3 

Weyl 1934, 1935 

Whittaker, see Bateman 1933 

Wittsack 1910 


Zmurko 1876 
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partly a matter of opinion* The one here given should not be 
regarded as exhaustive or infallible* It has been usoful to the 
editors who hope that it may prove useful to others also* 

LIST OP SUBJECTS 

The first variation and associated necessary conditions 
Ridge conditions 

The conditions of Weierstrass and Legendre 
The second variation and Jacobi’s condition 
Transformations of the second variation 
Fields, invariant integrals, sufficiency theorems 
Parametric problems 

Canonical variables, Hamilton-Jacobi theory 

Problems with variable edges, transversality 

Problems with one-sided variations 

Invariants 

Osgood’s theorem 

The inverse problom 

Character of solutions of the equations of Lagrange and Haar 

Existence theorems 

The Lagrange multiplier rule 

Geometric interpretations and problems 

The problem of Dirichlet 
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Tlie problem of Plateau 
Isoperimetric problems 

Bibliographies, encyclopedias, treatises, histories 

THE FIRST VARIATION AND ASSOCIATED NECESSARY CONDITIONS 


Bliss 1939 
Bolza 1909-2, 1933 
Bordoni 1831 
Carson 1941 
Cauchy 1844 
Coral 1931, 1937 
Delaunay 1843 
Forsyth 1927 
Gergely 1926 
Gillespie 1932 

Gillis 1936, 1937, 1938, 1939 

Green 1939 

Haar 1919, 1930 

Hadamard 1907 

Haviland 1934 

Hestenes 1941 

Hilbert 1904 

Huke 1930 

Kneser, A. 1900-2, 1925 
Koenigs 1896 
Koenigsberger 1905, 1906 
Kubota 1916-2 
Kurosu 1915 

Kttrschak 1890, 1894, 1905, 1915 
Lagrange 1760-1, 1806 


LaPaz 1934 

Lepage 1930, 1933, 1934 
Lichtenstein 1910, 1920, 1924 
Lindelftf 1856, 1860 
Mason 1905 

Moigno-Lindelfif 1861 
Morrey 1940 
Nordhaus 1939 
Ostrogradsky 1836 
Paquet 1935 
Picart 1883 
Poisson 1816, 1833 
Rado 1926 
Reid 1941 

Sabinine 1861, 1866, 1899 
Salvadori 1935, 1936 
Sarrus 1848 
Schauder 1928 
Schuler 1932 

Simmons 1926, 1930, 1934 

Sz&cs.1927 

Tucker 1934 

Usai 1916 

Vitali 1929 

Vivanti 1912 


Wittsack 1910 
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RIDGE CONDITIONS 

Bliss 1939 Maneill 1936 
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THE CONDITIONS OP WEIERSTRASS AND LEGENDRE 


Blasohke 1912 
Bliss 1939 
Boemer 1936, 1940 
Bolza 1909-2, 1933 
Carath^odory 1929 
Coral 1937 
Fischer 1915 
Forsyth 1927 
Gillespie 1932, 1933 
Graves 1939 
Hadaraard 1902, 1905 

THE SECOND VARIATION 
Birkhoff 1935-2 
Blasohke 1929 
Bliss 1939 
Bolza 1909-2, 1933 
Cibrario 1937 
Coral 1937 
Forsyth 1927 
G&h&niau 1936 
Green 1939 
Haar 1930 
Hermann 1932 

Hestenes, see Birkhoff 1935-2 
Kerner 1937, 1938 


Kobb 1892 
Kubota 1916-2 
Kurosu 1915 
Levi 1915 
McShane 1931-2 
Mason 1907 
Nordhaus 1939 
Radon 1911 

Sabinine 1866, 1868, 1871 
Salvadori 1935, 1936 

AND JACOBI’S CONDITION 
Kubota 1916-3 
Kurosu 1915 

Lichtenstein 1915, 1917, 1919, 
1920 

Nordhaus 1939 
Picone 1922 
Raab 1932 
Reid 1932 
Sabinine 1866 
Salvadori 1935, 1936 
Schuler 1932 
Schwars 1885, 1890 
Simmons 1926, 1934 
Sommerfeld 1899 
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Bolza 1909, 1933 
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Clebsch 1858, 1859 
Delaunay 1843 
Dixon 1896-97 
Forsyth 1927 
Fujiwara 1911-2 


THE SECOND VARIATION 
Hadamard 1902, 1905 
Kneser, A. 1900-2, 1925 
Koschmieder 1926 
Kubota 1916 
Mainardi 1852 
Radon 1911 

Sabinine 1871-2, 1878, 1897 
1899 

Sarrus 1848 
Tucker 1934 
Zxnurko 1876 


FIELDS, INVARIANT INTEGRALS. SUFFICIENCY THEOREMS 


Albert 1938 
Andrade 1894 
Bliss 1939 
Boehm 1921 
Boemer 1936, 1940 
Bolza 1909-2, 1933 
Caratheodory 1929 
Cosby 1934 
Debever 1937 

Donder, Th. de 1913, 1935 
Duren 1930 

Gfch&iiau 1935, 1936-2 
Hestenes 1940 
Hilbert 1900, 1901, 1905 
Hdlder 1939 
Kemer 1937 


Kneser, A. 1900-2, 1925 
Kobb 1892, 1893 
Koschmieder 1926 
Kubota 1916-2 
Kurosu 1915 
Landers, A. W. 1939 
Lepage 1936-2 
Lichtenstein 1917, 1920 
McShane, see Hestenes 1940 
Miranda 1934, 1935 
Osgood 1901 
Piquet 1936 
Radon 1911, 1937 
Reid 1932, 1938, 1939 
Terpstra 1938 
Vveyl 1934, 1935 
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PARAMETRIC 

PROBLEMS 

Bliss 1939 

Kobb 1892, 1893 

Bolza 1909-2, 1933 

Caocioppoli 1934 

Cimmino 1936 

Deladriere 1930 

Bonder, Th. de 1912 

Fujiwara 1911-2 

Gillespie 1932, 1933 

Koschmieder 1925, 1926, 1928 
1936 

McShane 1932, 1933, 1935 

Miranda 1935 

Poisson 1833 

Radon 1911 

Sakellariou 1939 

Usai 1914, 1915, 1916, 1919, 

Haar 1928 

1922 

Kerner 1938 

Kneser, A. 1900-2, 1925 

Vivanti 1912, 1913, 1922 

CANONICAL VARIABLES, HAMILTON-JACOBI THEORY 

Benedictus 1936 

G6h4nlau 1936 

Carath^odory 1922-2, 1929 

Lepage 1936 

Donder, Th. de 1910, 1935 

Prange 1915 

Frochet 1905 

Volterra 1890 
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EDGES, TRANSVERSALITY 

Boemer 1936 

Kobb 1892 

Bolza 1909-2, 1933 

Lichtenstein 1920 

Bordoni 1831 

Lindel6f 1860 

Cauchy 1844 

Nordhaus 1939 

Delaunay 1843 

Ostrogradsky 1836 

Forsyth 1927 

Poisson 1833 

Gergely 1926 

Sabinine 1861, 1878, 1899 

Kerner 1937, 1938 

Kneser, A* 1900-2, 1925 

Simmons 1926, 1930 
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PROBLEMS WITH ONE-SIDED VARIATIONS 
Fischer 1915 Kobb 1893 

Haar 1909 Levin 1940 

K&rman, see Haar 1909 


INVARIANTS 

Bosquet 1929-2, 1930 G^h^niau 1934 

Deladrifere 1930 Koschmieder 1925, 1926, 1928 

Donder, Th. de 1910, 1912, 1929, Radon 1937 
1930-2, 1935 

Tucker 1934 

Fujlwara 1911-2 


OSGOOD'S THEOREM 

Fubini 1910 Hadamard 1905, 1907 

THE INVERSE PROBLEM 


Benedlctus 1936 
Hlrsch 1897 
Kiirschik 1932 

CHARACTER OF SOLUTIONS OF THE 
Bernstein 1904 
Caccioppoli 1935, 1937 
Cimmino 1937, 1938 
Goldziher 1907 
Haar 1927 
Hadamard 1907 
Haviland 1934 


LaPaz 1930, 1932 
Patterson 1940 

EQUATIONS OF LAGRANGE AND HAAR 
Hilbert 1900-2 
Hopf 1929 

KdrachAk 1890, 1903 
Lichtenstein 1910, 1912 
Morrey 1938, 1940 
Vlvantl 1912 


EXISTENCE THEOREMS 

Caccioppoli 1934, 1935 Courant 1926, 1931 

Cimmino 1936 Gillespie 1932, 1933 

Cinquini 1932, 1933-4, 1935 Gillis 1938, 1939 
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THE LAGRANGE 

Coral 1931 
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Morrey 1940 
Rad 6 1929 
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Trefftz 1928 

MULTIPLIER RULE 
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Rad<$ 1926 


GEOMETRIC INTERPRETATIONS AND PROBLEMS 
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Caratheodory 1917 
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Tonelli 1930 


THE 

Cibrarlo 1936 
Courant 1931, 1937 
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PROBLEM OP DIRICHLET 

Lebesgue 1907 
Leray 1937-2 
Nicolesco 1935 
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THE PROBLEM OF PLATEAU 


Beokenbach 1937 

Blaschke 1929 

Caccloppoll 1935 
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